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“A striking difference between Ca and Nb 
the distribution of the flow angles  

for the Ca data is peaked at 0 deg.  
For Nb there is a finite deflection angle”
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“A striking difference between Ca and Nb 
the distribution of the flow angles  

for the Ca data is peaked at 0 deg.  
For Nb there is a finite deflection angle”

“a new collective phenomenon  
definitely appears  

in the larger-mass system 
 which is not accounted 

for by the present cascade models.”  
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“A striking difference between Ca and Nb 
the distribution of the flow angles  

for the Ca data is peaked at 0 deg.  
For Nb there is a finite deflection angle”

“a new collective phenomenon  
definitely appears  

in the larger-mass system 
 which is not accounted 

for by the present cascade models.”  

“ hydrodynamical prediction of the flow angle 
 seems to be qualitatively in agreement  

with the measurement  



negative v2 is due to shadowing by 
spectator matter 

At AGS/SPS the elliptic flow changes sign! 
it grows with p_t and yet it remains small
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FIG. 3. Elliptic flow excitation function for Au + Au. The filled symbols represent the experimental data as indicated.
The dashed curve (open circles) and the solid curve (open squares) represent the calculated excitation functions for a soft and
a stiff EOS (both with momentum dependence) respectively. The inset shows the [dispersion corrected] transverse momentum
dependence of the elliptic flow for the 2, 4 and 6 AGeV beams.
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negative v2 is due to shadowing by 
spectator matter 

At AGS/SPS the elliptic flow changes sign! 
it grows with p_t and yet it remains small

Flow at the SPS and RHIC as a quark gluon plasma signature 
       D. Teaney, J. Lauret, Edward V. Shuryak (Nov, 2000) 

   Phys.Rev.Lett. 86 (2001) 4783-4786 • e-Print: nucl-th/0011058 

contrary to predictions of cascades (RQMD,URQMD) 
elliptic flow at RHIC should be much stronger  

because matter is not hadronic but QGP !
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 2001-2005: hydro describes radial and elliptic flows for all 
secondaries , pt<2GeV, centralities, rapidities, A (Cu,Au)…  

  Experimentalists were very sceptical but were 
convinced and ``near-perfect liquid” is now official,  

=>AIP declared this to be discovery #1 of 2005 in physics   
  v_2=<cos(2 phi)> 

PHENIX, 
Nucl-ex/0410003 

      red lines are for ES
+Lauret+Teaney 
done before RHIC data, 
never changed or fitted, 
describes SPS data as 
well! It does so because of 
the correct hadronic 
matter /freezout via 
(RQMD) 

proton pion 

note that we did not dare 
to calculate beyond 1.7 GeV or so



the acoustic systematics works!

3
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FIG. 3. (a) v2,3 vs. Npart for pT = 1� 2 GeV/c: (b) ln(vn/�n) vs. 1/R̄ for the data shown in (a): (c - e) centrality dependence
of the �n/�2 ratios extracted from fits to (vn(pT )/v2(pT ))n�3 with Eq. 6; �n/�2 ratios for the MC-Glauber [33, 37] and MC-KLN
[34] models are also shown: (f) extracted values of � vs. centrality: (g) extracted values of ↵ vs. centrality (see text).

FIG. 4. (a) ln(vn/�n) vs. n
2 from viscous hydrodynamical calculations for three values of specific shear viscosity as indicated.

(b) ln(vn/�n) vs. n
2 for Pb+Pb data. The pT -integrated vn results in (a) and (b) are for 0.1% central Pb+Pb collisions at�

sNN = 2.76 TeV [38]; the curves are linear fits. (c) � vs. 4�⌘/s extracted from the curves shown in (a) and (b).

within errors, the full data set for vn(pT , cent) can be un-187

derstood in terms of the eccentricity moments coupled to188

a single (average) value for ↵ and � (respectively). This189

observation is compatible with recent viscous hydrody-190

namical calculations which have been successful in repro-191

ducing vn(pT , cent) measurements with a single �f(p̃T )192

ansatz and an average value of ⌘/s [26, 27]. Therefore,193

these values of ↵ and � should provide an important set194

of constraints for detailed model calculations.195

To demonstrate their utility, we have used the results196

from recent viscous hydrodynamical calculations [38] to197

calibrate � and make an estimate of ⌘/s. This is illus-198

trated in Fig. 4. The pT -integrated vn results from vis-199

cous hydrodynamical calculations for three separate ⌘/s200

values, for 0.1% central Pb+Pb collisions are shown in201

Fig. 4(a). They indicate the expected linear dependence202

FIG. 2: (a) v2, v3 vs. Npart for p? = 1?2 GeV/c: (b)
ln(vn/✏n) vs. 1/R for the data shown in (a).
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FIG. 3: (a) ln(vn/✏n) vs. n
2 from viscous hydrodynamical

calculations for three values of specific shear viscosity as in-
dicated. (b) ln(vn/✏n) vs. n

2 for Pb+Pb data. The p?
-integrated vn results in (a) and (b) are from ATLAS 0.1%
central Pb+Pb collisions at sNN = 2.76 TeV; the curves are
linear fits. (c) exponent vs. viscosity-to-entropy ratio 4?/s

for curves shown in (a) and (b).

B. Acoustic systematics

There is a qualitative di↵erence between the radial flow
we had discussed so far, and higher angular harmon-
ics. While the former monotonously grows with time,
driven by sign-constant pressure gradient, the latter are
a (damped) oscillators. The signal observed depend on
the viscous damping factor as well as on the particular
phase in which the oscillator finds itself at the freezeout
time. We will discuss those e↵ects subsequently.

Before coming to that let us discuss what is now known
as “acoustic systematics” which provides good qualita-
tive understanding of the data: its dependence on vis-
cosity, size and the harmonic number n. Let us count
parameters. We had already mentioned the macro and
micro scales (1): but it is more convenient to make both
dimensionless using matter temperature as a “calibration
scale” and use LT, lT instead. The second parameter can
be better defined as the famous viscosity-to-entropy ra-

tio ⌘/s = lT . The true micro-to-macro ratio is thus the
product of the following factors

l

L
=

⌘

s

1
LT

(3)

The e↵ects of viscosity damps the higher angular flow
moments stronger. The so called “acoustic damping”
formula was suggested by Staig and myself [? ] . Wave
amplitude damping factor for sound is given by
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Since the scaling of the freeze out time is linear in R or
tf ⇠ R, and the wave vector k corresponds to the fireball
circumference which is m times the wavelength
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k
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the expression (4) yields
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where C is some constant.
So, this idea leads to the following predictions: (i) the

viscous damping is exponential; (ii) the exponent con-
tains the product of two small factors, ⌘/s and 1/TR,
as discussed in the introduction the micro-to-macro ra-
tio; (iii) the exponent contains the harmonics number
squared.

Extensive comparison of this expression with the AA
data, from central to peripheral, has been recently done
in Ref. [8] from which we borrow Fig.2 and Fig.3. The
Fig.2 (a) shows the well known centrality dependence of
the elliptic and triangular flows. v2 is small for central
collisions due to smallness of ✏2, and also small at very pe-
ripheral bin because viscosity is large at small systems.
Fig.2 (b) shows the ln(vn/✏n), which according to the
formula is the exponent. As a function of the inverse
system’s size 1/R both elliptic and triangular flows show
perfectly linear behavior. Further issues – the n

2 depen-
dence as well as linear dependences of the log(vm/✏m) on
viscosity value – are also very well reproduced, see Fig.3.
Note that this expression works all the way to rather pe-
ripheral AA collisions with R ⇠ 1 fm and multiplicities
comparable to those in the highest pA binds. It also seem
to work till the largest n so far measured.

So, the acoustic damping provides correct systematics
of the harmonic strength. This increases our confidence
that – in spite of somewhat di↵erent geometry – the per-
turbations observed are actually just a form of a sound
waves.

Since we will be interested not only in large AA sys-
tems but also in new – pA and pp – much smaller fireballs,
one may use the systematics to compare it with the new
data. Or, using it, one can estimate how many flow har-
monics can be observed in these cases. For central PbPb

Shuryak,Staig,2011 
product of two small parameters 

n^2 from gradient squared
3
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FIG. 3. (a) v2,3 vs. Npart for pT = 1� 2 GeV/c: (b) ln(vn/�n) vs. 1/R̄ for the data shown in (a): (c - e) centrality dependence
of the �n/�2 ratios extracted from fits to (vn(pT )/v2(pT ))n�3 with Eq. 6; �n/�2 ratios for the MC-Glauber [33, 37] and MC-KLN
[34] models are also shown: (f) extracted values of � vs. centrality: (g) extracted values of ↵ vs. centrality (see text).

FIG. 4. (a) ln(vn/�n) vs. n
2 from viscous hydrodynamical calculations for three values of specific shear viscosity as indicated.

(b) ln(vn/�n) vs. n
2 for Pb+Pb data. The pT -integrated vn results in (a) and (b) are for 0.1% central Pb+Pb collisions at�

sNN = 2.76 TeV [38]; the curves are linear fits. (c) � vs. 4�⌘/s extracted from the curves shown in (a) and (b).
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calculations for three values of specific shear viscosity as in-
dicated. (b) ln(vn/✏n) vs. n

2 for Pb+Pb data. The p?
-integrated vn results in (a) and (b) are from ATLAS 0.1%
central Pb+Pb collisions at sNN = 2.76 TeV; the curves are
linear fits. (c) exponent vs. viscosity-to-entropy ratio 4?/s

for curves shown in (a) and (b).

B. Acoustic systematics

There is a qualitative di↵erence between the radial flow
we had discussed so far, and higher angular harmon-
ics. While the former monotonously grows with time,
driven by sign-constant pressure gradient, the latter are
a (damped) oscillators. The signal observed depend on
the viscous damping factor as well as on the particular
phase in which the oscillator finds itself at the freezeout
time. We will discuss those e↵ects subsequently.

Before coming to that let us discuss what is now known
as “acoustic systematics” which provides good qualita-
tive understanding of the data: its dependence on vis-
cosity, size and the harmonic number n. Let us count
parameters. We had already mentioned the macro and
micro scales (1): but it is more convenient to make both
dimensionless using matter temperature as a “calibration
scale” and use LT, lT instead. The second parameter can
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Extensive comparison of this expression with the AA
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Fig.2 (a) shows the well known centrality dependence of
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collisions due to smallness of ✏2, and also small at very pe-
ripheral bin because viscosity is large at small systems.
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[34] models are also shown: (f) extracted values of � vs. centrality: (g) extracted values of ↵ vs. centrality (see text).

FIG. 4. (a) ln(vn/�n) vs. n
2 from viscous hydrodynamical calculations for three values of specific shear viscosity as indicated.

(b) ln(vn/�n) vs. n
2 for Pb+Pb data. The pT -integrated vn results in (a) and (b) are for 0.1% central Pb+Pb collisions at�

sNN = 2.76 TeV [38]; the curves are linear fits. (c) � vs. 4�⌘/s extracted from the curves shown in (a) and (b).

within errors, the full data set for vn(pT , cent) can be un-187

derstood in terms of the eccentricity moments coupled to188

a single (average) value for ↵ and � (respectively). This189

observation is compatible with recent viscous hydrody-190

namical calculations which have been successful in repro-191

ducing vn(pT , cent) measurements with a single �f(p̃T )192

ansatz and an average value of ⌘/s [26, 27]. Therefore,193

these values of ↵ and � should provide an important set194

of constraints for detailed model calculations.195

To demonstrate their utility, we have used the results196

from recent viscous hydrodynamical calculations [38] to197

calibrate � and make an estimate of ⌘/s. This is illus-198

trated in Fig. 4. The pT -integrated vn results from vis-199

cous hydrodynamical calculations for three separate ⌘/s200

values, for 0.1% central Pb+Pb collisions are shown in201

Fig. 4(a). They indicate the expected linear dependence202

FIG. 3: (a) ln(vn/✏n) vs. n
2 from viscous hydrodynamical

calculations for three values of specific shear viscosity as in-
dicated. (b) ln(vn/✏n) vs. n

2 for Pb+Pb data. The p?
-integrated vn results in (a) and (b) are from ATLAS 0.1%
central Pb+Pb collisions at sNN = 2.76 TeV; the curves are
linear fits. (c) exponent vs. viscosity-to-entropy ratio 4?/s

for curves shown in (a) and (b).

B. Acoustic systematics

There is a qualitative di↵erence between the radial flow
we had discussed so far, and higher angular harmon-
ics. While the former monotonously grows with time,
driven by sign-constant pressure gradient, the latter are
a (damped) oscillators. The signal observed depend on
the viscous damping factor as well as on the particular
phase in which the oscillator finds itself at the freezeout
time. We will discuss those e↵ects subsequently.

Before coming to that let us discuss what is now known
as “acoustic systematics” which provides good qualita-
tive understanding of the data: its dependence on vis-
cosity, size and the harmonic number n. Let us count
parameters. We had already mentioned the macro and
micro scales (1): but it is more convenient to make both
dimensionless using matter temperature as a “calibration
scale” and use LT, lT instead. The second parameter can
be better defined as the famous viscosity-to-entropy ra-

tio ⌘/s = lT . The true micro-to-macro ratio is thus the
product of the following factors

l

L
=

⌘

s

1
LT

(3)

The e↵ects of viscosity damps the higher angular flow
moments stronger. The so called “acoustic damping”
formula was suggested by Staig and myself [? ] . Wave
amplitude damping factor for sound is given by

A(t)
A(0)

= exp
✓
�

2
3

⌘

s

k
2
t

T

◆
(4)

Since the scaling of the freeze out time is linear in R or
tf ⇠ R, and the wave vector k corresponds to the fireball
circumference which is m times the wavelength

2⇡R = m
2⇡

k
(5)

the expression (4) yields

vn

✏n

⇠ exp

�Cn

2
⇣

⌘

s

⌘ ✓
1

TR

◆�
(6)

where C is some constant.
So, this idea leads to the following predictions: (i) the

viscous damping is exponential; (ii) the exponent con-
tains the product of two small factors, ⌘/s and 1/TR,
as discussed in the introduction the micro-to-macro ra-
tio; (iii) the exponent contains the harmonics number
squared.

Extensive comparison of this expression with the AA
data, from central to peripheral, has been recently done
in Ref. [8] from which we borrow Fig.2 and Fig.3. The
Fig.2 (a) shows the well known centrality dependence of
the elliptic and triangular flows. v2 is small for central
collisions due to smallness of ✏2, and also small at very pe-
ripheral bin because viscosity is large at small systems.
Fig.2 (b) shows the ln(vn/✏n), which according to the
formula is the exponent. As a function of the inverse
system’s size 1/R both elliptic and triangular flows show
perfectly linear behavior. Further issues – the n

2 depen-
dence as well as linear dependences of the log(vm/✏m) on
viscosity value – are also very well reproduced, see Fig.3.
Note that this expression works all the way to rather pe-
ripheral AA collisions with R ⇠ 1 fm and multiplicities
comparable to those in the highest pA binds. It also seem
to work till the largest n so far measured.

So, the acoustic damping provides correct systematics
of the harmonic strength. This increases our confidence
that – in spite of somewhat di↵erent geometry – the per-
turbations observed are actually just a form of a sound
waves.

Since we will be interested not only in large AA sys-
tems but also in new – pA and pp – much smaller fireballs,
one may use the systematics to compare it with the new
data. Or, using it, one can estimate how many flow har-
monics can be observed in these cases. For central PbPb

R.Lacey et al, 2013

dependence on n

dependence on R
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the extra matter T = Tf +�T and one from extra motion
of the matter in the sound wave. The latter contribution
comes simply from adding the perturbation to the veloc-
ity,

uµ ⇥ uµ + �uµ (4.7)

�uµ is the perturbation, written in (3.35) as û1 times ⌅ .
The e�ect due to the extra matter is included when

calculating the freeze-out surface:

Tfo = Tb(⌅, r) + �T (⌅, r,⇧) (4.8)

where �T = T̂1/⌅ , with T̂1 from (3.35).The equation (4.8)
is solved for ⌅(r,⇧), and the result for the inviscid case
is presented in Fig.8. Since the contribution from the

FIG. 8: (Color online) Freeze-out surface ⇤(x, y) in fm for the
inviscid case.

perturbation is small, we write ⌅(r,⇧) = ⌅b(r) + �⌅(r,⇧)
and consider terms up to first order in �⌅(r,⇧). By this
we mean that the exponent will be approximated by

pµuµ(⇤b + �⇤)
Tf

� pµub µ(⇤b)
Tf

+
1
Tf

d(pµub µ(⇤b + �⇤))
d(�⇤)

|�⇥=0�⇤

+
pµ�uµ(⇤b)

Tf
(4.9)

Fig.9 shows �⌅ for both, the inviscid and for the viscous
case. In the former case the contribution is much larger
than in the latter, where the viscosity has dampened and
widened the peaks.

Figure 7 compares the particle distribution for the
three cases, (i) the inviscid case, (ii) the minimal ⇥/s =
1/(4⇤) and (iii) so-to-say maximal viscosity case ⇥/s =
0.134. In the ideal hydro case the two peaks of the angu-
lar distributions, due to the overlap of the perturbation
with the fireball boundary, are more pronounced than in
the cases with nonzero viscosity. Also, in this case (i) one
can clearly see high frequency oscillations on the curve.
Those are artifact of the arbitrary limit of the number of
harmonics used to l < lmax = 30. The oscillations dis-
appear when we take viscosity into account, because, as
we mentioned earlier, viscosity kills all higher harmonics

FIG. 9: (Color online) Excess of freeze-out surface �⇤(r,⌅)
due to the initial perturbation. Top: ideal case, bottom: vis-
cous case with ⇥/s = 0.134. Only the half of the surface that
is a�ected by the presence of the perturbation was plotted.

anyway, with l > lmax � 10. In the presence of viscosity,
the peaks in the particle distribution are weakened, and
their angular separation is a bit more spread than in the
inviscid case.

C. Two-particle correlations and comparison to
experiment

The number of extra particles produced by the pertur-
bation are numerically about O(10) (per unit rapidity),
which should be compared to O(1000) particles produced
by the background fireball. Thus modifications of the
expansion and all parameters are of order of percents, in
all parameters and in the spectra. Such small changes
cannot be observed on event-by-event basis: and yet the
fluctuations we discuss do happen di�erently in di�er-
ent events. The resolution of this di⇥culty is provided
by observation of the two (or more) particle correlation

The modified freezeout 
Surface (right) leads to 
A modified angular distribution 
Of particles, with and without viscosity 
(left) 
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Figure 2: The steps involved in the extraction of the vn for 2-3 GeV fixed-pT correlation: a) the two-
dimensional correlation function (shown for |∆η| < 4.75 to reduce the fluctuations near the edge), b)
the one-dimensional ∆φ correlation function for 2 < |∆η| < 5 (re-binned into 100 bins), overlaid with
contributions from individual Fourier components as well as the sum, c) Fourier coefficient vn,n vs n,
and d) vn vs n. The bottom two panels show the full dependence of vn,n and vn on ∆η. The v1 is not
shown since it breaks the factorization from vn,n to vn of Eq. 13. The shaded bands in c)-f) indicate the
systematic uncertainties. The range 2 < pa

T
, pb
T
< 3 GeV is chosen, since collective flow is expected to

be large in this range while the pair statistics are still high.
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a function of centrality in Fig. 5. Except for �6,33, all coefficients indicate an increase in correlation
between symmetry planes with increasing centrality class of the collision. The measurements generally
agree with the ones obtained at the lower energy. The �6,222 is the only coefficient for which an energy
dependence can be observed. The hydrodynamic calculations reproduce the measurements within the
large theoretical uncertainties. For �4,22, �5,23, and �6,222, TRENTo+param3 however underestimates the
data in mid-central collisions.

Finally, the non-linear flow mode coefficients are presented in Fig. 6. Six coefficients are measured,
of which four are compared with the lower beam energy results available in [53]. For �4,22 and �5,23,
the centrality dependence and overall magnitude agree well with the results from the lower beam energy.
The centrality dependence of the new data is similar to the previous results: a larger value in more central
collisions, decreasing close to unity towards 50% centrality.

All of the non-linear flow mode coefficients for the sixth harmonic agree with the previous measurements.
The centrality dependence of �6,222 is similar to the ones of the lower order coefficients, and the overall
magnitude similar to �4,22. As for �6,33, no clear centrality dependence is observed within the current
experimental uncertainties. Whereas the previous measurements are unable to distinguish between the
magnitudes of �6,222 and �6,33, the current results show that �6,222 > �6,33 across the whole centrality
interval. For �7,223, the overall magnitude is larger than for the other non-linear flow mode coefficients.

The hydrodynamic calculations for the non-linear flow mode coefficients show slightly more variation
compared to the symmetry-plane correlations. As seen from the panels of Fig. 6, one observes the
reproduction of the data points by EKRT+param0 up to the modes of the sixth harmonic, and TRENTo+
param3 in all harmonics. The EKRT+param1 calculations slightly overestimate the centrality dependence
of the non-linear flow mode coefficients. It can be seen that the parameterizations of the EKRT presented
here imply �n,mk across all harmonic orders to have sensitivity to �/s, whereas in the previous calculations
in [53], weak �/s dependence was found for �4,22 and �6,222. The fifth order coefficient �5,23 is expected
to be quite sensitive to �/s in central collisions as can be seen from the difference of the predicted values
from EKRT+param0 and EKRT+param1. The AMPT+param2 calculations underestimate the magnitude
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data shown in Fig.14.5(a), as well as the CMS central bin data in Fig.14.5(b) .
(The latter include slightly larger impact parameters and thus feed more geometry-
related contribution to v2.) The “inverse magnitude” v3 > v2 also is predicted by
both analytic calculations just discussed, [Staig and Shuryak, 2011b; Gorda and
Romatschke, 2014] at large r0, while all sophisticated event-by-event studies led to
the opposite conclusion, v3 < v2 for all bins.

14.6 The event-by-event hydrodynamics and the acoustic damping

We discussed above so to say analytical approach to the issue of higher harmonics
of the flow, based on linearized equations and their Green function. While I do
find it more instructive for the student, let me still note that it is not the only
approach to this problem. In fact the mainstream one is the so called event-by-

event hydrodynamics, which generates ensemble of initial conditions and then solves
viscous hydro equations. To give a proper credit to people doing it, let me show
some of very successful examples of such works. In Fig.14.7 from [Gale et al., 2013]

one see the main results of the calculation based on the code MUSIC. It has hadronic
afterburner and includes decays of all resonances up to 2 GeV in mass. One may
say that this model does an excellent work, and it fixed the value of the viscosity
with a reasonable accuracy. So, what else remains to be discussed?

Well, one still needs to understand certain phenomena and dependencies. We
already discussed one of the remaining issues: why the acoustic maxima/minima
are not observed for the Little Bang, but are there in the Big Bang.
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a function of centrality in Fig. 5. Except for �6,33, all coefficients indicate an increase in correlation
between symmetry planes with increasing centrality class of the collision. The measurements generally
agree with the ones obtained at the lower energy. The �6,222 is the only coefficient for which an energy
dependence can be observed. The hydrodynamic calculations reproduce the measurements within the
large theoretical uncertainties. For �4,22, �5,23, and �6,222, TRENTo+param3 however underestimates the
data in mid-central collisions.
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of which four are compared with the lower beam energy results available in [53]. For �4,22 and �5,23,
the centrality dependence and overall magnitude agree well with the results from the lower beam energy.
The centrality dependence of the new data is similar to the previous results: a larger value in more central
collisions, decreasing close to unity towards 50% centrality.

All of the non-linear flow mode coefficients for the sixth harmonic agree with the previous measurements.
The centrality dependence of �6,222 is similar to the ones of the lower order coefficients, and the overall
magnitude similar to �4,22. As for �6,33, no clear centrality dependence is observed within the current
experimental uncertainties. Whereas the previous measurements are unable to distinguish between the
magnitudes of �6,222 and �6,33, the current results show that �6,222 > �6,33 across the whole centrality
interval. For �7,223, the overall magnitude is larger than for the other non-linear flow mode coefficients.

The hydrodynamic calculations for the non-linear flow mode coefficients show slightly more variation
compared to the symmetry-plane correlations. As seen from the panels of Fig. 6, one observes the
reproduction of the data points by EKRT+param0 up to the modes of the sixth harmonic, and TRENTo+
param3 in all harmonics. The EKRT+param1 calculations slightly overestimate the centrality dependence
of the non-linear flow mode coefficients. It can be seen that the parameterizations of the EKRT presented
here imply �n,mk across all harmonic orders to have sensitivity to �/s, whereas in the previous calculations
in [53], weak �/s dependence was found for �4,22 and �6,222. The fifth order coefficient �5,23 is expected
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related contribution to v2.) The “inverse magnitude” v3 > v2 also is predicted by
both analytic calculations just discussed, [Staig and Shuryak, 2011b; Gorda and
Romatschke, 2014] at large r0, while all sophisticated event-by-event studies led to
the opposite conclusion, v3 < v2 for all bins.
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We discussed above so to say analytical approach to the issue of higher harmonics
of the flow, based on linearized equations and their Green function. While I do
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afterburner and includes decays of all resonances up to 2 GeV in mass. One may
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a function of centrality in Fig. 5. Except for �6,33, all coefficients indicate an increase in correlation
between symmetry planes with increasing centrality class of the collision. The measurements generally
agree with the ones obtained at the lower energy. The �6,222 is the only coefficient for which an energy
dependence can be observed. The hydrodynamic calculations reproduce the measurements within the
large theoretical uncertainties. For �4,22, �5,23, and �6,222, TRENTo+param3 however underestimates the
data in mid-central collisions.

Finally, the non-linear flow mode coefficients are presented in Fig. 6. Six coefficients are measured,
of which four are compared with the lower beam energy results available in [53]. For �4,22 and �5,23,
the centrality dependence and overall magnitude agree well with the results from the lower beam energy.
The centrality dependence of the new data is similar to the previous results: a larger value in more central
collisions, decreasing close to unity towards 50% centrality.

All of the non-linear flow mode coefficients for the sixth harmonic agree with the previous measurements.
The centrality dependence of �6,222 is similar to the ones of the lower order coefficients, and the overall
magnitude similar to �4,22. As for �6,33, no clear centrality dependence is observed within the current
experimental uncertainties. Whereas the previous measurements are unable to distinguish between the
magnitudes of �6,222 and �6,33, the current results show that �6,222 > �6,33 across the whole centrality
interval. For �7,223, the overall magnitude is larger than for the other non-linear flow mode coefficients.

The hydrodynamic calculations for the non-linear flow mode coefficients show slightly more variation
compared to the symmetry-plane correlations. As seen from the panels of Fig. 6, one observes the
reproduction of the data points by EKRT+param0 up to the modes of the sixth harmonic, and TRENTo+
param3 in all harmonics. The EKRT+param1 calculations slightly overestimate the centrality dependence
of the non-linear flow mode coefficients. It can be seen that the parameterizations of the EKRT presented
here imply �n,mk across all harmonic orders to have sensitivity to �/s, whereas in the previous calculations
in [53], weak �/s dependence was found for �4,22 and �6,222. The fifth order coefficient �5,23 is expected
to be quite sensitive to �/s in central collisions as can be seen from the difference of the predicted values
from EKRT+param0 and EKRT+param1. The AMPT+param2 calculations underestimate the magnitude
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(The latter include slightly larger impact parameters and thus feed more geometry-
related contribution to v2.) The “inverse magnitude” v3 > v2 also is predicted by
both analytic calculations just discussed, [Staig and Shuryak, 2011b; Gorda and
Romatschke, 2014] at large r0, while all sophisticated event-by-event studies led to
the opposite conclusion, v3 < v2 for all bins.
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We discussed above so to say analytical approach to the issue of higher harmonics
of the flow, based on linearized equations and their Green function. While I do
find it more instructive for the student, let me still note that it is not the only
approach to this problem. In fact the mainstream one is the so called event-by-

event hydrodynamics, which generates ensemble of initial conditions and then solves
viscous hydro equations. To give a proper credit to people doing it, let me show
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one see the main results of the calculation based on the code MUSIC. It has hadronic
afterburner and includes decays of all resonances up to 2 GeV in mass. One may
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with a reasonable accuracy. So, what else remains to be discussed?
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a function of centrality in Fig. 5. Except for �6,33, all coefficients indicate an increase in correlation
between symmetry planes with increasing centrality class of the collision. The measurements generally
agree with the ones obtained at the lower energy. The �6,222 is the only coefficient for which an energy
dependence can be observed. The hydrodynamic calculations reproduce the measurements within the
large theoretical uncertainties. For �4,22, �5,23, and �6,222, TRENTo+param3 however underestimates the
data in mid-central collisions.
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of which four are compared with the lower beam energy results available in [53]. For �4,22 and �5,23,
the centrality dependence and overall magnitude agree well with the results from the lower beam energy.
The centrality dependence of the new data is similar to the previous results: a larger value in more central
collisions, decreasing close to unity towards 50% centrality.

All of the non-linear flow mode coefficients for the sixth harmonic agree with the previous measurements.
The centrality dependence of �6,222 is similar to the ones of the lower order coefficients, and the overall
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The hydrodynamic calculations for the non-linear flow mode coefficients show slightly more variation
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The Fate of the Initial State Fluctuations in Heavy Ion Collisions
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We study the propagation of local density fluctuations created in heavy ion collisions (either due to
hard collisions or color charge separation) through the hydrodynamical evolution, which is modeled
by overall Hubble flow. While naively they should expand to spherical waves of sound with the
radius given by sound horizon, making them delocalized and hardly observable, the real solution
is much more interesting. The interplay of time-dependent speed of sound and Hubble expansion
leads to recreation of a fluctuations at original location and even their amplification.

I. INTRODUCTION

The so called ridge phenomenon has been observed at
RHIC in the events with a hard (large pt) trigger [1].
Its main features are seen in 2-particle correlators, which
show a peak at relative azimuthal angle φ = φ1 − φ2 =
0 with a width of about 1 radian, about twice that of
the jet. Unlike jets which are localized in rapidity, the
ridge has very wide distribution in (pseudo)rapidity η, at
least up to |η| ≈ 4 (as shown by PHOBOS collaboration
[2]). The spectrum of particles from the ridge is slightly
harder than the bulk one but much softer than that for a
jet. Their composition is also very different from jets, in
particular large fraction of baryons/anti-baryons. These
features – especially the last one – clearly indicate that
the ridge is related to the interaction of the jet with the
hydrodynamical expansion of the fireball, as suggested by
Voloshin [3]. Another important ingredient introduced
in my paper [4] is the existence of forward-backward jets
accompanying any hard scattering and provided extra
particles, which are widely distributed in rapidity.

STAR had observed ridge-like correlations in the 2-
body correlators without the hard trigger [5,6] as well,
known as a “soft ridge”. Its explanation, suggested by
McLerran and collaborators [?,8], is based on the ini-
tial state color fluctuations in the colliding nuclei, which
then create the “color flux tubes” with the longitudinal
electric and magnetic color fields at some “spots” in the
transverse plane of the collision. These tubes are sup-
posed to be stretched between two fragmentation regions
of the colliding nuclei, explaining wide rapidity range of
the correlation.

Whatever the origin of those fluctuations, they cannot
be separated from ambient matter, unless pushed side-
wise by hydrodynamical radial flow, see Fig.1(a). Im-
portant, that although extra particles may be separated
by large rapidity gaps, they correspond to the same po-
sition in the transverse plane and thus have the same
asymuthal flow direction. With its velocity reaching up
to .7 or so at the rim of the fireball, and with the account
for thermal pion velocities, one can roughly reproduce a
peak in ∆φ of the same order as in observed correlators,

see details e.g. in [4]. (It is similar to Big Bang mapping
primordial temperature fluctuations of the background
radiation onto the visible sky.)

FIG. 1. A sketch of the transverse plane of the colliding
system: the “spots” of extra density (a) are shown as black
disks, to be moved by collective radial flow (arrows). Naive
sound expansion (b) would produce large-size and small am-
plitude wave: yet the correct solution includes also another
wave (c) of smaller radius and larger amplitude.

It was however assumed in all these works that the fluc-
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Heavy ion collisions at the BNL Relativistic Heavy Ion Collider (RHIC) are well described by the (nearly ideal)
hydrodynamics. In the present paper, we study the propagation of perturbations induced by moving charges (jets)
on top of the expanding fireball, using hydrodynamics and (dual) magnetohydrodynamics. Two experimentally
observed structures, called a “cone” and a “hard ridge”, have been discovered in a dihadron correlation function
with a large-pt trigger, while a “soft ridge” is a similar structure seen without a hard trigger. All three can
be viewed as traces left by a moving charge in matter, on top of overall expansion. A puzzle is why those
perturbations are apparently rather well preserved at the time of the fireball freeze-out. We study two possible
solutions: (A) a “wave-splitting” acoustic option and (B) a “metastable electric flux tube” option. In the first case,
we show that rapidly variable speed of sound under certain conditions leads to secondary sound waves, which
are at freeze-out time closer to the original location and have larger intensities than the first wave. In the latter
case, we rely on (dual) magnetohydrodynamics, which also predicts two cones or cylinders of the waves. We
also briefly discuss metastable electric flux tubes in the near-Tc phase and their relation to clustering data.
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I. INTRODUCTION

The issues to be discussed are somewhat similar in
nature to what happened in cosmology in the last decades.
While the average Hubble-like expansion of the Universe
was dramatically confirmed by the discovery of background
radiation more than 40 yr ago, more recent observations of
small-amplitude temperature fluctuations have transformed
cosmology into a much more quantitative science.

Similarly, experimental data obtained in heavy ion colli-
sions at the BNL Relativistic Heavy Ion Collider (RHIC) were
shown to be in very good agreement with the hydrodynamic
description of the “Little Bang.” Especially good results are
obtained in hydrodynamics supplemented by the hadronic
cascades [1–3]. Dissipative effects from viscosity provide
only small corrections, at the few-percent level; see more
in Refs. [4–6]. Except for the rather short time of initial
acceleration, the hydrodynamic solution can actually be rather
well approximated by Hubble flow v(t, r) = Hr, with H ≈
0.08 fm−1 being approximately space and time independent.
If so, the expansion can be approximated by the quite simple
form

r(t) = r(0) exp(Ht), (1.1)

which we will use below.
In the last few years, RHIC experiments have focused more

on two- and three-particle correlations, which revealed a rather
rich phenomenology of correlations. These correlations appear
as the results of certain fluctuations, propagating on top of the
overall Hubble-like expansion. The quite puzzling dynamics
of such perturbations is the subject of this paper. We will turn
to experimental observations in the next section: but before
we do so, let me formulate the main dilemma of this work:
either (A) these perturbations are hydrodynamic in nature,
although propagating a bit differently from what can be naively
expected on the basis of a geometric optics, or (B) they are
not hydrodynamic but include certain extra fields or structures,
affecting their expansion.

In this work, we will examine whether both of those
solutions are viable. Option A—to be referred to as the acoustic
solution—will reveal the creation of secondary waves, induced
by the time-dependent speed of sound. (In fact, this effect was
already noticed in Ref. [7] in connection with conical flow.) As
we will show, such secondary waves are brighter and smaller
in size, as sketched in Fig. 3(c). However, as we will find, it is
not clear whether solution A will be viable quantitatively, as it
requires a rather sharp drop in the speed of sound.

Option B also leads to double cones, now as two com-
ponents of Alfvén waves in a (dually) magnetized medium.
Furthermore, some of them have small or even zero expansion
velocity, and there is the indication of the existence of
stabilized electric flux tubes in the near-Tc temperature interval.
Metastable microscopic flux tubes in the near-Tc region had
also been considered in a different context before by Liao and
myself [8,9] in connection with lattice data on lattice potentials
and charmonium survival. Yet again, although such tubes have
good reasons to exist, the final conclusion on whether they
are robust enough to explain the observed “cone” and two
“ridges” would require a lot more experimental and theoretical
work.

Early stages of heavy ion collisions are believed to be
described by the so-called glasma, a set of random color fields
created by color charges of partons of the two colliding nuclei
at the moment of the collision [10].

For large nuclei, those charges and fields can become large
enough to be treated classically. However as two discs with
charges move away from each other, those classical fields get
smaller and (in a still poorly understood process) rather quickly
create the quark-gluon plasma (QGP), in which the occupation
numbers become O(1).

Perturbative theory of asymptotically hot QGP predicts
perturbative electric screening mass ME ∼ gT from the
one-loop perturbative polarization tensor [11]. However, the
perturbative approach provides no screening of the static
magnetic fields, MM = 0, as in the QED plasma.
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The stages of Big Bang to be mentioned
neutralization of plasma 

production of CMB 
T(then) about 1 eV 

T(now)  =2.7K 
t(CMB) about 10^5 years

QCD phase transition 
(no confinement and hadrons 

for T<Tc=155 MeV 

electroweak phase transition  
(no Higgs VEV at T<Tc) 

Tc =160 GeV
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observed BAU ratio. This is a well known prob-
lem, resulting in pessimistic view of the whole
approach.

However, the so called “topological stability”
comes to the rescue. There are good reasons
to believe that the Dirac operator in the back-
ground of a sphaleron explosion still possesses a
topological zero mode, surviving gluon rescat-
tering. This in turn implies that the only place
where the Klimov-Weldon mass appears is in
the e↵ective mass term for left-handed quarks,
asM2

q /MKW . These (flavor-dependent) mass
contributions cause additional phase shifts in
the outgoing quark waves during their produc-
tion process. Moderatly involved calculations
of the resulting CP asymmetry set its value at
about ⇠ 10�9, suppressed by the Jarlskog com-
bination of CKM phases and the fourth powers
of the corresponding quark masses.

Comparing to what is needed to solve famed
BAU problem, it is about an order of magnitude
o↵. We think it is well inside the uncertain-
ties of our crude estimates. Anyway, we have
shown that minimal standard model can gener-
ate BAU many orders of magnitude larger than
previously expected. Clearly, further scrutiny
of this scenario is needed.

Finally, we have shown that like the BAU,
CP asymmetry at sphaleron explosions should
also be the origin of helical magnetic fields. The
conservation of the (Abelian version) of Chern-
Simons number, magnetic linkage, should then
keep it till today, and so potentially observable.
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Appendix A: Basics of Electroweak phase
transition

The transition temperature for the elec-
troweak symmetry breaking was known from
the mean field analysis of the Higgs poten-
tial, and was further detailed by lattice studies
in [16]. It is a crossover transition at

TEW = (159± 1)GeV (A1)

The temperature of the Universe today is
Tnow = 2.73K. The ensuing redshift z-factor
is

zEW =
TEW

Tnow

⇡ 6.8 · 1014 (A2)

During the radiation dominated era, the rela-
tion of time to temperature is given by Fried-
mann relation

t =

✓
90

32⇡3NDOF(t)

◆ 1
2 MP

T 2
(A3)

Inserting the Planck Mass MP = 1.2·1019 GeV,
the transition temperature and the e↵ective
number of degrees of freedom NDOF = 106.75,
we find the time after the Big Bang to be

tEW ⇠ 0.9 · 10�11s, ctEW ⇡ 2.7mm (A4)

As explained in the main text, the main phe-
nomena discussed happen near the “sphaleron
freezeout” time, which, according to Ref[16], is
at TFO ⇡ 130GeV. The corresponding cosmo-
logical time is then

tFO ⇠ 1.36 · 10�11s, ctFO ⇡ 4 · mm (A5)

The Higgs VEV v(T ) grows gradually, from
zero at the critical TEW . It was confirmed by
[16] that the squared Higgs VEV grows approx-
imately linearly

v2(140GeV < T < TEW )

T 2
⇡ 9

✓
1�

T

TEW

◆

(A6)
This scaling is consistent with the naive
Landau-Ginzburg treatment of the Higgs po-
tential. The coe�cient is also in agreement
with the two-loop perturbative calculations. At
freezeout its value is

v(TFO) ⇡ 167GeV (A7)

approximately 2/3 of the value in the fully bro-
ken phase.
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•  QGP is transparent to dileptons/photons, Early 
Universe is likewise transparent to gravity waves (GW). 
Can those be used as “penetrating probes”? 

• long wave sounds, once produced, have very long 
lifetime. What are their interactions? Cascades?  

• Can they be converted by the reaction 
sound+sound=>  GW during this long time? What is the 
expected amplitude?

• at what frequencies and how one can observe it?

Gravity waves generated by sounds from big bang phase transitions 
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Gravity waves are the only 
penetrating probes of the Big Bang

3

PRELIMINARY DISCUSSION OF
SOUND-TO-GW TRANSITION

For comparison, let us start with the Little Bang –
heavy ion collisions. As one of us suggested many years
ago [], production of penetrating probes – photons and
dileptons – not only provide a look inside the quark-gluon
plasma, but are even somewhat enhanced. The rate of
e.g. photon production is due to strong Compton and
annihilation qg ! q�, q̄g ! q̄�, q̄q ! g� is

dN�/d
4
x ⇠ ↵↵sT

4 (4)

and thus their accumulated density normalized to the
entropy density of matter sQGP ⇠ T

3 is of the order of
R

dtdN�/d
4
x

sQGP

⇠ ↵↵s(tlife T ) (5)

where tlife is the fireball lifetime. Small QED and QCD
coupling constants in front are thus partly compensated
by large (tlife T ) � 1, called “macro-to-micro ratio”,
which will repeatedly appear below. This factor repre-
sents long accumulation time of the photon production,
and it is about an order of magnitude in heavy ion colli-
sions.

Similar logics holds for gravitational radiation from
matter constituents. The characteristic micro scale of
the plasma is its temperature T . At the thermal (the
high-frequency) end of frequencies ! ⇠ T one finds that
the fraction of GW radiation to the total energy density
T

00 ⇠ NDOF T
4 is five by a similar expression

⌦GW ⇠
✓

T

MP

◆2

(tlife T ) (6)

in which the first factor is the corresponding e↵ective
gravitational coupling, which is very small since T/MP ⇠
10�19 . The macro-to-micro factor is large enhancement
factor, which can be readily obtained from (2) and it in
fact contains the inverse of the ratio just mentioned, so

t T ⇠ MP

T
· 1

N
1/2
DOF

⇠ 1018 (7)

Since the same ration in coupling factor appears squared,
and thus gravitational radiation from plasma particles is
very small.

While matter is mostly made of various partons, it also
contains large wavelength collective modes, the hydrody-
namical sounds. Thermal occupations of plasma partons
are nk = O(1), but for sounds, even in equilibrium, their
occupation factors for small frequencies are much large
nk ⇠ T/! � 1. The frequency is limited from below by
the infrared cuto↵ of the process ! > 1/tlife . At this
IR end of the spectrum the occupation factors reach the
same magnitude (7) just estimated above. Furthermore,

collision rates of two sounds is enhanced quadratically.
On the other hand, the small coupling factor contains
not T but the energy of the wave ! and so we get the
following estimate for GW

⌦GW ⇠
✓

!

MP

◆2

n
2
!

1
NDOF

(tlife !) (8)

Note that for the equilibrium level of the sound corre-
sponds to n! ⇡ T/! and in this case the frequency can-
cels out in the first two factors. Yet it still appears in the
last “lifetime” factor: so the maximal radiation comes
from the highest end of the collective mode, perhaps at
! ⇠ T . At this end radiation from sounds is similar to
that from partons, suppressed by the additional factor
1/NDOF . In summary, going from equilibrium patrons
to equilibrium sounds is not increasing the yield of GW.

However, out-of-equilibrium phenomena may produce
sounds with much larger amplitudes. We will argue below
that inverse turbulent cascade of sounds can generate
occupation number of the power form

n! = n
UV

✓
T

!

◆s

(9)

with certain index s, in two subsequent regimes, weak

and strong turbulence. So, although at the ultraviolet
(UV) root of the cascade ! ⇠ T it starts with very small
value n

UV , the spectrum grows toward the inferred (IR)
by a power of large macro-to-micro ratio (7).

A very special case is when the index s = 2: then
the estimated GR yield (8) has the power 4 of the en-
hancement factor, canceling the largest parameter in the
problem – the Planck mass. If so, the suppression is only
due to the UV level of the sound and 1/N

2
DOF

⇠ 10�4.
In general, there should be a peak at some scale, and

sound in tensity will decrease toward IR after it, and this
structure (squared) will be repeated in the GW spectrum.
The integrated energy is of course limited by the initial
energy deposition into sound. Even in the strongest pos-
sible first order transition, with latent heat of the order
of the total energy ⇠ NDOF T

4
c
, it is a small fraction of

the energy. (The GW yield should of course not exceed
the level already excluded experimentally.)

Summarising this section: only strongly enhanced out-
of-equilibrium sounds may potentially produce observ-
able level of GW. The issue is reduced to reliably estimate
the sound level or sound. To illustrate that this task is
highly non-trivial we note that the loudest sounds on
Earth have nothing to do with equilibrium atmosphere
but with the thunderstorms, earthquakes or sea waves
falling ashore.

ACOUSTIC TURBULENCE

So far we just discussed the sound ensemble as given,
with some occupation numbers nk: now we discuss how

fraction of the GW 
energy density to total 

 radiated from thermal particles  
if just thermal radiation 

not observable!
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cascade of phonons leads to so called  
inverse (toward IR, small k) turbulent cascade 

which has stationary attractor solution known as 
Kolmogorov-Zakharov power spectra

4

this distribution is formed.
We start by focusing on corrections to sound dispersion

law, since the sound cascade depends on them in a cru-
cial way. Although not known experimentally for sound
near the QCD phase transition, it has been derived for
strongly coupled plasma of the N=4 super-Yang-Mills
theory, from AdS/CFT correspondence. It is widely be-
lieved that those should be similar, at least qualitatively.
Not going into details, the known terms in sound disper-
sion curve, up to O(k6) accuracy, are [4]

!

2⇡T
= ± k̃p

3


1 +

✓
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3

◆
k̃
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4
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k̃

2 � 0.15 k̃
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�
, (10)

where k̃ ⌘
�

k

2⇡T

�
.

The crucial observation is that the O(k2) correction to
the real part has positive coe�cient. This allows for 1$
2 transitions between the sound waves, in particular a
decay of a harder phonon into two softer ones. Although
this is in principle known, for completeness let us remind
the kinematics of this process.

The momentum conservation ~k = ~k1 + ~k2 relates the
momenta. One can split both momenta into their longi-
tudinal components along ~k, denoted in a standard way
by k ⇤ x, k ⇤ (1 � x) respectively, and the transverse one
±~q.

The energy conservation

!(k) = !(k1) + !(k2) (11)

can be simplified using the fact that the dispersive correc-
tion is small ak ⌧ 1. Realizing that transverse momen-
tum is also small, one may simplify energy conservation
further. The resulting value of the transverse momen-
tum, for a given value of longitudinal momentum fraction
x, is

q =
p

6ak
2
x(1� x) (12)

One can further calculate the matrix element and the
phase space of the decay, as well as the inverse processes,
and write down the kinetic equation including all 1 $ 2
transitions, with one gain term ⇠ nk1 ⇤ nk2 and two loss
terms. Attractor power-like solutions of the kinetic equa-
tions, generally known as Zakharov spectra, are reviewed
in Ref. [10]. For the case of positive O(k2) correction it
in principle depends on its (dimensional) value and (for
this reason) deviates from standard Kolmogorov solution
which has only conserved fluxes for the dimension. How-
ever the three-dimensional space case we need turns out
to be an exceptional case, when the parameter a does
not actually appear in the collision term: the resulting
index is thus the same as given by the Kolmogorov the-
ory, namely

nk ⇠ k
�s

, sdecay = 9/2 (13)

Another alternative present itself when the dispersive
correction coe�cient – we wrote as a

2 – is in fact nega-
tive, so that there is no binary decay of sound. In this
case the cascade switches to higher order process of 2$ 2
scattering processes and the analysis is much more in-
volved. According to Ref. [10] the stability of the known
solutions is still not quite established. The indices they
provide are in the range snondecay = 10/3, 11/3 are nu-
merically smaller than sdecay = 9/2, but given huge – 18
decades for QCD – dynamical range of the problem at
hand the non-decay sound, if the case, does not qualita-
tively change the scenario.

Stability studies of this power solution had shown it
to be an attractor, and numerical simulations, starting
from a variety of out-of-equilibrium distributions, have
been shown to approach this spectrum rather rapidly,
again see Ref. [10] for details and references.

Needless to say, if the sound spectrum has such large
index, the amplitude of the waves at its IR end is greatly
enhanced. This strong amplification of the sound at small
k, is the central point of the present work.

The theory we now discussed is that of weak turbu-
lence, based on the kinetic equation containing the lowest
order scattering process. With a spectrum rising toward
IR with index s one finds that at some critical scale

⌦UV

sound

✓
T

kc

◆s

⇠ 1 (14)

the smallness of the initial sound amplitude nk=T is can-
celled out. At scales k < kc the regime is supposed to
change to the so called strong turbulence, with nonlinear
interactions of all kinds need to be included.

Since the UV-to-IR dynamical range is very large, in-
cluding in the QCD case about 18 decades or so, most
of it will be in the strong turbulence regime. On general
grounds one expects some power spectrum, perhaps with
another index sstrong for scales above the time dependent
scale kmin(t), at which the spectrum has its maximum, as
it always happen in out-of-equilibrium simulations. The
total energy of all sounds should of course be finite and
time-independent.

Let us now proceed to comparison of those general pre-
dictions to the results of simulations performed by Hind-
marsh et al [3]. In their Fig.4 one can see the power
spectra of the fluid velocity. The magnitude of sound en-
ergy normalized to the total one at the UV scale k ⇠ T

is indeed very small, its ratio to the total energy of mat-
ter is ⌦UV

sound
⇠ 10�9, and then rises toward small k. It

does not look power-like but if one calculate the index at
k ⇠ 0.1T , one order of magnitude away from UV, which
is also the geometric mean between the UV and IR cut-
o↵s in this simulation, one finds the spectral index s ⇡ 4
instead, not too far from 9/2 expected in suggested weak
turbulence regime.

Going another decade toward the IR, to k ⇠ 0.01T ,
Hindmarsh et al found that at late time dV

2
/d log(k) ⇡

if a^2>0, decays possible
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Needless to say, if the sound spectrum has such large
index, the amplitude of the waves at its IR end is greatly
enhanced. This strong amplification of the sound at small
k, is the central point of the present work.

The theory we now discussed is that of weak turbu-
lence, based on the kinetic equation containing the lowest
order scattering process. With a spectrum rising toward
IR with index s one finds that at some critical scale
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the smallness of the initial sound amplitude nk=T is can-
celled out. At scales k < kc the regime is supposed to
change to the so called strong turbulence, with nonlinear
interactions of all kinds need to be included.

Since the UV-to-IR dynamical range is very large, in-
cluding in the QCD case about 18 decades or so, most
of it will be in the strong turbulence regime. On general
grounds one expects some power spectrum, perhaps with
another index sstrong for scales above the time dependent
scale kmin(t), at which the spectrum has its maximum, as
it always happen in out-of-equilibrium simulations. The
total energy of all sounds should of course be finite and
time-independent.

Let us now proceed to comparison of those general pre-
dictions to the results of simulations performed by Hind-
marsh et al [3]. In their Fig.4 one can see the power
spectra of the fluid velocity. The magnitude of sound en-
ergy normalized to the total one at the UV scale k ⇠ T

is indeed very small, its ratio to the total energy of mat-
ter is ⌦UV

sound
⇠ 10�9, and then rises toward small k. It

does not look power-like but if one calculate the index at
k ⇠ 0.1T , one order of magnitude away from UV, which
is also the geometric mean between the UV and IR cut-
o↵s in this simulation, one finds the spectral index s ⇡ 4
instead, not too far from 9/2 expected in suggested weak
turbulence regime.

Going another decade toward the IR, to k ⇠ 0.01T ,
Hindmarsh et al found that at late time dV
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law, since the sound cascade depends on them in a cru-
cial way. Although not known experimentally for sound
near the QCD phase transition, it has been derived for
strongly coupled plasma of the N=4 super-Yang-Mills
theory, from AdS/CFT correspondence. It is widely be-
lieved that those should be similar, at least qualitatively.
Not going into details, the known terms in sound disper-
sion curve, up to O(k6) accuracy, are [4]
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The crucial observation is that the O(k2) correction to
the real part has positive coe�cient. This allows for 1$
2 transitions between the sound waves, in particular a
decay of a harder phonon into two softer ones. Although
this is in principle known, for completeness let us remind
the kinematics of this process.

The momentum conservation ~k = ~k1 + ~k2 relates the
momenta. One can split both momenta into their longi-
tudinal components along ~k, denoted in a standard way
by k ⇤ x, k ⇤ (1 � x) respectively, and the transverse one
±~q.

The energy conservation

!(k) = !(k1) + !(k2) (11)

can be simplified using the fact that the dispersive correc-
tion is small ak ⌧ 1. Realizing that transverse momen-
tum is also small, one may simplify energy conservation
further. The resulting value of the transverse momen-
tum, for a given value of longitudinal momentum fraction
x, is
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One can further calculate the matrix element and the
phase space of the decay, as well as the inverse processes,
and write down the kinetic equation including all 1 $ 2
transitions, with one gain term ⇠ nk1 ⇤ nk2 and two loss
terms. Attractor power-like solutions of the kinetic equa-
tions, generally known as Zakharov spectra, are reviewed
in Ref. [10]. For the case of positive O(k2) correction it
in principle depends on its (dimensional) value and (for
this reason) deviates from standard Kolmogorov solution
which has only conserved fluxes for the dimension. How-
ever the three-dimensional space case we need turns out
to be an exceptional case, when the parameter a does
not actually appear in the collision term: the resulting
index is thus the same as given by the Kolmogorov the-
ory, namely
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, sdecay = 9/2 (13)

Another alternative present itself when the dispersive
correction coe�cient – we wrote as a

2 – is in fact nega-
tive, so that there is no binary decay of sound. In this
case the cascade switches to higher order process of 2$ 2
scattering processes and the analysis is much more in-
volved. According to Ref. [10] the stability of the known
solutions is still not quite established. The indices they
provide are in the range snondecay = 10/3, 11/3 are nu-
merically smaller than sdecay = 9/2, but given huge – 18
decades for QCD – dynamical range of the problem at
hand the non-decay sound, if the case, does not qualita-
tively change the scenario.

Stability studies of this power solution had shown it
to be an attractor, and numerical simulations, starting
from a variety of out-of-equilibrium distributions, have
been shown to approach this spectrum rather rapidly,
again see Ref. [10] for details and references.

Needless to say, if the sound spectrum has such large
index, the amplitude of the waves at its IR end is greatly
enhanced. This strong amplification of the sound at small
k, is the central point of the present work.
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lence, based on the kinetic equation containing the lowest
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total energy of all sounds should of course be finite and
time-independent.
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k ⇠ 0.1T , one order of magnitude away from UV, which
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The crucial observation is that the O(k2) correction to
the real part has positive coe�cient. This allows for 1$
2 transitions between the sound waves, in particular a
decay of a harder phonon into two softer ones. Although
this is in principle known, for completeness let us remind
the kinematics of this process.

The momentum conservation ~k = ~k1 + ~k2 relates the
momenta. One can split both momenta into their longi-
tudinal components along ~k, denoted in a standard way
by k ⇤ x, k ⇤ (1 � x) respectively, and the transverse one
±~q.

The energy conservation
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can be simplified using the fact that the dispersive correc-
tion is small ak ⌧ 1. Realizing that transverse momen-
tum is also small, one may simplify energy conservation
further. The resulting value of the transverse momen-
tum, for a given value of longitudinal momentum fraction
x, is
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One can further calculate the matrix element and the
phase space of the decay, as well as the inverse processes,
and write down the kinetic equation including all 1 $ 2
transitions, with one gain term ⇠ nk1 ⇤ nk2 and two loss
terms. Attractor power-like solutions of the kinetic equa-
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in Ref. [10]. For the case of positive O(k2) correction it
in principle depends on its (dimensional) value and (for
this reason) deviates from standard Kolmogorov solution
which has only conserved fluxes for the dimension. How-
ever the three-dimensional space case we need turns out
to be an exceptional case, when the parameter a does
not actually appear in the collision term: the resulting
index is thus the same as given by the Kolmogorov the-
ory, namely
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, sdecay = 9/2 (13)

Another alternative present itself when the dispersive
correction coe�cient – we wrote as a

2 – is in fact nega-
tive, so that there is no binary decay of sound. In this
case the cascade switches to higher order process of 2$ 2
scattering processes and the analysis is much more in-
volved. According to Ref. [10] the stability of the known
solutions is still not quite established. The indices they
provide are in the range snondecay = 10/3, 11/3 are nu-
merically smaller than sdecay = 9/2, but given huge – 18
decades for QCD – dynamical range of the problem at
hand the non-decay sound, if the case, does not qualita-
tively change the scenario.

Stability studies of this power solution had shown it
to be an attractor, and numerical simulations, starting
from a variety of out-of-equilibrium distributions, have
been shown to approach this spectrum rather rapidly,
again see Ref. [10] for details and references.

Needless to say, if the sound spectrum has such large
index, the amplitude of the waves at its IR end is greatly
enhanced. This strong amplification of the sound at small
k, is the central point of the present work.

The theory we now discussed is that of weak turbu-
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order scattering process. With a spectrum rising toward
IR with index s one finds that at some critical scale
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the smallness of the initial sound amplitude nk=T is can-
celled out. At scales k < kc the regime is supposed to
change to the so called strong turbulence, with nonlinear
interactions of all kinds need to be included.

Since the UV-to-IR dynamical range is very large, in-
cluding in the QCD case about 18 decades or so, most
of it will be in the strong turbulence regime. On general
grounds one expects some power spectrum, perhaps with
another index sstrong for scales above the time dependent
scale kmin(t), at which the spectrum has its maximum, as
it always happen in out-of-equilibrium simulations. The
total energy of all sounds should of course be finite and
time-independent.

Let us now proceed to comparison of those general pre-
dictions to the results of simulations performed by Hind-
marsh et al [3]. In their Fig.4 one can see the power
spectra of the fluid velocity. The magnitude of sound en-
ergy normalized to the total one at the UV scale k ⇠ T

is indeed very small, its ratio to the total energy of mat-
ter is ⌦UV
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⇠ 10�9, and then rises toward small k. It

does not look power-like but if one calculate the index at
k ⇠ 0.1T , one order of magnitude away from UV, which
is also the geometric mean between the UV and IR cut-
o↵s in this simulation, one finds the spectral index s ⇡ 4
instead, not too far from 9/2 expected in suggested weak
turbulence regime.
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Can similar cascade 
 goes in early Universe  

up to horizon scale?
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under certain conditions specified, 
inverse acoustic turbulent cascade develops 

producing a “large-scale storm” till  
a cutoff at horizon 
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FIG. 2: (From Ref. [1]) Power spectrum of the velocity
squared versus the (log of) the wave number k. The grey
upper curves are for sounds, from bottom to top as time pro-
gresses, t = 600, 800, 1000, 1200, 1400T�1

c . The black curves
in the bottom are for rotational excitations.

the rotational ones (solid curves below) are suppressed
by several orders of magnitude. It is not known how
universal this feature is, but let us accept it for now.

The spectra in Fig. 2 have a shallow maximum at
kT ⇠ 0.03 corresponding to a characteristic dynamical
scale of the simulation, the distance between bubbles.
Should this calculation be extended to smaller k, we think
it is inevitable that the spectrum will be exponentially
cut o↵ in the IR. Spectra at subsequent time moments
show no visible tendency of movement of the maximum.
We attribute this to the fact that the total time of the
simulation is simply not enough time for the sound cas-
cade – and self-similar solution – to develop.

Note that the typical magnitude of v2 in this simula-
tion is 10�4 (in relativistic units, with the speed of light
c = 1). Results of these simulations provide, in prin-
ciple, the initial sound power spectrum, from which the
inverse acoustic cascade may start evolving. Since we ex-
pect it to start as weak turbulence in a self-similar form
(40), we only need to know the conserved N . The energy
of the sound waves, to the second order, is the unper-
turbed density of matter times the fluid velocity squared
(✏+ p)0V 2. So one can relate this spectrum to the sound
wave occupation numbers via

(✏+ p)0
dv2

d log k
⇠ 4⇡!knkk

3 . (42)

The approximately flat observed left-hand side shows
that the e↵ective initial value of the index is close to
4 (of course, only in a limited range of scales and time).
Then it is supposed to become the weak turbulence, and
the slope for the curve would be sweak �4 = �2/3, while
the left end of the curve, in the lower k region, enters the
strong turbulence regime with the slope sstrong � 4 = 0,
i.e., stays flat. If sstrong�4 > 0, or even 2 as we included
as a possibility, the energy spectrum will start growing

toward small k.

V. GENERATION OF GRAVITY WAVES

A. The spectral density of the stress tensor
correlator

General expressions for the GW production rate are
well known, and we will not reproduce them here, pro-
ceeding directly to the main object, the two-point corre-
lator of the stress tensors,

Gµ⌫µ
0
⌫
0
=

Z
d4x d4y eik↵(x

↵�y
↵
)
hTµ⌫(x)Tµ

0
⌫
0
(y)i .

(43)

Note that while the big bang is homogeneous in space, the
3-momentum can be well defined and conserved, but it is
time dependent. We will, however, still treat it as qua-
sistatic, with well-defined frequencies of perturbations,
with a cuto↵ at the lowest end, ! < 1/tlife.
Using hydrodynamical expression for the stress tensor,

Tµ⌫ = (✏+ p)uµu⌫ + gµ⌫p , (44)

and expanding it in powers of a small parameter – the
sound amplitude – one can identify terms related to the
sound wave. Associating the zeroth order terms with the
matter rest frame, one introduces the first order velocities
by

uµ = (1, 0, 0, 0) + �uµ

(1)
(45)

and one expands the stress tensor to the second order as

�Tµ⌫

(2)
= (✏+ p)(0)�u

µ

(1)
�u⌫

(1)
+ (✏+ p)(2)�

µ0�⌫0 + p(2)g
µ⌫ .

(46)

The correlator is to be coupled to the metric perturba-
tions hµ⌫hµ0⌫0 and we are interested in indices corre-
sponding to two polarizations of the GW transverse to
its momentum k↵. Such components are only provided
by the term with velocities, and thus we focus on
Z

d4x d4y eik↵(x
↵�y

↵
)
h�uµ(x)�u⌫(x)�uµ

0
(y)�u⌫

0
(y)i ,

(47)

where we dropped the overall factor (✏ + p)2
(0)

and sub-

scripts “(1)” for the first order terms.
The next step is to split four velocities into two pairs,

for which we use the “sound propagators”,

�mn(p0, ~p) =

Z
d4x eipµx

µ

h�um(x)�un(0)i , (48)

where we changed indices to the Latin ones, emphasizing
that those are only spatial. In these terms, the correlator
in question is a loop diagram shown in Fig. 3(b). Similar
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FIG. 3: (a) Sketch of the collision of two sound waves (b) The diagram and the cut described in the text. External legs are
gravity waves (gravitons), and the sounds (phonons) are in the loop.

loop diagrams were derived and discussed in connection
with fluctuation-induced or loop corrections to hydrody-
namical observables: for a recent review of the results,
standard definitions and relations, see [18].

Time-dependent Green’s functions can be chosen dif-
ferently depending on the assumed boundary conditions
on the time dependence. The most natural Green’s func-
tions for the sounds are the retarded one �R, which only
has poles in a half of the complex energy E = p0 plane,
corresponding to the sound dissipation, and the symmet-
ric one �S , which has all four possible poles. In equi-
librium, they are related to each other by the so-called
Kubo-Martin-Schwinger (KMS) relation (E = p0),

��S = (1 + 2nB(E))Im�R ⇡
E⌧T

2T

E
Im�R , (49)

where nB(E) is the equilibrium Bose distribution. This
expression shows that Im�R corresponds to a single
phonon quantum, and the �S to a wave with proper oc-
cupation numbers. It also suggests generalization to an
out-of-equilibrium case that we will use, i.e., introduction
of the new rescaled function

��̃S = 2n(E)Im�R , (50)

containing out-of-equilibrium occupation number n(E),
which is assumed to be much larger than the quantum
term 1 in (49), which is therefore dropped. The explicit
expression to be used takes the form

�̃mn

R
=

1

(✏+ p)(0)

pmpn

p2
E2

(E2 � p2c2
s
) + i�̃p2E

, (51)

where notations are three-dimensional, e.g. p2 = ~p2. The
dissipation lifetime parameter is related to the shear vis-
cosity

�̃ =
4

3
·

⌘

✏+ p
. (52)

Now one can perform the Fourier transformation and rep-
resent the correlator as a standard field theory loop di-
agram. The imaginary part of the correlator, as usual,
corresponds to the unitarity cut of the loop into product
of two complex conjugated parts, or the probability of
the corresponding sound merging process,

ImGmm
0
nn

0
(k)

(✏+ p)2
(0)

= (53)

Z
d4p

(2⇡)4
n(p0) Im �̃mm

0

R
(p)n(k0 � p0) Im �̃nn

0

R
(k � p)

Multiplied by the Newton coupling constant and taken
on shell, k2

↵
= 0, this will give us the rate of the sound+

sound ! GW process. Note that the unitarity cut also
puts both sound lines on shell.

B. Sounds to GW: Kinematics

One sound wave obviously cannot produce a GW, for
the following reasons: (i) The dispersion relation for the
sound is ! = csk, which is di↵erent from that of the
GW, ! = k; (ii) polarization of the sound wave is a
longitudinal vector, while it should be a transverse tensor
for the GW.
Two on-shell sound waves can accomplish this. Us-

ing notations pµ
1
+ pµ

2
= kµ, one writes the GW on-shell

condition (kµ)2 = 0 as

c2
s
(p1 + p2)

2 = p2
1
+ p2

2
+ 2p1p2 cos(✓12) , (54)

where cs,✓12 are the sound velocity and an angle between
the two sound waves, respectively. In terms of such an
angle, there are two extreme configurations. The first is
a “symmetric case”, p1 = p2, corresponding to a minimal
angle. For c2

s
= 1/3, this angle is ✓12 = 109�. The sec-

ond, the “asymmetric case”, corresponds to anticollinear
vectors ~p1, ~p2, ✓12 = 180�. An important di↵erence from
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FIG. 2: (From Ref. [1]) Power spectrum of the velocity
squared versus the (log of) the wave number k. The grey
upper curves are for sounds, from bottom to top as time pro-
gresses, t = 600, 800, 1000, 1200, 1400T�1

c . The black curves
in the bottom are for rotational excitations.

the rotational ones (solid curves below) are suppressed
by several orders of magnitude. It is not known how
universal this feature is, but let us accept it for now.

The spectra in Fig. 2 have a shallow maximum at
kT ⇠ 0.03 corresponding to a characteristic dynamical
scale of the simulation, the distance between bubbles.
Should this calculation be extended to smaller k, we think
it is inevitable that the spectrum will be exponentially
cut o↵ in the IR. Spectra at subsequent time moments
show no visible tendency of movement of the maximum.
We attribute this to the fact that the total time of the
simulation is simply not enough time for the sound cas-
cade – and self-similar solution – to develop.

Note that the typical magnitude of v2 in this simula-
tion is 10�4 (in relativistic units, with the speed of light
c = 1). Results of these simulations provide, in prin-
ciple, the initial sound power spectrum, from which the
inverse acoustic cascade may start evolving. Since we ex-
pect it to start as weak turbulence in a self-similar form
(40), we only need to know the conserved N . The energy
of the sound waves, to the second order, is the unper-
turbed density of matter times the fluid velocity squared
(✏+ p)0V 2. So one can relate this spectrum to the sound
wave occupation numbers via

(✏+ p)0
dv2

d log k
⇠ 4⇡!knkk

3 . (42)

The approximately flat observed left-hand side shows
that the e↵ective initial value of the index is close to
4 (of course, only in a limited range of scales and time).
Then it is supposed to become the weak turbulence, and
the slope for the curve would be sweak �4 = �2/3, while
the left end of the curve, in the lower k region, enters the
strong turbulence regime with the slope sstrong � 4 = 0,
i.e., stays flat. If sstrong�4 > 0, or even 2 as we included
as a possibility, the energy spectrum will start growing

toward small k.

V. GENERATION OF GRAVITY WAVES

A. The spectral density of the stress tensor
correlator

General expressions for the GW production rate are
well known, and we will not reproduce them here, pro-
ceeding directly to the main object, the two-point corre-
lator of the stress tensors,

Gµ⌫µ
0
⌫
0
=

Z
d4x d4y eik↵(x

↵�y
↵
)
hTµ⌫(x)Tµ

0
⌫
0
(y)i .

(43)

Note that while the big bang is homogeneous in space, the
3-momentum can be well defined and conserved, but it is
time dependent. We will, however, still treat it as qua-
sistatic, with well-defined frequencies of perturbations,
with a cuto↵ at the lowest end, ! < 1/tlife.
Using hydrodynamical expression for the stress tensor,

Tµ⌫ = (✏+ p)uµu⌫ + gµ⌫p , (44)

and expanding it in powers of a small parameter – the
sound amplitude – one can identify terms related to the
sound wave. Associating the zeroth order terms with the
matter rest frame, one introduces the first order velocities
by

uµ = (1, 0, 0, 0) + �uµ

(1)
(45)

and one expands the stress tensor to the second order as

�Tµ⌫

(2)
= (✏+ p)(0)�u

µ

(1)
�u⌫

(1)
+ (✏+ p)(2)�

µ0�⌫0 + p(2)g
µ⌫ .

(46)

The correlator is to be coupled to the metric perturba-
tions hµ⌫hµ0⌫0 and we are interested in indices corre-
sponding to two polarizations of the GW transverse to
its momentum k↵. Such components are only provided
by the term with velocities, and thus we focus on
Z

d4x d4y eik↵(x
↵�y

↵
)
h�uµ(x)�u⌫(x)�uµ

0
(y)�u⌫

0
(y)i ,

(47)

where we dropped the overall factor (✏ + p)2
(0)

and sub-

scripts “(1)” for the first order terms.
The next step is to split four velocities into two pairs,

for which we use the “sound propagators”,

�mn(p0, ~p) =

Z
d4x eipµx

µ

h�um(x)�un(0)i , (48)

where we changed indices to the Latin ones, emphasizing
that those are only spatial. In these terms, the correlator
in question is a loop diagram shown in Fig. 3(b). Similar
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FIG. 3: (a) Sketch of the collision of two sound waves (b) The diagram and the cut described in the text. External legs are
gravity waves (gravitons), and the sounds (phonons) are in the loop.

loop diagrams were derived and discussed in connection
with fluctuation-induced or loop corrections to hydrody-
namical observables: for a recent review of the results,
standard definitions and relations, see [18].

Time-dependent Green’s functions can be chosen dif-
ferently depending on the assumed boundary conditions
on the time dependence. The most natural Green’s func-
tions for the sounds are the retarded one �R, which only
has poles in a half of the complex energy E = p0 plane,
corresponding to the sound dissipation, and the symmet-
ric one �S , which has all four possible poles. In equi-
librium, they are related to each other by the so-called
Kubo-Martin-Schwinger (KMS) relation (E = p0),

��S = (1 + 2nB(E))Im�R ⇡
E⌧T

2T

E
Im�R , (49)

where nB(E) is the equilibrium Bose distribution. This
expression shows that Im�R corresponds to a single
phonon quantum, and the �S to a wave with proper oc-
cupation numbers. It also suggests generalization to an
out-of-equilibrium case that we will use, i.e., introduction
of the new rescaled function

��̃S = 2n(E)Im�R , (50)

containing out-of-equilibrium occupation number n(E),
which is assumed to be much larger than the quantum
term 1 in (49), which is therefore dropped. The explicit
expression to be used takes the form

�̃mn

R
=

1

(✏+ p)(0)

pmpn

p2
E2

(E2 � p2c2
s
) + i�̃p2E

, (51)

where notations are three-dimensional, e.g. p2 = ~p2. The
dissipation lifetime parameter is related to the shear vis-
cosity

�̃ =
4

3
·

⌘

✏+ p
. (52)

Now one can perform the Fourier transformation and rep-
resent the correlator as a standard field theory loop di-
agram. The imaginary part of the correlator, as usual,
corresponds to the unitarity cut of the loop into product
of two complex conjugated parts, or the probability of
the corresponding sound merging process,

ImGmm
0
nn

0
(k)

(✏+ p)2
(0)

= (53)

Z
d4p

(2⇡)4
n(p0) Im �̃mm

0

R
(p)n(k0 � p0) Im �̃nn

0

R
(k � p)

Multiplied by the Newton coupling constant and taken
on shell, k2

↵
= 0, this will give us the rate of the sound+

sound ! GW process. Note that the unitarity cut also
puts both sound lines on shell.

B. Sounds to GW: Kinematics

One sound wave obviously cannot produce a GW, for
the following reasons: (i) The dispersion relation for the
sound is ! = csk, which is di↵erent from that of the
GW, ! = k; (ii) polarization of the sound wave is a
longitudinal vector, while it should be a transverse tensor
for the GW.
Two on-shell sound waves can accomplish this. Us-

ing notations pµ
1
+ pµ

2
= kµ, one writes the GW on-shell

condition (kµ)2 = 0 as

c2
s
(p1 + p2)

2 = p2
1
+ p2

2
+ 2p1p2 cos(✓12) , (54)

where cs,✓12 are the sound velocity and an angle between
the two sound waves, respectively. In terms of such an
angle, there are two extreme configurations. The first is
a “symmetric case”, p1 = p2, corresponding to a minimal
angle. For c2

s
= 1/3, this angle is ✓12 = 109�. The sec-

ond, the “asymmetric case”, corresponds to anticollinear
vectors ~p1, ~p2, ✓12 = 180�. An important di↵erence from

TWO PHONONS IN THE LOOP

phonon+phonon=> graviton
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European Pulsar Timing Array
Parkes Pulsar Timing Array 

 North American Nanohertz Observatory for Gravitational Waves.
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FIG. 2. Maximum likelihood GWB fractional energy-density
spectrum for the BO (red) and SWO (blue) analyses com-
pared with the marginalized posterior for the free power
spectrum (independent per-frequency characterization; red
violin plot) derived in NG12gwb. For the BO analysis we
show the results derived by using the envelope (solid line),
semi-analytic (dashed), and numerical (dot-dashed) spectral
shapes. For the BO analyses the values of (↵⇤, T⇤) for these
maximum likelihood spectra are (0.28, 0.7MeV) for the enve-
lope results, (1.2, 3.4MeV) for the semi-analytic results, and
(0.13, 14.1MeV) for the numerical results. While for the SO
analysis we get (6.0, 0.32MeV).

SM before the onset of BBN at T ⇠ 1 MeV. This leaves
an allowed range of values for the transition temperature
given by T⇤ ⇠ 1 MeV � 100 GeV. The next data release,
which adds multiple years of observations and extends
the the sensitivity window to lower frequency, should be-
gin to resolve the peak of the spectrum or additionally
shrink the range of allowed values for T⇤.

Conclusions — We performed a search for a stochas-
tic gravitational wave background from first-order phase
transitions in the 12.5 year NANOGrav dataset. While
previous NANOGrav analysis found no evidence yet for
the inter-pulsar correlation signature of a GWB, the ev-
idence for a common-spectrum process was significant.
We found that the data can be modeled by a strong
(↵⇤ > 0.1) phase transition taking place at temperatures
below the electroweak scale. However, the data do not
show any strong preference between an SMBHB and a
PT generated signal, but we expect to gain additional
discriminating power with future datasets, improving the
signal to noise ratio and extending the sensitivity window
to lower frequencies. In particular, data from the Inter-
national Pulsar Timing Array will allow the baseline of
observations to be significantly extended, and the num-

FIG. 3. 1-� (68% posterior credible level), and 2-� (95%
posterior credible level) contours for the parameters AGWB

and ↵⇤ in the PT+SMBHB search. In red (blue) the results
for the BO (SWO) analyses. In this figure we have used the
semi-analytic results for the bubble spectrum. The posteriors
do not extend to lower values of ↵⇤ because of our choice for
the ↵⇤ prior: log-Uniform [�1.3, 1].

ber of monitored pulsars to be greatly expanded. The
present quality of the data is such that our results are
not strongly a↵ected by theoretical uncertainties on the
GW spectral shape. However, methodological improve-
ments on determining the origin of the GWB spectrum
will be needed for future datasets in order to separate
the signal from a first-order PT from the SMBHB back-
ground, as well as to constrain the microscopic origins of
the PT.

Author contributions — An alphabetical-order author
list was used for this paper in recognition of the fact that
a large, decade timescale project such as NANOGrav is
necessarily the result of the work of many people. All
authors contributed to the activities of the NANOGrav
collaboration leading to the work presented here, and
reviewed the manuscript, text, and figures prior to the
paper’s submission. Additional specific contributions to
this paper are as follows. ZA, HB, PRB, HTC, MED,
PBD, TD, JAE, RDF, ECF, EF, NG-D, PAG, DCG,
MLJ, MTL, DRL, RSL, JL, MAM, CN, DJN, TTP, NSP,
SMR, KS, IHS, RS, JKS, RS and SJV developed the
12.5-year dataset through a combination of observations,
arrival time calculations, data checks and refinements,
and timing model development and analysis; additional
specific contributions to the dataset are summarized in
NG12. KZ and SRT coordinated the writing of the pa-
per. VL and AM performed all analyses presented in

Searching for Gravitational Waves from  
Cosmological Phase Transitions  

with the NANOGrav 12.5-Year Dataset, 
 NANOGRAV collaboration,  

arxiv 2104.13930
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Summary 
• Sounds in the Big Bang

• Very long wavelength sound — limited by horizon 
only — have negligible dissipation: so complicated  
acoustic inverse cascade can take place: power 
spectra of  the sound all the way to the IR

• The penetrating probe for Big Bang are gravity 
waves. 

• Two sound waves on shell can produce one  on shell 
GW. QCD transitions IR scale today is 1 year (hours).

• Pulsar timing /correlations have recently seen gravity 
waves at 1 year period range

Sounds of the Little Bang: 

• are observed as azimuthal correlations 

• “acoustic systematics” for harmonics of flow 

• phase factor should produce oscillations 

• they are well seen in Big Bang CMB 

• predicted minimum at n about 7 seems to be there 
 


