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- Centrality/energy dependence, and ideal fluid 
- Constituent Quark Scaling, and deconfinement 
- Nonflow/fluctuations, and “ridge”, initial geometry 
- azHBT, and  proof of collective expansion 
- Velocity fields, vorticity, and polarization
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Y. Zhang (E877) – technique, first flow 
measurements at AGS      
J-Y. Ollitrault - ‘non-flow”  

Quark Matter '95
Eleventh International Conference on
Ultra-Relativistic Nucleus-Nucleus Collisions
9 - 13 January 1995
The Conference is over!

If you would like a copy of the Book of Abstracts of Contributed Papers, send an e-mail request to AMPoskanzer@lbl.gov.
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Fourier Harmonics

S. Voloshin and Y. Zhang, hep-ph/940782; Z. Phys. C 70, 665 (1996)

First to use Fourier harmonics:

Event plane resolution correction made for each harmonic

See also, J.-Y. Ollitrault, arXiv nucl-ex/9711003 (1997)

First to use the terms directed and elliptic flow for v1 and v2

Unfiltered theory can be compared to experiment!

First to use mixed harmonics

and J.-Y. Ollitrault, Nucl. Phys. A590, 561c (1995)

Voloshin

arXiv:hep-ph/9407282v1  12 Jul 1994
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Event plane resolution correction made for each harmonic
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Directed and Elliptic Flow in 158 GeVyyyNucleon Pb 1 Pb Collisions
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The directed and elliptic flow of protons and charged pions has been observed from the semicentral
collisions of a 158 GeVynucleon Pb beam with a Pb target. The rapidity and transverse momentum
dependence of the flow has been measured. The directed flow of the pions is opposite to that of the
protons but both exhibit negative flow at low pt . The elliptic flow of both is fairly independent of
rapidity but rises with pt . [S0031-9007(98)06090-6]

PACS numbers: 25.75.Ld

The study of the early stages of relativistic nuclear
collisions is of crucial importance for understanding the
possibility of producing new phases of nuclear matter. It
is thought that angular correlations generated by collective
flow in noncentral collisions retain some signature of the
effective pressure achieved at maximum compression in
the interaction [1,2]. Such studies have proven to be
valuable at lower beam energies for the study of the
equation of state of nuclear matter. To address these
questions, the azimuthal anisotropy of charged particle
emission from the interaction of a 158 GeVynucleon Pb

beam with a Pb target has been studied in the two
main Time Projection Chambers (TPCs) of CERN SPS
experiment NA49 [3]. The large phase-space acceptance
of these TPCs allows event-by-event study of the angular
correlations of the particles from the interaction, essential
for the study of collective flow. This is the first study
of directed and elliptic flow as a function of rapidity and
transverse momentum for collisions of the heaviest nuclei
at the highest bombarding energy presently available.
Usually three kinds of flow in the plane transverse to

the beam are considered: radial transverse flow, directed

4136 0031-9007y98y80(19)y4136(5)$15.00 © 1998 The American Physical Society
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FIG. 1. Shown are the azimuthal distributions of the charged
particles with respect to the plane (left) and ellipse (right) of the
charged particles. Counts are plotted on the vertical axis but
have been normalized to an average value of 1. The dashed
points and lines near a value of 1 are for the simple Monte
Carlo simulation. The curves are fits with cossfd plus coss2fd
[Eq. (2)] (left), and coss2fd [Eq. (3)] (right). On the right, the
points above 90± have been reflected from those below 90±.
The results are integrated for rapidity from 4.0 to 6.0 and pt
from 0.05 to 1.0 GeVyc.

from the fact that the protons at high rapidity have positive
directed flow, as one would expect for the baryons in the
reaction plane. Figure 3 shows the pt dependence of the
flow. These curves should go to zero at zero pt where no
transverse direction is defined.

FIG. 2. The rapidity dependence of the directed (y1) and el-
liptic (y2) flow for the protons s0.6 , pt , 2.0 GeVycd and
pions s0.05 , pt , 0.35 GeVycd. The points below midrapid-
ity s y ≠ 2.92d have been reflected from the measurements in
the forward hemisphere. The curves are to guide the eye.

At first sight the y1 curves in Fig. 3 appear peculiar,
especially for the pions, because they approach zero from
the negative side. However, this behavior was predicted
for protons by Voloshin [16] as a consequence of the
interaction of transverse radial flow and directed flow.
Simply, in the presence of large transverse radial flow,
a low pt particle can be produced only by the part of
the moving source where the directed flow subtracts from
the radial flow. If this is the correct explanation then
the data also contain information on the transverse radial
flow. However, especially for the pions, it is also possible
that this behavior of the directed flow results from some
kind of fireball shadowing effect, resonance decays, or
Coulomb effects.
Previously, elliptic flow has been observed using the

NA49 Ring Calorimeter by analyzing the azimuthal
anisotropy of the transverse energy [17]. The correlation
which was observed between the forward and backward
event planes may not be inconsistent with that seen here
considering that transverse energy flow, not number flow,
was studied, that neutral particles and charged baryons
were included, and that the bins were in pseudorapidity.
Also the elliptic flow of photons from p0 decay has been
reported [18] by WA93 for S 1 Au at the SPS. They
find an anisotropy of the order of 5% for semicentral
collisions.

FIG. 3. The transverse momentum dependence of the directed
(y1) and elliptic (y2) flow for the protons and pions with
4.0 , y , 5.0. The curves are to guide the eye.
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Methods for analyzing anisotropic flow in relativistic nuclear collisions

A. M. Poskanzer1 and S. A. Voloshin2,*
1Nuclear Science Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720

2Physikalisches Institut der Universität Heidelberg, Heidelberg, Germany
!Received 20 May 1998"

The strategy and techniques for analyzing anisotropic flow !directed, elliptic, etc." in relativistic nuclear
collisions are presented. The emphasis is on the use of the Fourier expansion of azimuthal distributions. We
present formulas relevant for this approach, and in particular, show how the event multiplicity enters into the
event plane resolution. We also discuss the role of nonflow correlations and a method for introducing flow into
a simulation. #S0556-2813!98"04109-0$

PACS number!s": 25.75.Ld

I. INTRODUCTION: SUBJECT AND TERMINOLOGY

Recently, the study of collective flow in nuclear collisions
at high energies has attracted increased attention of both
theoreticians and experimentalists #1$. There are several rea-
sons for this: !i" the observation of anisotropic flow at the
AGS #2–7$ and at the SPS #8–11$, !ii" progress in the theo-
retical understanding of the relation between the appearance
and development of flow during the collision evolution, and
processes such as thermalization, creation of the quark-gluon
plasma, phase transitions, etc. #12–18$, !iii" the study of
mean field effects #14,19$, !iv" the importance of flow for
other measurements such as identical and nonidentical two-
particle correlation analyses #20–23$, !v" the development of
new techniques suitable for flow studies at high energies
#24–26,1,9$. Although all forms of flow are interrelated and
represent only different parts of one global picture, usually
people discuss different forms of collective flow, such as
longitudinal expansion, radial transverse flow, and aniso-
tropic transverse flow of which the most well established are
directed flow #24,19$ and elliptic flow #27$.
The study of flow in ultrarelativistic nuclear collisions has

just begun and it is very important to define the subject and
establish the terminology. At high energies the longitudinal
flow is well decoupled from transverse flow. The flow !po-
lar" angles observed at low energies are relatively large and a
rotation of the coordinate system was done in order to ana-
lyze the event shape in the plane perpendicular to the main
axis of the flow ellipsoid. At high energies the flow angles
become very small, %flow&'px(/pbeam!1, so that not doing
such a rotation ‘‘induces’’ an elliptic anisotropy of the order
of the square of the flow angle and usually can be neglected.
This means that at high energies one does not have to rotate
to the flow axis to study the flow pattern #27$, but one can
use the plane transverse to the beam axis. Thus we discuss
only anisotropic transverse flow from the particle azimuthal
distributions at fixed rapidity or pseudorapidity. It appears
very convenient to describe the azimuthal distributions by
means of a Fourier expansion #28,25,24$, and below we
characterize different kinds of anisotropies as corresponding

to different harmonics !in analogy and/or contrast to the de-
scription at low energies, where the three-dimensional event
shape is characterized using multipole terminology". Aniso-
tropic flow corresponding to the first two harmonics plays a
very important role and we use special terms for them: di-
rected and elliptic flow, respectively. The word ‘‘directed’’
comes from the fact that such flow has a direction, and the
word ‘‘elliptic’’ is due to the fact that in polar coordinates
the azimuthal distribution with nonzero second harmonic
represents an ellipse.

II. CORRELATIONS WITH RESPECT
TO AN EVENT PLANE

Strategy. In this section we summarize an approach to the
study of anisotropic flow which is particularly suitable at
high !AGS/SPS/RHIC" energies. It uses the Fourier expan-
sion of azimuthal distributions, introduced in this way for the
analysis in Ref. #25$. The essence of the method is to first
estimate the reaction plane. The estimated reaction plane we
call the event plane. The Fourier coefficients in the expan-
sion of the azimuthal distribution of particles with respect to
this event plane are evaluated. Because the finite number of
detected particles produces limited resolution in the angle of
the measured event plane, these coefficients must be cor-
rected up to what they would be relative to the real reaction
plane. This is done by dividing the observed coefficients by
the event plane resolution, which is estimated from the cor-
relation of the planes of independent subevents #29$ !sub-
groups of the particles used for the event plane determina-
tion". The resolution obtained from the subevents can be
converted to that for the full event by means of the multi-
plicity dependence of the resolution which will be described
below. Also, if the detector does not have full azimuthal
acceptance, the acceptance bias has to be removed.
Fourier expansion. The quantity under study in the most

general case is the triple differential distribution. In this, the
dependence on the particle emission azimuthal angle mea-
sured with respect to the reaction plane can be written in a
form of Fourier series

E
d3N

d3p
"
1
2)

d2N
ptdptdy

! 1# *
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Art: Flow proponent, advocate, supporter

Promoted and developed  flow methods, codes, analyses, helped to test ALICE codes…

Notations,   
FlowStyle in ROOT 
FlowEvent 
“little”  flow vector 

 physics

v2{EP}

q
v2

2 /v4

address the directed flow of nucleons. In addition, most pa-
pers do not deal with v1, but with the mean transverse mo-
mentum projected on the reaction plane, !px"
!!pt v1(pt ,y)", as a function of rapidity, for historical rea-
sons #18$.
It was first expected that directed flow would be negli-

gible at SPS energies. In 1991, it was predicted by Amelin
et al. #67$ that it might, however, be large enough to be mea-
surable in Pb-Pb collisions. Nonzero v1 for nucleons was
predicted both by a transport model %QGSM& including res-
catterings, and by a hydrodynamical model. Furthermore, in
the hydro model, !px" depended strongly on the equation of
state: as elliptic flow, directed flow is smaller with a softer
equation of state %involving, for instance, a phase transition
to a quark-gluon plasma&.
The interest in directed flow was revived following the

prediction that the ‘‘softest point’’ of the equation of state
could be directly observed at the AGS #68$. A deep minimum
of !px" may appear, at an energy of about 6A GeV #69$.
These predictions, however, crucially rely on the assumption
that the early stages of the collision, when particles are pro-
duced, can be described by one-fluid hydrodynamics. A two-
fluid model #70$ predicts no minimum, as energy increases.
In a three-fluid model #71$, on the other hand, a minimum
occurs, but at a higher energy, around 10–20 GeV per
nucleon. It is followed by an increase up to a maximum at
40A GeV. Unfortunately, no quantitative estimate is pro-
vided. A similar structure is predicted in the transport model
UrQMD #66$, where the minimum of !px" also appears as a

consequence of the softening of the equation of state %al-
though no quark-gluon plasma is explicitly incorporated in
the model&: !px" increases from the top AGS energy and then
saturates above 40A GeV per nucleon at a value of
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FIG. 21. %Color online& Weighted flow !wnein('"(RP)"/!!wn
2", Eq. %13&, with w1!y in the center of mass frame and w2!pt , from the

cumulant method as a function of centrality in 158A GeV Pb#Pb %left& and 40A GeV Pb#Pb %right&. The more central collisions are on the
left side of each graph. The lines are polynomial fits. The unplotted points could not be obtained or had error bars which were too large.
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FIG. 22. %Color online& Nonflow azimuthal correlations from
Eq. %16&, for the first, g1, %bottom& and second, g2, %top& Fourier
harmonics, from 158A GeV %left& and 40A GeV %right& Pb#Pb col-
lisions. For g1, the solid points represent all nonflow effects, while
the open points are corrected for momentum conservation. The
horizontal lines are at the mean values.
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Abstract

The centrality dependence of elliptic flow and how it is related to the physics of expansion of the system created in high
energy nuclear collisions is discussed. Since in the hydro limit the centrality dependence of elliptic flow is mostly defined by
the elliptic anisotropy of the overlapping region of the colliding nuclei, and in the low density limit by the product of the
elliptic anisotropy and the multiplicity, we argue that the centrality dependence of elliptic flow should be a good indicator of
the degree of equilibration reached in the reaction. Then we analyze experimental data obtained at AGS and SPS energies.
The observed difference in the centrality dependence of elliptic flow could imply a transition from a hadronic to a partonic
nature of the system evolution. Finally we exploit the multiplicity dependence of elliptic flow to make qualitative predictions
for RHIC and LHC. q 2000 Published by Elsevier Science B.V. All rights reserved.

PACS: 25.75.Ld

1. Introduction

The goal of the ultrarelativistic nuclear collision
program is the creation of the QGP – quark-gluon
plasma – the state of deconfined quarks and gluons.

Ž .It is understood that such a state requires local
thermalization of the system brought about by many
rescatterings per particle during the system evolu-
tion. It is not clear when and if such a dynamical
thermalization can really occur. An understanding of
these phenomena can be achieved by considering

w x w xelliptic flow 1 recently studied at AGS 2 and SPS
w x3 energies. It will be shown how the centrality
dependence of the strength of elliptic flow, Õ , de-2
fined as the second coefficient in the Fourier decom-

w xposition of the particle azimuthal distribution 4 , is
Žan indicator of the degree of equilibration thermali-

.zation achieved in the system.

Our qualitative conclusions are based on the ob-
Žservation, that in the hydro limit which we equate in

.our discussion to complete thermalization and in the
Žopposite limiting case, the low density limit where

.dynamical thermalization is not expected , the cen-
trality dependence of elliptic flow is different. In the
hydro limit, the mean free path is much less than the
geometrical size of the system. The centrality depen-
dence of flow is totally governed in this case by the

Ž .initial geometry eccentricity , the latter being
roughly proportional to the impact parameter. In the
low density limit, the mean free path is comparable
to or larger than the system size. The final anisotropy
in this case should be proportional to the ratio of the

Žsystem size to the mean free path the number of
.collision . The anisotropy vanishes in the limit of

infinite mean free path. The latter in its turn depends
on the particle density, which is largest for central

0370-2693r00r$ - see front matter q 2000 Published by Elsevier Science B.V. All rights reserved.
Ž .PII: S0370-2693 00 00017-4

( )S.A. Voloshin, A.M. PoskanzerrPhysics Letters B 474 2000 27–3230

compared to the initial momentum. The cross section
Ž .which enters the equations is the transport not total

Ž w x.cross section see 5 . The centrality dependence
expected for the hydro limit is shown on the same
plot by a dashed line also normalized to the same

Ž HYDRO .area under the curve Õ f0.059´ . Note the2
large difference between the two curves, which was

w xnot noted in 5 . Fig. 1 bottom shows that the ratio of
Õ to the expected functional form is flat for the low2
density limit but not for the hydro limit. A centrality
dependence similar to the low density limit was also

w xobserved in 11 where a computer simulation of a
pion gas expansion was studied.

5. Data

Now let us turn to the experimental data. At AGS
energies the elliptic flow of charged particles and of
transverse energy was measured by the E877 Collab-

w xoration. Unfortunately, the publication 2 containing
the detailed pseudorapidity dependence for each cen-
trality lacks a figure showing just the centrality

w xdependence. Our estimates based on their data 2 of
charged particle flow at midrapidity are presented in
Fig. 2.
The data indicate that at AGS the flow peaks at

mid-centrality 2, consistent with the low density limit
prediction and no change in physics with centrality.
At this energy some decrease of elliptic flow in
peripheral collisions can be also attributed to shad-

w xowing by spectator matter. At SPS 13 , preliminary
data indicate that the elliptic flow peak moves to-
wards peripheral collisions. This fact itself would
hint at the hydro-dynamical picture of the system
evolution. A more detailed look at the data shows
that this is unlikely. First, the maximal value of

Ž .elliptic flow Õ F0.04 is significantly less than2
w x Žpredicted by hydro calculations 1,9 about 0.09–

. 30.1 . Second, in the hydro limit elliptic flow should

2 A similar centrality dependence of transverse energy flow
Ž w x. w xfrom the same data 2 can be found in the thesis of Chang 12 .

3 w xIn 9 agreement was claimed between hydro and the NA49
w xmid-central data 3 leading to their conclusion of complete equili-

bration. However, this comparison was done for p -0.3 GeVrct
and it could be that the p dependence of Õ in the hydro modelt 2
does not agree with experiment.

Fig. 3. Elliptic flow divided by the initial space elliptic anisotropy
Ž . Ž .at the AGS open circles and the SPS filled squares . The shaded

area shows the uncertainty in the SPS experimental data due to the
uncertainty in the centrality determination. See text and footnote
for the description of the curves and hydro limits.

depend only on the initial space elliptic anisotropy,
´ . The preliminary NA49 data indicate that the ratio
Õ r´ , at least for semi-central collisions, is likely2

w x Žincreasing with centrality 13 see the data presented
. Žin Fig. 3 below . This centrality dependence natural

.for the low density limit implies that we still could
be far from the hydro regime 4.
Assuming that at SPS the hydro regime is not

reached yet, the observed centrality dependence of
elliptic flow would indicate that the physics of the
system evolution is different in central and periph-
eral collisions. Elliptic flow peaks at more peripheral
collisions because the central collisions exhibit too
little flow compared to that expected from the AGS
data scaled with multiplicity. A natural explanation
for this would be that peripheral collisions are de-

Ž . Žscribed by hadronic re scatterings the same as at
.the AGS in both peripheral and central collisions

4 One can argue that, taking into account systematic uncertain-
ties, the preliminary SPS data for Õ r´ are consistent with being2
constant as a function of centrality. In this case it would indeed
mean that the system has equilibrated and the hydro regime has
been reached. The low absolute strength of the elliptic flow in this
case would indicate that the equilibration happens at a rather late
time when the spatial anisotropy ´ has decreased due to initial
‘‘free streaming’’. We do not exclude this possibility but must
wait for the final SPS data and the coming RHIC data to answer
the question.
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compared to the initial momentum. The cross section
Ž .which enters the equations is the transport not total

Ž w x.cross section see 5 . The centrality dependence
expected for the hydro limit is shown on the same
plot by a dashed line also normalized to the same

Ž HYDRO .area under the curve Õ f0.059´ . Note the2
large difference between the two curves, which was

w xnot noted in 5 . Fig. 1 bottom shows that the ratio of
Õ to the expected functional form is flat for the low2
density limit but not for the hydro limit. A centrality
dependence similar to the low density limit was also

w xobserved in 11 where a computer simulation of a
pion gas expansion was studied.

5. Data

Now let us turn to the experimental data. At AGS
energies the elliptic flow of charged particles and of
transverse energy was measured by the E877 Collab-

w xoration. Unfortunately, the publication 2 containing
the detailed pseudorapidity dependence for each cen-
trality lacks a figure showing just the centrality

w xdependence. Our estimates based on their data 2 of
charged particle flow at midrapidity are presented in
Fig. 2.
The data indicate that at AGS the flow peaks at

mid-centrality 2, consistent with the low density limit
prediction and no change in physics with centrality.
At this energy some decrease of elliptic flow in
peripheral collisions can be also attributed to shad-

w xowing by spectator matter. At SPS 13 , preliminary
data indicate that the elliptic flow peak moves to-
wards peripheral collisions. This fact itself would
hint at the hydro-dynamical picture of the system
evolution. A more detailed look at the data shows
that this is unlikely. First, the maximal value of

Ž .elliptic flow Õ F0.04 is significantly less than2
w x Žpredicted by hydro calculations 1,9 about 0.09–

. 30.1 . Second, in the hydro limit elliptic flow should

2 A similar centrality dependence of transverse energy flow
Ž w x. w xfrom the same data 2 can be found in the thesis of Chang 12 .

3 w xIn 9 agreement was claimed between hydro and the NA49
w xmid-central data 3 leading to their conclusion of complete equili-

bration. However, this comparison was done for p -0.3 GeVrct
and it could be that the p dependence of Õ in the hydro modelt 2
does not agree with experiment.

Fig. 3. Elliptic flow divided by the initial space elliptic anisotropy
Ž . Ž .at the AGS open circles and the SPS filled squares . The shaded

area shows the uncertainty in the SPS experimental data due to the
uncertainty in the centrality determination. See text and footnote
for the description of the curves and hydro limits.

depend only on the initial space elliptic anisotropy,
´ . The preliminary NA49 data indicate that the ratio
Õ r´ , at least for semi-central collisions, is likely2

w x Žincreasing with centrality 13 see the data presented
. Žin Fig. 3 below . This centrality dependence natural

.for the low density limit implies that we still could
be far from the hydro regime 4.
Assuming that at SPS the hydro regime is not

reached yet, the observed centrality dependence of
elliptic flow would indicate that the physics of the
system evolution is different in central and periph-
eral collisions. Elliptic flow peaks at more peripheral
collisions because the central collisions exhibit too
little flow compared to that expected from the AGS
data scaled with multiplicity. A natural explanation
for this would be that peripheral collisions are de-

Ž . Žscribed by hadronic re scatterings the same as at
.the AGS in both peripheral and central collisions

4 One can argue that, taking into account systematic uncertain-
ties, the preliminary SPS data for Õ r´ are consistent with being2
constant as a function of centrality. In this case it would indeed
mean that the system has equilibrated and the hydro regime has
been reached. The low absolute strength of the elliptic flow in this
case would indicate that the equilibration happens at a rather late
time when the spatial anisotropy ´ has decreased due to initial
‘‘free streaming’’. We do not exclude this possibility but must
wait for the final SPS data and the coming RHIC data to answer
the question.

2-particle azimuthal correlations

Results from data taken during the first  
three hours of RHIC operation

Multiplicity |eta|<1.0
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For the first time in Heavy-Ion Collisions 
the flow measurements are in quantitative 
agreement with hydrodynamic model 
predictions  up to mid-central collisions 
Dense and (likely) thermalized matter
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Abstract

The centrality dependence of elliptic flow and how it is related to the physics of expansion of the system created in high
energy nuclear collisions is discussed. Since in the hydro limit the centrality dependence of elliptic flow is mostly defined by
the elliptic anisotropy of the overlapping region of the colliding nuclei, and in the low density limit by the product of the
elliptic anisotropy and the multiplicity, we argue that the centrality dependence of elliptic flow should be a good indicator of
the degree of equilibration reached in the reaction. Then we analyze experimental data obtained at AGS and SPS energies.
The observed difference in the centrality dependence of elliptic flow could imply a transition from a hadronic to a partonic
nature of the system evolution. Finally we exploit the multiplicity dependence of elliptic flow to make qualitative predictions
for RHIC and LHC. q 2000 Published by Elsevier Science B.V. All rights reserved.

PACS: 25.75.Ld

1. Introduction

The goal of the ultrarelativistic nuclear collision
program is the creation of the QGP – quark-gluon
plasma – the state of deconfined quarks and gluons.

Ž .It is understood that such a state requires local
thermalization of the system brought about by many
rescatterings per particle during the system evolu-
tion. It is not clear when and if such a dynamical
thermalization can really occur. An understanding of
these phenomena can be achieved by considering

w x w xelliptic flow 1 recently studied at AGS 2 and SPS
w x3 energies. It will be shown how the centrality
dependence of the strength of elliptic flow, Õ , de-2
fined as the second coefficient in the Fourier decom-

w xposition of the particle azimuthal distribution 4 , is
Žan indicator of the degree of equilibration thermali-

.zation achieved in the system.

Our qualitative conclusions are based on the ob-
Žservation, that in the hydro limit which we equate in

.our discussion to complete thermalization and in the
Žopposite limiting case, the low density limit where

.dynamical thermalization is not expected , the cen-
trality dependence of elliptic flow is different. In the
hydro limit, the mean free path is much less than the
geometrical size of the system. The centrality depen-
dence of flow is totally governed in this case by the

Ž .initial geometry eccentricity , the latter being
roughly proportional to the impact parameter. In the
low density limit, the mean free path is comparable
to or larger than the system size. The final anisotropy
in this case should be proportional to the ratio of the

Žsystem size to the mean free path the number of
.collision . The anisotropy vanishes in the limit of

infinite mean free path. The latter in its turn depends
on the particle density, which is largest for central
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compared to the initial momentum. The cross section
Ž .which enters the equations is the transport not total

Ž w x.cross section see 5 . The centrality dependence
expected for the hydro limit is shown on the same
plot by a dashed line also normalized to the same

Ž HYDRO .area under the curve Õ f0.059´ . Note the2
large difference between the two curves, which was

w xnot noted in 5 . Fig. 1 bottom shows that the ratio of
Õ to the expected functional form is flat for the low2
density limit but not for the hydro limit. A centrality
dependence similar to the low density limit was also

w xobserved in 11 where a computer simulation of a
pion gas expansion was studied.

5. Data

Now let us turn to the experimental data. At AGS
energies the elliptic flow of charged particles and of
transverse energy was measured by the E877 Collab-

w xoration. Unfortunately, the publication 2 containing
the detailed pseudorapidity dependence for each cen-
trality lacks a figure showing just the centrality

w xdependence. Our estimates based on their data 2 of
charged particle flow at midrapidity are presented in
Fig. 2.
The data indicate that at AGS the flow peaks at

mid-centrality 2, consistent with the low density limit
prediction and no change in physics with centrality.
At this energy some decrease of elliptic flow in
peripheral collisions can be also attributed to shad-

w xowing by spectator matter. At SPS 13 , preliminary
data indicate that the elliptic flow peak moves to-
wards peripheral collisions. This fact itself would
hint at the hydro-dynamical picture of the system
evolution. A more detailed look at the data shows
that this is unlikely. First, the maximal value of

Ž .elliptic flow Õ F0.04 is significantly less than2
w x Žpredicted by hydro calculations 1,9 about 0.09–

. 30.1 . Second, in the hydro limit elliptic flow should

2 A similar centrality dependence of transverse energy flow
Ž w x. w xfrom the same data 2 can be found in the thesis of Chang 12 .

3 w xIn 9 agreement was claimed between hydro and the NA49
w xmid-central data 3 leading to their conclusion of complete equili-

bration. However, this comparison was done for p -0.3 GeVrct
and it could be that the p dependence of Õ in the hydro modelt 2
does not agree with experiment.

Fig. 3. Elliptic flow divided by the initial space elliptic anisotropy
Ž . Ž .at the AGS open circles and the SPS filled squares . The shaded

area shows the uncertainty in the SPS experimental data due to the
uncertainty in the centrality determination. See text and footnote
for the description of the curves and hydro limits.

depend only on the initial space elliptic anisotropy,
´ . The preliminary NA49 data indicate that the ratio
Õ r´ , at least for semi-central collisions, is likely2

w x Žincreasing with centrality 13 see the data presented
. Žin Fig. 3 below . This centrality dependence natural

.for the low density limit implies that we still could
be far from the hydro regime 4.
Assuming that at SPS the hydro regime is not

reached yet, the observed centrality dependence of
elliptic flow would indicate that the physics of the
system evolution is different in central and periph-
eral collisions. Elliptic flow peaks at more peripheral
collisions because the central collisions exhibit too
little flow compared to that expected from the AGS
data scaled with multiplicity. A natural explanation
for this would be that peripheral collisions are de-

Ž . Žscribed by hadronic re scatterings the same as at
.the AGS in both peripheral and central collisions

4 One can argue that, taking into account systematic uncertain-
ties, the preliminary SPS data for Õ r´ are consistent with being2
constant as a function of centrality. In this case it would indeed
mean that the system has equilibrated and the hydro regime has
been reached. The low absolute strength of the elliptic flow in this
case would indicate that the equilibration happens at a rather late
time when the spatial anisotropy ´ has decreased due to initial
‘‘free streaming’’. We do not exclude this possibility but must
wait for the final SPS data and the coming RHIC data to answer
the question.

the main motivation of the cumulant method. The two meth-
ods are very different in their practical implementation. The
cumulant method no longer requires one to construct subev-
ents or to correct for the event-plane resolution. All flow
estimates are derived from a single generating function of
azimuthal correlations. Constructing this generating function,
however, requires more computer time than the standard flow
analysis. Another significant difference between the two
methods is that the cumulant method takes naturally into
account azimuthal asymmetries in the detector acceptance.
Hence the flattening procedures and the cuts in phase space,
which are required in the event-plane method in order to
minimize the effects of these asymmetries, are no longer
required. The price to pay for all these enhancements is in-
creased statistical errors.
We have obtained the first direct, quantitative evidence for

collective motion at these energies: elliptic flow at
158A GeV has been reconstructed independently from genu-
ine four-, six-, and eight-particle correlations, and all three
results agree within statistical errors !Fig. 21, top left". This
is confirmed at both energies by differential analyses of el-
liptic flow !as a function of rapidity or transverse momen-
tum" from genuine four-particle correlations. In the case of
directed flow, nonflow correlations due to momentum con-
servation, which are large, have been subtracted. Further-
more, a new method of analysis from three-particle correla-
tions, which is unbiased by nonflow correlations, has been
implemented for the first time at both energies.
The directed flow of protons reveals a structure which is

characteristic of ultrarelativistic energies, and is not present
at AGS energies. A clear separation appears for the first time
between the central rapidity region, where the proton v1 is
essentially zero, and the target-projectile fragmentation re-
gion, where it is large. Indeed, at 40A GeV, significant di-

rected flow is observed only at the most forward rapidities
covered by the detector acceptance !Fig. 17, right". At
158A GeV, where the acceptance covers smaller values of
the scaled rapidity, v1 values are consistent with zero !Fig.
14, right", within statistical errors and possible contributions
by nonflow effects. In the fragmentation region, on the other
hand, large v1 values have been observed by WA98 #78$. At
both energies, the first observation of the ‘‘wiggle’’ !i.e., a
negative slope of the proton v1 near midrapidity" is reported,
but there are indications that it may be due to nonflow ef-
fects.
Surprisingly, the directed flow of pions does not follow

the same behavior as that of protons. While the proton v1 at
central rapidity is much smaller than at AGS energies, the
pion v1 remains essentially of the same magnitude. It be-
comes even larger, in absolute value, than the proton v1.
This amazing phenomenon, which has never been observed
at lower energies, clearly indicates that the proton v1 and the
pion v1 have different physical origins. The directed flow of
pions behaves similarly at the two beam energies, both in
magnitude and in shape. It has a peculiar, essentially flat,
transverse momentum dependence !Figs. 13 and 16, left". Its
centrality dependence is also quite remarkable: it increases in
magnitude steadily without saturating up to the most periph-
eral collisions !Fig. 20, top, and Fig. 21, bottom".
Elliptic flow becomes the dominant azimuthal anisotropy

at ultrarelativistic energies. While it is smaller than directed
flow up to the top AGS energy, here it becomes larger al-
ready at 40A GeV. This is again an indication that SPS is
probing the truly ultrarelativistic regime. As a consequence
of the larger value, our estimates of v2 are more accurate
than our estimates of v1. As a function of transverse momen-
tum, v2 increases almost linearly for pions, and more qua-
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FIG. 25. !Color online" v2 /% as a function of particle density. The v2 values are for near midrapidity (0!y!0.6 for 40A GeV and 0
!y!0.8 for 158A GeV). The results of NA49 pion v2 are compared to charged particle v2 measured by E877 and STAR. The meaning of
the horizontal lines !hydro limits" and of the arrow will be discussed in Sec. VI.
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Elliptic flow of charged particles in Pb+Pb collisions at
p
sNN = 2.76 TeV1

2

de M. Michel Nostradamus3

We report the first measurement of charged particle elliptic flow in Pb+Pb collisions at
p
sNN=

2.76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement
is performed in the central pseudorapidity region (|⌘| < 0.8) and transverse momentum range
0.25 < pt < 5 GeV/c. The elliptic flow signal, v2, averaged over transverse momentum and pseu-
dorapidity, reaches values of 0.085 for relatively peripheral collisions (40–50% most central). The
di↵erential elliptic flow v2(pt) reaches a maximum of 0.25 around pt = 3 GeV/c. Compared to
RHIC Au+Au collisions at

p
sNN= 200 GeV, the elliptic flow increases by about 15% in agreement

with hydrodynamical model predictions.

PACS numbers: 25.75.Ld, 25.75.Gz, 05.70.Fh4

The goal of ultra-relativistic heavy-ion collisions is the5

creation and study of a new state of matter, the quark-6

gluon plasma. Measurements of elliptic flow in these col-7

lisions provide important constraints on the properties8

of the created hot and dense matter. Elliptic flow is a9

response to the anisotropies in the initial geometry of10

the produced system and signals the presence of multi-11

ple interactions between the constituents. Elliptic flow12

is therefore a hadronic observable sensitive to the early13

hot and dense phase and an unavoidable consequence of14

thermalization. Hydrodynamical models, based on the15

assumption of complete local thermalization, predict the16

strongest signal. However, the term flow used to describe17

collective behavior, does not necessarily imply a hydro-18

dynamical interpretation. At the Relativistic Heavy Ion19

Collider, RHIC, the observed large elliptic flow [1] is one20

of the key experimental discoveries [2–5] and the main21

evidence suggesting nearly perfect fluid properties of the22

created matter [6, 7]. Hydrodynamical models, which23

rather successfully describe the flow at RHIC, predict,24

for the higher collision energies at the Large Hadron Col-25

lider, LHC, an increase of the elliptic flow ranging from26

10 to 30% [8, 9]. In these models, the charged particle27

elliptic flow as a function of transverse momentum does28

not change significantly with increasing beam energy; the29

integrated elliptic flow, on the other hand, does increase30

due to the larger transverse radial flow. The larger trans-31

verse flow also leads to a decrease of the elliptic flow at32

low transverse momenta, which is most pronounced for33

heavier particles. Models based on a parton cascade [10],34

including models that take into account quark recombi-35

nation for particle production [11], predict a strong de-36

crease of the elliptic flow as function of transverse mo-37

mentum. Reference [11] predicts even a decrease of the38

integrated elliptic flow from RHIC to LHC energies. Phe-39

nomenological extrapolations [12] and models based on40

final state interactions [13] that have been tuned to de-41

scribe the RHIC data, predict an increase of the elliptic42

flow of ⇠ 50%, much larger than the other models.43

The azimuthal dependence of the particle yield can be44

written in the form of a Fourier series [14, 15]:45

E
d3N

d3p
=

1

2⇡

d2N

ptdptdy

 
1+

1X

n=1

2vn cos (n(�� R))

!
.

(1)
Here E is the energy of particle, pt is the transverse mo-46

mentum, � is its azimuthal angle, y is the rapidity, and47

 R is the reaction plane angle. In general the coe�cients48

vn = hcos[n(�� R)]i are pt and y dependent – therefore49

we refer to them as di↵erential flow. The integrated flow50

is defined as an average evaluated with d2N/dptdy used51

as a weight. The first coe�cient, v1, is usually called52

directed flow, and second coe�cient, v2, is called elliptic53

flow. The directed flow is zero at midrapidity due to the54

symmetry of the collision.55

We report here the first measurement of elliptic flow56

of charged particles in Pb+Pb collisions at
p
sNN=57

2.76 TeV with the ALICE detector [16–18] at the CERN58

LHC [19]. The data were recorded in November 2010 in59

the first LHC heavy ion beam period. The beam inten-60

sity was typically 7 ⇥ 107 Pb ions per bunch and each61

beam had 62 bunches. The luminosity was of the order62

1025 cm�2 s�1 producing inelastic Pb+Pb collisions at63

a rate of 50 Hz. For this first analysis of Pb+Pb colli-64

sions the ALICE Inner Tracking System (ITS) and the65

Time Projection Chamber (TPC) were used to recon-66

struct the charged particle tracks. In addition, for the67

trigger and event centrality determination, the VZERO68

was used. The VZERO counters are made of scintilla-69

tors and measure both amplitude and timing information70

and cover the pseudorapidity range 2.8 < ⌘ < 5.1 and71

�3.7 < ⌘ < �1.7. The detector readout was triggered by72

requiring the LHC bunch-crossing signals in coincidence73

with a signal in the two upstream beam pick-up counters74

and a minimum-bias interaction trigger. The minimum-75

bias interaction trigger required at least one hit in the76

silicon pixel detectors (|⌘| < 2) or one hit in the VZERO77

counters.78

To remove background events an o✏ine event selec-79

tion based on [describe criteria here] has been performed.80

The remaining fraction of background events is estimated81

4

Compared to the elliptic flow measurements in Au+Au222

collisions at
p
sNN = 200 GeV (shaded bands in Fig. 3)223

we observe about a 10% increase in the magnitude of v2.224

Our calculations of the initial state eccentricity based225

on a Monte Carlo Glauber model indicate that the (nu-226

cleon) participant eccentricity, "part, is about 5% smaller227

in Pb+Pb collisions compared to Au+Au at 200 GeV.228

These smaller values are mostly due to the increase in229

inelastic cross section at the LHC energies ( 64 mb com-230

pared to 42 mb at the highest RHIC energy). Taking into231

account the change in the eccentricity value, we conclude232

that the response of the system, v2/"part, increased up to233

15%. Note that the larger increase in v2 compared to the234

slope of v2(pt) is due to the increase in mean transverse235

momentum.236
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FIG. 4. Integrated elliptic flow in Pb+Pb 20–30% centrality
collisions at 2.76 TeV compared with results from lower en-
ergies taken at similar centralities. The compilation is taken
from [26].

The integrated elliptic flow measured in the 20–30%237

centrality bin is compared to results from lower energies238

in Fig. 4. This figure clearly shows that the increase of239

the magnitude of the elliptic flow in this centrality region240

as function of
p
sNN continues also for LHC energies. The241

increase does seem to saturate in agreement with some242

theory expectations [8, 9].243

CONCLUSION244

We have presented the first elliptic flow measurement245

at the LHC with the ALICE detector. We found that246

the elliptic flow continues to increase from the highest247

RHIC energies up to
p
sNN= 2.76 GeV. The increase is248

well described by hydrodynamical models and is not as249

strong as was expected from simple phenomenological ex-250

trapolations. The change in the elliptic flow as a func-251

tion of transverse momentum from RHIC to the current252

LHC energy is relatively small and is consistent with the253

change in eccentricity, which was also predicted by hy-254

drodynamic models [8, 9]. We conclude that the increase255

in the integrated flow is due to an increase in the mean256

transverse momentum. A future elliptic flow measure-257

ment of identified particles will be able to clarify the role258

of the stronger radial expansion at the LHC in the for-259

mation of elliptic flow.260
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Elliptic flow of charged particles in Pb+Pb collisions at
p
sNN = 2.76 TeV1

2

de M. Michel Nostradamus3

We report the first measurement of charged particle elliptic flow in Pb+Pb collisions at
p
sNN=

2.76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement
is performed in the central pseudorapidity region (|⌘| < 0.8) and transverse momentum range
0.25 < pt < 5 GeV/c. The elliptic flow signal, v2, averaged over transverse momentum and pseu-
dorapidity, reaches values of 0.085 for relatively peripheral collisions (40–50% most central). The
di↵erential elliptic flow v2(pt) reaches a maximum of 0.25 around pt = 3 GeV/c. Compared to
RHIC Au+Au collisions at

p
sNN= 200 GeV, the elliptic flow increases by about 15% in agreement

with hydrodynamical model predictions.

PACS numbers: 25.75.Ld, 25.75.Gz, 05.70.Fh4

The goal of ultra-relativistic heavy-ion collisions is the5

creation and study of a new state of matter, the quark-6

gluon plasma. Measurements of elliptic flow in these col-7

lisions provide important constraints on the properties8

of the created hot and dense matter. Elliptic flow is a9

response to the anisotropies in the initial geometry of10

the produced system and signals the presence of multi-11

ple interactions between the constituents. Elliptic flow12

is therefore a hadronic observable sensitive to the early13

hot and dense phase and an unavoidable consequence of14

thermalization. Hydrodynamical models, based on the15

assumption of complete local thermalization, predict the16

strongest signal. However, the term flow used to describe17

collective behavior, does not necessarily imply a hydro-18

dynamical interpretation. At the Relativistic Heavy Ion19

Collider, RHIC, the observed large elliptic flow [1] is one20

of the key experimental discoveries [2–5] and the main21

evidence suggesting nearly perfect fluid properties of the22

created matter [6, 7]. Hydrodynamical models, which23

rather successfully describe the flow at RHIC, predict,24

for the higher collision energies at the Large Hadron Col-25

lider, LHC, an increase of the elliptic flow ranging from26

10 to 30% [8, 9]. In these models, the charged particle27

elliptic flow as a function of transverse momentum does28

not change significantly with increasing beam energy; the29

integrated elliptic flow, on the other hand, does increase30

due to the larger transverse radial flow. The larger trans-31

verse flow also leads to a decrease of the elliptic flow at32

low transverse momenta, which is most pronounced for33

heavier particles. Models based on a parton cascade [10],34

including models that take into account quark recombi-35

nation for particle production [11], predict a strong de-36

crease of the elliptic flow as function of transverse mo-37

mentum. Reference [11] predicts even a decrease of the38

integrated elliptic flow from RHIC to LHC energies. Phe-39

nomenological extrapolations [12] and models based on40

final state interactions [13] that have been tuned to de-41

scribe the RHIC data, predict an increase of the elliptic42

flow of ⇠ 50%, much larger than the other models.43

The azimuthal dependence of the particle yield can be44

written in the form of a Fourier series [14, 15]:45

E
d3N

d3p
=

1

2⇡

d2N

ptdptdy

 
1+

1X

n=1

2vn cos (n(�� R))

!
.

(1)
Here E is the energy of particle, pt is the transverse mo-46

mentum, � is its azimuthal angle, y is the rapidity, and47

 R is the reaction plane angle. In general the coe�cients48

vn = hcos[n(�� R)]i are pt and y dependent – therefore49

we refer to them as di↵erential flow. The integrated flow50

is defined as an average evaluated with d2N/dptdy used51

as a weight. The first coe�cient, v1, is usually called52

directed flow, and second coe�cient, v2, is called elliptic53

flow. The directed flow is zero at midrapidity due to the54

symmetry of the collision.55

We report here the first measurement of elliptic flow56

of charged particles in Pb+Pb collisions at
p
sNN=57

2.76 TeV with the ALICE detector [16–18] at the CERN58

LHC [19]. The data were recorded in November 2010 in59

the first LHC heavy ion beam period. The beam inten-60

sity was typically 7 ⇥ 107 Pb ions per bunch and each61

beam had 62 bunches. The luminosity was of the order62

1025 cm�2 s�1 producing inelastic Pb+Pb collisions at63

a rate of 50 Hz. For this first analysis of Pb+Pb colli-64

sions the ALICE Inner Tracking System (ITS) and the65

Time Projection Chamber (TPC) were used to recon-66

struct the charged particle tracks. In addition, for the67

trigger and event centrality determination, the VZERO68

was used. The VZERO counters are made of scintilla-69

tors and measure both amplitude and timing information70

and cover the pseudorapidity range 2.8 < ⌘ < 5.1 and71

�3.7 < ⌘ < �1.7. The detector readout was triggered by72

requiring the LHC bunch-crossing signals in coincidence73

with a signal in the two upstream beam pick-up counters74

and a minimum-bias interaction trigger. The minimum-75

bias interaction trigger required at least one hit in the76

silicon pixel detectors (|⌘| < 2) or one hit in the VZERO77

counters.78

To remove background events an o✏ine event selec-79

tion based on [describe criteria here] has been performed.80

The remaining fraction of background events is estimated81

4

Compared to the elliptic flow measurements in Au+Au222

collisions at
p
sNN = 200 GeV (shaded bands in Fig. 3)223

we observe about a 10% increase in the magnitude of v2.224

Our calculations of the initial state eccentricity based225

on a Monte Carlo Glauber model indicate that the (nu-226

cleon) participant eccentricity, "part, is about 5% smaller227

in Pb+Pb collisions compared to Au+Au at 200 GeV.228

These smaller values are mostly due to the increase in229

inelastic cross section at the LHC energies ( 64 mb com-230

pared to 42 mb at the highest RHIC energy). Taking into231

account the change in the eccentricity value, we conclude232

that the response of the system, v2/"part, increased up to233

15%. Note that the larger increase in v2 compared to the234

slope of v2(pt) is due to the increase in mean transverse235

momentum.236
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FIG. 4. Integrated elliptic flow in Pb+Pb 20–30% centrality
collisions at 2.76 TeV compared with results from lower en-
ergies taken at similar centralities. The compilation is taken
from [26].

The integrated elliptic flow measured in the 20–30%237

centrality bin is compared to results from lower energies238

in Fig. 4. This figure clearly shows that the increase of239

the magnitude of the elliptic flow in this centrality region240

as function of
p
sNN continues also for LHC energies. The241

increase does seem to saturate in agreement with some242

theory expectations [8, 9].243

CONCLUSION244

We have presented the first elliptic flow measurement245

at the LHC with the ALICE detector. We found that246

the elliptic flow continues to increase from the highest247

RHIC energies up to
p
sNN= 2.76 GeV. The increase is248

well described by hydrodynamical models and is not as249

strong as was expected from simple phenomenological ex-250

trapolations. The change in the elliptic flow as a func-251

tion of transverse momentum from RHIC to the current252

LHC energy is relatively small and is consistent with the253

change in eccentricity, which was also predicted by hy-254

drodynamic models [8, 9]. We conclude that the increase255

in the integrated flow is due to an increase in the mean256

transverse momentum. A future elliptic flow measure-257

ment of identified particles will be able to clarify the role258

of the stronger radial expansion at the LHC in the for-259

mation of elliptic flow.260
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Elliptic Flow of Charged Particles in Pb-Pb Collisions at
ffiffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV
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We report the first measurement of charged particle elliptic flow in Pb-Pb collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼
2:76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement is performed in

the central pseudorapidity region (j!j< 0:8) and transverse momentum range 0:2< pt < 5:0 GeV=c.
The elliptic flow signal v2, measured using the 4-particle correlation method, averaged over transverse

momentum and pseudorapidity is 0:087" 0:002ðstatÞ " 0:003ðsystÞ in the 40%–50% centrality class. The

differential elliptic flow v2ðptÞ reaches a maximum of 0.2 near pt ¼ 3 GeV=c. Compared to RHIC Au-Au

collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, the elliptic flow increases by about 30%. Some hydrodynamic model

predictions which include viscous corrections are in agreement with the observed increase.

DOI: 10.1103/PhysRevLett.105.252302 PACS numbers: 25.75.Ld, 25.75.Gz, 25.75.Nq

The goal of ultrarelativistic nuclear collisions is the
creation and study of the quark-gluon plasma (QGP), a
state of matter whose existence at high energy density is
predicted by quantum chromodynamics. One of the experi-
mental observables that is sensitive to the properties of this
matter is the azimuthal distribution of particles in the plane
perpendicular to the beam direction. When nuclei collide at
finite impact parameter (noncentral collisions), the geo-
metrical overlap region and therefore the initial matter
distribution is anisotropic (almond shaped). If the matter
is interacting, this spatial asymmetry is converted via
multiple collisions into an anisotropic momentum distri-
bution [1]. The second moment of the final state hadron
azimuthal distribution is called elliptic flow; it is a response
of the dense system to the initial conditions and therefore
sensitive to the early and hot, strongly interacting phase of
the evolution.

At RHIC large elliptic flow has been observed and is one
of the key experimental discoveries [2–6]. Theoretical
models, based on ideal relativistic hydrodynamics with a
QGP equation of state and zero shear viscosity, fail to
describe elliptic flow measurements at lower energies but
describe RHIC data reasonably well [7]. Theoretical argu-
ments, based on the AdS/CFT conjecture [8], suggest a
universal lower bound of 1=4" [9] for the ratio of shear
viscosity to entropy density. Recent model studies incor-
porating viscous corrections indicate that the shear viscos-
ity at RHIC is within a factor of%5 of this bound [10–13].

The pure hydrodynamic models [7,14,15] and models
which combine hydrodynamics with a hadron cascade
afterburner (hybrid models) [16,17] that successfully de-

scribe flow at RHIC predict an increase of the elliptic flow
at the LHC ranging from 10% to 30%, with the largest
increase predicted by models which account for viscous
corrections [15–18] at RHIC energies. In models with
viscous corrections, v2 at RHIC is below the ideal hydro-
dynamic limit [12,17] and therefore can show a stronger
increase with energy. In hydrodynamic models the charged
particle elliptic flow as a function of transverse momentum
does not change significantly [7,14], while the
pt-integrated elliptic flow increases due to the rise in
average pt expected from larger radial (azimuthally sym-
metric) flow. The larger radial flow also leads to a decrease
of the elliptic flow at low transverse momentum, which is
most pronounced for heavy particles. Models based on a
parton cascade [19], including models that take into ac-
count quark recombination for particle production [20],
predict a stronger decrease of the elliptic flow as a function
of transverse momentum compared to RHIC energies.
Phenomenological extrapolations [21] and models based
on final state interactions [22] that have been tuned to
describe the RHIC data predict an increase of the elliptic
flow of%50%, larger than other models. A measurement of
elliptic flow at the LHC is therefore crucial to test the
validity of a hydrodynamic description of the medium
and to measure its thermodynamic properties, in particular,
shear viscosity and the equation of state [23].
The azimuthal dependence of the particle yield can be

written in the form of a Fourier series [24,25]:

E
d3N

d3p
¼ 1

2"

d2N

ptdptdy

"
1þ

X1

n¼1

2vncos½nð#(!R Þ)
#
; (1)

where E is the energy of the particle, p the momentum, pt

the transverse momentum, # the azimuthal angle, y the
rapidity, and !R the reaction plane angle. The reaction
plane is the plane defined by the beam axis z and the impact
parameter direction. In general the coefficients vn ¼
hcos½nð#(!R Þ)iare pt and y dependent—therefore we

*Full author list given at the end of the article.
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ities [7] but is in agreement with some models that include
viscous corrections which at the LHC become less impor-
tant [12,15–18].

In summary we have presented the first elliptic flow
measurement at the LHC. The observed similarity at
RHIC and the LHC of pt-differential elliptic flow at low
pt is consistent with predictions of hydrodynamic models
[7,14]. We find that the integrated elliptic flow increases
about 30% from

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV at RHIC to
ffiffiffiffiffiffiffiffi
sNN

p ¼

2:76 TeV. The larger integrated elliptic flow at the LHC is
caused by the increase in the mean pt. Future elliptic flow
measurements of identified particles will clarify the role of
radial expansion in the formation of elliptic flow.
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FIG. 4 (color online). Integrated elliptic flow at 2.76 TeV in
Pb-Pb 20%–30% centrality class compared with results from
lower energies taken at similar centralities [40,43].
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Elliptic flow of charged particles in Pb+Pb collisions at
p
sNN = 2.76 TeV1

2

de M. Michel Nostradamus3

We report the first measurement of charged particle elliptic flow in Pb+Pb collisions at
p
sNN=

2.76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement
is performed in the central pseudorapidity region (|⌘| < 0.8) and transverse momentum range
0.25 < pt < 5 GeV/c. The elliptic flow signal, v2, averaged over transverse momentum and pseu-
dorapidity, reaches values of 0.085 for relatively peripheral collisions (40–50% most central). The
di↵erential elliptic flow v2(pt) reaches a maximum of 0.25 around pt = 3 GeV/c. Compared to
RHIC Au+Au collisions at

p
sNN= 200 GeV, the elliptic flow increases by about 15% in agreement

with hydrodynamical model predictions.

PACS numbers: 25.75.Ld, 25.75.Gz, 05.70.Fh4

The goal of ultra-relativistic heavy-ion collisions is the5

creation and study of a new state of matter, the quark-6

gluon plasma. Measurements of elliptic flow in these col-7

lisions provide important constraints on the properties8

of the created hot and dense matter. Elliptic flow is a9

response to the anisotropies in the initial geometry of10

the produced system and signals the presence of multi-11

ple interactions between the constituents. Elliptic flow12

is therefore a hadronic observable sensitive to the early13

hot and dense phase and an unavoidable consequence of14

thermalization. Hydrodynamical models, based on the15

assumption of complete local thermalization, predict the16

strongest signal. However, the term flow used to describe17

collective behavior, does not necessarily imply a hydro-18

dynamical interpretation. At the Relativistic Heavy Ion19

Collider, RHIC, the observed large elliptic flow [1] is one20

of the key experimental discoveries [2–5] and the main21

evidence suggesting nearly perfect fluid properties of the22

created matter [6, 7]. Hydrodynamical models, which23

rather successfully describe the flow at RHIC, predict,24

for the higher collision energies at the Large Hadron Col-25

lider, LHC, an increase of the elliptic flow ranging from26

10 to 30% [8, 9]. In these models, the charged particle27

elliptic flow as a function of transverse momentum does28

not change significantly with increasing beam energy; the29

integrated elliptic flow, on the other hand, does increase30

due to the larger transverse radial flow. The larger trans-31

verse flow also leads to a decrease of the elliptic flow at32

low transverse momenta, which is most pronounced for33

heavier particles. Models based on a parton cascade [10],34

including models that take into account quark recombi-35

nation for particle production [11], predict a strong de-36

crease of the elliptic flow as function of transverse mo-37

mentum. Reference [11] predicts even a decrease of the38

integrated elliptic flow from RHIC to LHC energies. Phe-39

nomenological extrapolations [12] and models based on40

final state interactions [13] that have been tuned to de-41

scribe the RHIC data, predict an increase of the elliptic42

flow of ⇠ 50%, much larger than the other models.43

The azimuthal dependence of the particle yield can be44

written in the form of a Fourier series [14, 15]:45

E
d3N

d3p
=

1

2⇡

d2N

ptdptdy

 
1+

1X

n=1

2vn cos (n(�� R))

!
.

(1)
Here E is the energy of particle, pt is the transverse mo-46

mentum, � is its azimuthal angle, y is the rapidity, and47

 R is the reaction plane angle. In general the coe�cients48

vn = hcos[n(�� R)]i are pt and y dependent – therefore49

we refer to them as di↵erential flow. The integrated flow50

is defined as an average evaluated with d2N/dptdy used51

as a weight. The first coe�cient, v1, is usually called52

directed flow, and second coe�cient, v2, is called elliptic53

flow. The directed flow is zero at midrapidity due to the54

symmetry of the collision.55

We report here the first measurement of elliptic flow56

of charged particles in Pb+Pb collisions at
p
sNN=57

2.76 TeV with the ALICE detector [16–18] at the CERN58

LHC [19]. The data were recorded in November 2010 in59

the first LHC heavy ion beam period. The beam inten-60

sity was typically 7 ⇥ 107 Pb ions per bunch and each61

beam had 62 bunches. The luminosity was of the order62

1025 cm�2 s�1 producing inelastic Pb+Pb collisions at63

a rate of 50 Hz. For this first analysis of Pb+Pb colli-64

sions the ALICE Inner Tracking System (ITS) and the65

Time Projection Chamber (TPC) were used to recon-66

struct the charged particle tracks. In addition, for the67

trigger and event centrality determination, the VZERO68

was used. The VZERO counters are made of scintilla-69

tors and measure both amplitude and timing information70

and cover the pseudorapidity range 2.8 < ⌘ < 5.1 and71

�3.7 < ⌘ < �1.7. The detector readout was triggered by72

requiring the LHC bunch-crossing signals in coincidence73

with a signal in the two upstream beam pick-up counters74

and a minimum-bias interaction trigger. The minimum-75

bias interaction trigger required at least one hit in the76

silicon pixel detectors (|⌘| < 2) or one hit in the VZERO77

counters.78

To remove background events an o✏ine event selec-79

tion based on [describe criteria here] has been performed.80

The remaining fraction of background events is estimated81

4

Compared to the elliptic flow measurements in Au+Au222

collisions at
p
sNN = 200 GeV (shaded bands in Fig. 3)223

we observe about a 10% increase in the magnitude of v2.224

Our calculations of the initial state eccentricity based225

on a Monte Carlo Glauber model indicate that the (nu-226

cleon) participant eccentricity, "part, is about 5% smaller227

in Pb+Pb collisions compared to Au+Au at 200 GeV.228

These smaller values are mostly due to the increase in229

inelastic cross section at the LHC energies ( 64 mb com-230

pared to 42 mb at the highest RHIC energy). Taking into231

account the change in the eccentricity value, we conclude232

that the response of the system, v2/"part, increased up to233

15%. Note that the larger increase in v2 compared to the234

slope of v2(pt) is due to the increase in mean transverse235

momentum.236
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FIG. 4. Integrated elliptic flow in Pb+Pb 20–30% centrality
collisions at 2.76 TeV compared with results from lower en-
ergies taken at similar centralities. The compilation is taken
from [26].

The integrated elliptic flow measured in the 20–30%237

centrality bin is compared to results from lower energies238

in Fig. 4. This figure clearly shows that the increase of239

the magnitude of the elliptic flow in this centrality region240

as function of
p
sNN continues also for LHC energies. The241

increase does seem to saturate in agreement with some242

theory expectations [8, 9].243

CONCLUSION244

We have presented the first elliptic flow measurement245

at the LHC with the ALICE detector. We found that246

the elliptic flow continues to increase from the highest247

RHIC energies up to
p
sNN= 2.76 GeV. The increase is248

well described by hydrodynamical models and is not as249

strong as was expected from simple phenomenological ex-250

trapolations. The change in the elliptic flow as a func-251

tion of transverse momentum from RHIC to the current252

LHC energy is relatively small and is consistent with the253

change in eccentricity, which was also predicted by hy-254

drodynamic models [8, 9]. We conclude that the increase255

in the integrated flow is due to an increase in the mean256

transverse momentum. A future elliptic flow measure-257

ment of identified particles will be able to clarify the role258

of the stronger radial expansion at the LHC in the for-259

mation of elliptic flow.260
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Elliptic Flow of Charged Particles in Pb-Pb Collisions at
ffiffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV
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We report the first measurement of charged particle elliptic flow in Pb-Pb collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼
2:76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement is performed in

the central pseudorapidity region (j!j< 0:8) and transverse momentum range 0:2< pt < 5:0 GeV=c.
The elliptic flow signal v2, measured using the 4-particle correlation method, averaged over transverse

momentum and pseudorapidity is 0:087" 0:002ðstatÞ " 0:003ðsystÞ in the 40%–50% centrality class. The

differential elliptic flow v2ðptÞ reaches a maximum of 0.2 near pt ¼ 3 GeV=c. Compared to RHIC Au-Au

collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, the elliptic flow increases by about 30%. Some hydrodynamic model

predictions which include viscous corrections are in agreement with the observed increase.

DOI: 10.1103/PhysRevLett.105.252302 PACS numbers: 25.75.Ld, 25.75.Gz, 25.75.Nq

The goal of ultrarelativistic nuclear collisions is the
creation and study of the quark-gluon plasma (QGP), a
state of matter whose existence at high energy density is
predicted by quantum chromodynamics. One of the experi-
mental observables that is sensitive to the properties of this
matter is the azimuthal distribution of particles in the plane
perpendicular to the beam direction. When nuclei collide at
finite impact parameter (noncentral collisions), the geo-
metrical overlap region and therefore the initial matter
distribution is anisotropic (almond shaped). If the matter
is interacting, this spatial asymmetry is converted via
multiple collisions into an anisotropic momentum distri-
bution [1]. The second moment of the final state hadron
azimuthal distribution is called elliptic flow; it is a response
of the dense system to the initial conditions and therefore
sensitive to the early and hot, strongly interacting phase of
the evolution.

At RHIC large elliptic flow has been observed and is one
of the key experimental discoveries [2–6]. Theoretical
models, based on ideal relativistic hydrodynamics with a
QGP equation of state and zero shear viscosity, fail to
describe elliptic flow measurements at lower energies but
describe RHIC data reasonably well [7]. Theoretical argu-
ments, based on the AdS/CFT conjecture [8], suggest a
universal lower bound of 1=4" [9] for the ratio of shear
viscosity to entropy density. Recent model studies incor-
porating viscous corrections indicate that the shear viscos-
ity at RHIC is within a factor of%5 of this bound [10–13].

The pure hydrodynamic models [7,14,15] and models
which combine hydrodynamics with a hadron cascade
afterburner (hybrid models) [16,17] that successfully de-

scribe flow at RHIC predict an increase of the elliptic flow
at the LHC ranging from 10% to 30%, with the largest
increase predicted by models which account for viscous
corrections [15–18] at RHIC energies. In models with
viscous corrections, v2 at RHIC is below the ideal hydro-
dynamic limit [12,17] and therefore can show a stronger
increase with energy. In hydrodynamic models the charged
particle elliptic flow as a function of transverse momentum
does not change significantly [7,14], while the
pt-integrated elliptic flow increases due to the rise in
average pt expected from larger radial (azimuthally sym-
metric) flow. The larger radial flow also leads to a decrease
of the elliptic flow at low transverse momentum, which is
most pronounced for heavy particles. Models based on a
parton cascade [19], including models that take into ac-
count quark recombination for particle production [20],
predict a stronger decrease of the elliptic flow as a function
of transverse momentum compared to RHIC energies.
Phenomenological extrapolations [21] and models based
on final state interactions [22] that have been tuned to
describe the RHIC data predict an increase of the elliptic
flow of%50%, larger than other models. A measurement of
elliptic flow at the LHC is therefore crucial to test the
validity of a hydrodynamic description of the medium
and to measure its thermodynamic properties, in particular,
shear viscosity and the equation of state [23].
The azimuthal dependence of the particle yield can be

written in the form of a Fourier series [24,25]:

E
d3N

d3p
¼ 1

2"

d2N

ptdptdy

"
1þ

X1

n¼1

2vncos½nð#(!R Þ)
#
; (1)

where E is the energy of the particle, p the momentum, pt

the transverse momentum, # the azimuthal angle, y the
rapidity, and !R the reaction plane angle. The reaction
plane is the plane defined by the beam axis z and the impact
parameter direction. In general the coefficients vn ¼
hcos½nð#(!R Þ)iare pt and y dependent—therefore we
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ities [7] but is in agreement with some models that include
viscous corrections which at the LHC become less impor-
tant [12,15–18].

In summary we have presented the first elliptic flow
measurement at the LHC. The observed similarity at
RHIC and the LHC of pt-differential elliptic flow at low
pt is consistent with predictions of hydrodynamic models
[7,14]. We find that the integrated elliptic flow increases
about 30% from

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV at RHIC to
ffiffiffiffiffiffiffiffi
sNN

p ¼

2:76 TeV. The larger integrated elliptic flow at the LHC is
caused by the increase in the mean pt. Future elliptic flow
measurements of identified particles will clarify the role of
radial expansion in the formation of elliptic flow.
The ALICE Collaboration would like to thank all its

engineers and technicians for their invaluable contributions
to the construction of the experiment and the CERN ac-
celerator teams for the outstanding performance of the
LHC complex. The ALICE Collaboration acknowledges
the following funding agencies for their support in building
and running the ALICE detector: Calouste Gulbenkian
Foundation from Lisbon and Swiss Fonds Kidagan,
Armenia; Conselho Nacional de Desenvolvimento
Cientı́fico e Tecnológico (CNPq), Financiadora de
Estudos e Projetos (FINEP), Fundação de Amparo à
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FIG. 4 (color online). Integrated elliptic flow at 2.76 TeV in
Pb-Pb 20%–30% centrality class compared with results from
lower energies taken at similar centralities [40,43].
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FIG. 3 (color online). Elliptic flow integrated over the pt range
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the flow vector, and the Lee-Yang zeros method. For the cumu-
lants the measurements are shown for all charged particles (full
markers) and same charge particles (open markers). Data points
are shifted for visibility. RHIC measurements for Au-Au atffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, integrated over the pt range 0:15< pt <
2:0 GeV=c, for the event plane v2fEPg and Lee-Yang zeros are
shown by the solid curves.
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Figure 21: (Top) Energy dependence of v2 for midcentral heavy-ion collisions integrated over pT [246]. (Bottom)
Decomposition of the two-particle correlation function in terms of even and odd anisotropic flow harmonics (vn)
from very central Pb–Pb collisions at

p
sNN = 2.76 TeV [248].

(bottom panel of Fig. 21), in conjunction with other LHC experiments [248–250], demonstrated that a
more natural explanation stems from the non-vanishing values of these higher flow coefficients. One
of the first extractions of the two-particle correlation function at the LHC is shown in the bottom panel
of Fig. 21. The amplitude of the Fourier components provides a measure of v2

n for the corresponding
momentum ranges. The higher harmonic contributions originate from event-by-event fluctuations in the
number and distribution of nucleons in the overlap region of the colliding nuclei, and hydrodynamic mod-
els predicted that their magnitude and transverse momentum dependence are sensitive to h/s [251, 252].
In addition, event-by-event fluctuations violate symmetries linked to an idealistic ellipsoidal geometry,
and as a consequence each symmetry plane Yn is distinct.
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FIG. 21. (Color online) v2 scaled down by a factor of 2, and
v4{EP2} vs. pt for charged hadrons from minimum bias events. Using
a fit to the v2 values, the lower solid line is the predicted v4 needed to
just remove the “peanut” waist (see text).

Figure 24 shows the v4{EP2}(pt ) values for the individual
centralities with filled elliptic cylinder blast-wave fits assuming
all charged hadrons have the mass of a pion.

Using the probability PID method [12,13] for charged pions
and antiprotons, and a topological analysis method for K0

S and
! + ! , we obtain the v4{EP2}(pt ) and v2(pt ) values shown
in Fig. 25. For pions the v2

2 scaling ratio is shown in Fig. 26.
To make this graph it was necessary to combine data points to
get reasonable errors bars for the ratio because the v4 values
are so small. The resulting scaling ratio is consistent with that
for charged hadrons shown in Fig. 22(b).

2. The forward regions

In Fig. 27 the fourth-harmonic v4{EP2} shows an average
value of (0.4 ± 0.1)% in the pseudorapidity coverage of the
TPC (|η| < 1.2). In contrast, its value of (0.06 ± 0.07)% in
the forward regions is consistent with zero, with a 2σ upper
limit of 0.2%. Therefore the relative falloff of v4 from η = 0
to η = 3 appears to be stronger than for v2. This behavior is
consistent with v4 ∝ v2

2 scaling.

3. High pt

It has been emphasized that v4 has a stronger potential
than v2 to constrain jet-quenching model calculations [40].
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FIG. 23. (Color online) A polar graph of the distribution 1 +
2v2 cos(2φ) + 2v4 cos(4φ), where φ is the azimuthal angle relative
to the positive x axis. Plotted are the distributions for v2 = 16.5%
showing the waist, v4 = 3.8% having a diamond shape, and both
coefficients together.

Following the same procedure as described in Ref. [6], we
plot in Fig. 28 the v4{3} from moderately high pt . It should
be noted that the two most peripheral points go up rather
than down as they do for v2, in apparent violation of v4/v

2
2

scaling at this high pt . We compare the results with the
fourth-harmonic anisotropy generated by energy loss in a static
medium with a Woods-Saxon density profile, hard sphere
(step function in density), and the extreme case: hard shell
limit. The results are shown in Fig. 28. The dashed curve
corresponds to the hard shell; the upper and lower bands
correspond to a parametrization of jet energy loss where
the absorption coefficient is set to match the suppression of
the inclusive hadron yields. The lower and upper boundaries
of the bands around b = 11 fm correspond to an absorption
that gives suppression factors of 5 and 3, respectively. Note
that compared to the case of v2 [6], the calculations are less
sensitive to the suppression factors (narrow bands). These
model calculations cannot reproduce the correct sign of v4
over the whole range of impact parameters and neither can
they reproduce the magnitude of v4. A similar observation
was made for the magnitude of v2 in this pt range in Ref. [6].
In the present case, evidently the absorption of jet particles is
not the dominant mechanism for producing v4 in this pt range.
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FIG. 21. (Color online) v2 scaled down by a factor of 2, and
v4{EP2} vs. pt for charged hadrons from minimum bias events. Using
a fit to the v2 values, the lower solid line is the predicted v4 needed to
just remove the “peanut” waist (see text).

Figure 24 shows the v4{EP2}(pt ) values for the individual
centralities with filled elliptic cylinder blast-wave fits assuming
all charged hadrons have the mass of a pion.

Using the probability PID method [12,13] for charged pions
and antiprotons, and a topological analysis method for K0

S and
! + ! , we obtain the v4{EP2}(pt ) and v2(pt ) values shown
in Fig. 25. For pions the v2

2 scaling ratio is shown in Fig. 26.
To make this graph it was necessary to combine data points to
get reasonable errors bars for the ratio because the v4 values
are so small. The resulting scaling ratio is consistent with that
for charged hadrons shown in Fig. 22(b).

2. The forward regions

In Fig. 27 the fourth-harmonic v4{EP2} shows an average
value of (0.4 ± 0.1)% in the pseudorapidity coverage of the
TPC (|η| < 1.2). In contrast, its value of (0.06 ± 0.07)% in
the forward regions is consistent with zero, with a 2σ upper
limit of 0.2%. Therefore the relative falloff of v4 from η = 0
to η = 3 appears to be stronger than for v2. This behavior is
consistent with v4 ∝ v2

2 scaling.

3. High pt

It has been emphasized that v4 has a stronger potential
than v2 to constrain jet-quenching model calculations [40].
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FIG. 23. (Color online) A polar graph of the distribution 1 +
2v2 cos(2φ) + 2v4 cos(4φ), where φ is the azimuthal angle relative
to the positive x axis. Plotted are the distributions for v2 = 16.5%
showing the waist, v4 = 3.8% having a diamond shape, and both
coefficients together.

Following the same procedure as described in Ref. [6], we
plot in Fig. 28 the v4{3} from moderately high pt . It should
be noted that the two most peripheral points go up rather
than down as they do for v2, in apparent violation of v4/v

2
2

scaling at this high pt . We compare the results with the
fourth-harmonic anisotropy generated by energy loss in a static
medium with a Woods-Saxon density profile, hard sphere
(step function in density), and the extreme case: hard shell
limit. The results are shown in Fig. 28. The dashed curve
corresponds to the hard shell; the upper and lower bands
correspond to a parametrization of jet energy loss where
the absorption coefficient is set to match the suppression of
the inclusive hadron yields. The lower and upper boundaries
of the bands around b = 11 fm correspond to an absorption
that gives suppression factors of 5 and 3, respectively. Note
that compared to the case of v2 [6], the calculations are less
sensitive to the suppression factors (narrow bands). These
model calculations cannot reproduce the correct sign of v4
over the whole range of impact parameters and neither can
they reproduce the magnitude of v4. A similar observation
was made for the magnitude of v2 in this pt range in Ref. [6].
In the present case, evidently the absorption of jet particles is
not the dominant mechanism for producing v4 in this pt range.
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wave fits with no ρ4 or s4 terms (see Sec. VI D)
to the charged hadron v2 minimum bias data. The
resultant ratio v4/v

2
2 is shown as the lower dashed

line in the ratio graph (b). The solid lines are the
fits with the addition of ρ4 and s4. The resultant
ratio v4/v

2
2 is shown as the solid curve in the ratio

graph (b). The dotted line in the ratio graph (b)
at 1.2 represents the average value of the data.
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FIG. 6. (Color online) v2/nq scaled by the mean eccentricity of the initial overlap region versus (mT − m0)/nq for 0–10%, 10–40%, and
40–80% most central Au+Au collisions at

√
sNN = 62.4 GeV.

D. Fourth harmonic v4

Higher-order anisotropy parameters (v4, v6, etc.) may be
sensitive probes of hydrodynamic behavior and the initial
conditions of the collision system [37]. The authors of Ref. [38]
argue that values of the ratio v4/v

2
2 larger than 0.5 indicate

deviations from ideal fluid behavior. When measured for
identified particles, higher harmonics can also test quark-
number scaling [39]. v4 and v6 for charged hadrons at 200 GeV
are shown in Ref. [40]. Identified particle v4 at 200 GeV is
shown in Ref. [13]. In Fig. 7 (top panels) we plot pion, kaon,
antiproton, and ! + ! v4 for

√
sNN = 62.4 GeV, where the

standard event-plane analysis method has been used. In the
bottom panels of Fig. 7 we show the ratio v4/v

2
2 for charged

pions, neutral kaons, and hyperons. The uncertainty in v4/v
2
2

from possible nonflow leads to asymmetric errors. The ratio
v4/v

2
2 is well above 0.5 even when errors are taken into account.
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FIG. 7. (Color online) (Top panels) Minimum bias v4 for pions,
charged kaons, K0

S , antiprotons, and ! + ! at
√

sNN = 62.4 GeV. In
the left panel the solid (dashed) line shows the value for v2

2 for pions
(kaons). In the right panel the dashed line is v2

2 for ! + !. (Bottom
panels) v4 scaled by v2

2 (points where v4 and v2 fluctuate around zero
are not plotted). Gray bands correspond to the fit results described in
the text and Table II. The systematic errors on the v4/v

2
2 ratio from

nonflow are included in the error bars leading to asymmetric errors.

In simple coalescence models [39], the ratio v4/v
2
2 for

hadrons is related to v4/v
2
2 for quarks:

[
v4/v

2
2

]Meson
2pT

≈ 1/4 + (1/2)
[
v4/v

2
2

]Quark
pT

(2)

[
v4/v

2
2

]Baryon
3pT

≈ 1/3 + (1/3)
[
v4/v

2
2

]Quark
pT

, (3)

where here pT is the quark pT . The v4/v
2
2 for mesons can also

be related to v4/v
2
2 for baryons:

[
v4/v

2
2

]Baryon
3pT

≈ 1/6 + (2/3)
[
v4/v

2
2

]Meson
2pT

. (4)

Within this simple model, the large v4/v
2
2 ratios presented

here indicate a large quark v4. At intermediate pT , where
quark scaling is thought to be valid, we use the equations
above to fit v4/v

2
2 simultaneously for mesons and baryons,

with v4/v
2
2 for quarks as a free parameter. The fit range is

pT > 1.2 GeV/c for mesons and pT > 1.8 GeV/c for baryons.
A good χ2 per degree-of-freedom (4.4/13) is found with quark
v4/v

2
2 = 1.93 ± 0.29. The gray bars in the bottom panels of

Fig. 7 show the corresponding v4/v
2
2 values for mesons and

baryons. ⟨v4/v
2
2⟩ values for pT /nq > 0.6 GeV/c from data

and the fit are listed in Table II. Because pion v2 is known
to deviate from the simple scaling laws, we also performed
the fit excluding the pion data points (fit II) that yielded a
v4/v

2
2 = 2.18 ± 0.40 and χ2 per degree-of-freedom of 2.3/9.

The small χ2 values for both fits indicate that our data are
consistent with quark-number scaling where quark v4/v

2
2 is

approximately 2.

TABLE II. The ratio v4/v
2
2 for pT /nq > 0.6 GeV/c from a

combined fit and from data. Pion data points are used for fit I and
excluded for fit II. The χ 2 per degree-of-freedom is also shown on
the bottom row.

Data Fit I Fit II

π± 1.10 ± 0.09 1.16 ± 0.16
K0

S 1.39 ± 0.19 1.16 ± 0.16 1.33 ± 0.30
! + ! 0.98 ± 0.15 0.94 ± 0.10 1.05 ± 0.20
quark 1.93 ± 0.29 2.18 ± 0.40
χ 2/dof 4.4/13 2.3/9
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Partonic coalescence in relativistic heavy ion collisions

High-energy central nuclear collisions create a very high density of quarks and gluons, or partons, which eventually form hadrons.
A pair of papers demonstrated that reproducing the data requires different mechanisms which dominate at low versus high
transverse momenta. As the system expands and cools, low transverse momentum partons recombine to form hadrons. High
transverse momentum partons are much rarer and fragment into hadrons according to perturbative QCD phenomenology. Both
processes are a consequence of color confinement.
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Non-linear flow modes of identified particles in Pb-Pb

collisions at
√
sNN = 5.02TeV
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Abstract: The pT-differential non-linear flow modes, v4,22, v5,32, v6,33 and v6,222 for π±,

K±, K0
S, p + p, Λ + Λ and φ-meson have been measured for the first time at

√
sNN =

5.02TeV in Pb-Pb collisions with the ALICE detector at the Large Hadron Collider. The

results were obtained with a multi-particle technique, correlating the identified hadrons

with reference charged particles from a different pseudorapidity region. These non-linear

observables probe the contribution from the second and third order initial spatial anisotropy

coefficients to higher flow harmonics. All the characteristic features observed in previous

pT-differential anisotropic flow measurements for various particle species are also present in

the non-linear flow modes, i.e. increase of magnitude with increasing centrality percentile,

mass ordering at low pT and particle type grouping in the intermediate pT range. Hydro-

dynamical calculations (iEBE-VISHNU) that use different initial conditions and values of

shear and bulk viscosity to entropy density ratios are confronted with the data at low trans-

verse momenta. These calculations exhibit a better agreement with the anisotropic flow

coefficients than the non-linear flow modes. These observations indicate that non-linear

flow modes can provide additional discriminatory power in the study of initial conditions

as well as new stringent constraints to hydrodynamical calculations.
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Figure 10. The pT/nq-dependence of v4,22/nq for different particle species grouped into different
centrality intervals of Pb-Pb collisions at

√
sNN = 5.02TeV. Statistical and systematic uncertainties

are shown as bars and boxes, respectively.

tions from [81] shed new light on the initial conditions and the transport properties of

the created system in Pb-Pb collisions. Both hydrodynamic calculations are based on

iEBE-VISHNU [82], an event-by-event version of the VISHNU hybrid model [83] coupling

2 + 1 dimensional viscous hydrodynamics (VISH2+1) [84] to a hadronic cascade model

(UrQMD). The initial conditions used for these calculations are described by AMPT [85]

and TRENTo [86], both with τ0=0.6 fm/c and Tsw =148MeV [87]. For AMPT initial con-

ditions, constant values of specific shear viscosity over entropy density (η/s = 0.08, the

lower limit conjectured by AdS/CFT) and bulk viscosity over entropy density (ζ/s = 0)

are utilised. The version of the model that uses TRENTo [86] initial conditions incorpo-

rates temperature dependent specific shear and bulk viscosities extracted from the global

bayesian analysis [87].2

2For simplicity in the rest of this article the model with AMPT initial conditions, η/s = 0.08 and ζ/s = 0

is referred to as AMPT and the model with TRENTo initial conditions, η/s(T) and ζ/s(T) is referred to

as TRENTo.
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and at later stages between the produced particles, this spatial irregularity is transferred

into an anisotropy in momentum space. The latter is usually decomposed into a Fourier

expansion of the azimuthal particle distribution [14] according to

dN

dϕ
∝ 1 + 2

∞∑

n=1

vn(pT, η) cos[n(ϕ− Ψn)], (1.1)

where N , pT, η and ϕ are the particle yield, transverse momentum, pseudorapidity and

azimuthal angle of particles, respectively, and Ψn is the azimuthal angle of the nth-order

symmetry plane [7–10, 12]. The coefficient vn is the magnitude of the nth-order flow vector

coefficient Vn, defined as Vn = vneinΨn , and can be calculated according to

vn = ⟨cos[n(ϕ− Ψn)]⟩, (1.2)

where the angle brackets denote an average over all particles in all events. Since the

symmetry planes are not accessible experimentally, the flow coefficients are estimated

solely from the azimuthal angles of the particles emitted in the transverse plane. Mea-

surements of different anisotropic flow coefficients at both the Relativistic Heavy Ion Col-

lider (RHIC) [15–31] and the Large Hadron Collider (LHC) [32–46] not only confirmed

the production of a strongly coupled quark-gluon plasma (sQGP) but also contributed in

constraining the value of the ratio between shear viscosity and entropy density (η/s) which

is very close to the lower limit of 1/4π conjectured by AdS/CFT [47]. In addition, the

comparison between experimental data [41] and viscous hydrodynamical calculations [48]

showed that higher order flow coefficients and more importantly their transverse momen-

tum dependence are more sensitive probes than lower order coefficients, i.e. v2 and v3, to

the initial spatial irregularity and its fluctuations [10].

This initial state spatial irregularity is usually quantified with the standard (moment-

defined) anisotropy coefficients, ϵn. In the Monte Carlo Glauber model, ϵn and its corre-

sponding initial symmetry plane, Φn can be calculated from the transverse positions of the

nucleons participating in a collision according to [9, 49]

ϵne
inΦn =

⟨rneinϕ⟩
⟨rn⟩ (for n > 1), (1.3)

where the brackets denote an average over the transverse position of all participating

nucleons that have an azimuthal angle ϕ and a polar distance from the centre r. Model

calculations show that v2 and to a large extent, v3 are for a wide range of impact parameters

linearly proportional to their corresponding initial spatial anisotropy coefficients, ϵ2 and ϵ3,

respectively [9], while for larger values of n, vn scales with ϵ′n, a cumulant-based definition

of initial anisotropic coefficients. As an example, the fourth order spatial anisotropy is

given by [50, 51]

ϵ′4e
i4Φ′

4 = ϵ4e
i4Φ4 +

3⟨r2⟩2

⟨r4⟩ ϵ22e
i4Φ2 , (1.4)

where the second term in the right hand side of eq. (1.4) reveals a non-linear dependence

of ϵ′4 on the lower order ϵ2. This further supports the earlier ideas that the higher order
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flow vector coefficients, Vn (n > 3) obtain contributions not only from the linear response

of the system to ϵn, but also a non-linear response proportional to the product of lower

order initial spatial anisotropies [52, 53].

In particular, for a single event, Vn with n = 4, 5, 6 can be decomposed to the linear

(V L
n ) and non-linear (V NL

n ) modes according to

V4 = V L
4 + V NL

4 = V L
4 + χ4,22(V2)

2,

V5 = V L
5 + V NL

5 = V L
5 + χ5,32V3V2,

V6 = V L
6 + V NL

6 = V L
6 + χ6,222(V2)

3 + χ6,33(V3)
2 + χ6,42V2V

L
4 , (1.5)

where χn,mk, known as non-linear flow mode coefficients, quantify the contributions of

the non-linear modes to the total Vn [53, 54]. For simplicity, the magnitude of the total

Vn will be referred to as anisotropic flow coefficient (vn) in the rest of this article. The

magnitude of the pT-differential non-linear modes for higher order flow coefficients, vNL
n ,

can be written as:

v4,22(pT) =
⟨v4(pT)v22 cos(4Ψ4 − 4Ψ2)⟩√

⟨v42⟩
≈ ⟨v4(pT) cos(4Ψ4 − 4Ψ2)⟩, (1.6)

v5,32(pT) =
⟨v5(pT)v3v2 cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩√

⟨v23v22⟩
≈ ⟨v5(pT) cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩, (1.7)

v6,33(pT) =
⟨v6(pT)v23 cos(6Ψ6 − 6Ψ3)⟩√

⟨v43⟩
≈ ⟨v6(pT) cos(6Ψ6 − 6Ψ3)⟩, (1.8)

v6,222(pT) =
⟨v6(pT)v32 cos(6Ψ6 − 6Ψ2)⟩√

⟨v62⟩
≈ ⟨v6(pT) cos(6Ψ6 − 6Ψ2)⟩, (1.9)

where brackets denote an average over all events. The approximation is valid assuming

a weak correlation between the lower (n = 2, 3) and higher (n > 3) order flow coeffi-

cients [52, 55].

Various measurements of the pT-differential anisotropic flow, vn(pT), of charged parti-

cles [33, 38, 43, 45, 46, 56] provided a testing ground for model calculations that attempt to

describe the dynamical evolution of the system created in heavy-ion collisions. Early predic-

tions showed that the pT-differential anisotropic flow for different particle species can reveal

more information about the equation of state, the role of the highly dissipative hadronic

rescattering phase as well as probing particle production mechanisms [57, 58]. In order

to test these predictions, vn(pT) coefficients were measured for different particle species at

RHIC [15–18] and at the LHC [39, 40, 42, 44]. These measurements reveal a character-

istic mass dependence of vn(pT) in the low transverse momentum region (pT < 3GeV/c),

a result of an interplay between radial and anisotropic flow, and mass dependent thermal

velocities [57, 58]. In the intermediate pT region (3 ! pT ! 8GeV/c) the measurements

indicate a particle type grouping where baryons have a larger vn than the one of mesons.

This feature was explained in a dynamical model where flow develops at the partonic level

followed by quark coalescence into hadrons [59, 60]. In this picture the invariant spectrum

of produced particles is proportional to the product of the spectra of their constituents

and, in turn, the flow coefficient of produced particles is the sum of the vn values of their

– 3 –

Does the ratio of baryon and meson flow  
in nonlinear modes equals to the square  
or first power of that in linear parts?
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address the directed flow of nucleons. In addition, most pa-
pers do not deal with v1, but with the mean transverse mo-
mentum projected on the reaction plane, !px"
!!pt v1(pt ,y)", as a function of rapidity, for historical rea-
sons #18$.
It was first expected that directed flow would be negli-

gible at SPS energies. In 1991, it was predicted by Amelin
et al. #67$ that it might, however, be large enough to be mea-
surable in Pb-Pb collisions. Nonzero v1 for nucleons was
predicted both by a transport model %QGSM& including res-
catterings, and by a hydrodynamical model. Furthermore, in
the hydro model, !px" depended strongly on the equation of
state: as elliptic flow, directed flow is smaller with a softer
equation of state %involving, for instance, a phase transition
to a quark-gluon plasma&.
The interest in directed flow was revived following the

prediction that the ‘‘softest point’’ of the equation of state
could be directly observed at the AGS #68$. A deep minimum
of !px" may appear, at an energy of about 6A GeV #69$.
These predictions, however, crucially rely on the assumption
that the early stages of the collision, when particles are pro-
duced, can be described by one-fluid hydrodynamics. A two-
fluid model #70$ predicts no minimum, as energy increases.
In a three-fluid model #71$, on the other hand, a minimum
occurs, but at a higher energy, around 10–20 GeV per
nucleon. It is followed by an increase up to a maximum at
40A GeV. Unfortunately, no quantitative estimate is pro-
vided. A similar structure is predicted in the transport model
UrQMD #66$, where the minimum of !px" also appears as a
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FIG. 1: The balance function versus ∆η for charged parti-
cle pairs from a) central and peripheral Au+Au collisions at√
sNN = 130 GeV and mixed events from central and periph-

eral Au+Au collisions, and b) HIJING events filtered with
GEANT [16] and shuffled pseudorapidity events from central
and peripheral Au+Au collisions. To guide the eye, Gaus-
sian fits excluding the lowest bin in ∆η are shown. The error
bars shown are statistical. The balance function for HIJING
events is independent of centrality.

Physical effects over and above this constraint can be
discerned by comparison to a reference data set that pre-
serves global charge conservation, while removing effects
of dynamical particle correlations. A relevant reference is
provided in Figure 1b for central and peripheral collision
samples independently by calculating the balance func-
tion after the pseudorapidities of all charged particles
within each measured event have been randomly shuf-
fled. Dynamical correlations in Au+Au are reflected in
the deviation of the results in Figure 1a from the shuffled
pseudorapidity results in Figure 1b. In addition Figure
1a also shows the balance functions generated from con-
ventional mixed-event samples constructed [17] by choos-
ing random particles from different measured events with
similar event vertex positions and centralities. The bal-
ance function for mixed events integrates to zero because
global charge conservation has been removed. The fact
that the balance function is zero for all ∆η for all cen-
tralities demonstrates that STAR’s acceptance in ∆η is
smooth. For both the mixed events and shuffled pseudo-

HIJING-GEANT

0.55

0.6

0.65

0.7

0.75

0.8
Data
Shuffled η

0 0.2 0.4 0.6 0.8 1

< Δ
η>

b/bmax

FIG. 2: The width of the balance function for charged par-
ticles, ⟨∆η⟩, as a function of normalized impact parameter
(b/bmax). Error bars shown are statistical. The width of
the balance function from HIJING events is shown as a band
whose height reflects the statistical uncertainty. Also shown
are the widths from the shuffled pseudorapidity events.

rapidity samples, the measured inclusive pseudorapidity
distributions are preserved.

Within this area constraint, the variation of the bal-
ance function with centrality can be effectively charac-
terized by the single parameter ⟨∆η⟩, the mean pseudo-
rapidity difference weighted by the balance function (ex-
cluding the lowest bin in ∆η to reduce the background
correlation from electron contamination). We refer to
⟨∆η⟩ below as the “width” of the balance function. The
measured widths for four centrality classes are shown in
Figure 2 as a function of the impact parameter fraction
b/bmax, which is determined using a simple geometrical
picture [19] to relate impact parameter to fractions of the
total cross section. In Figure 2, the width of the balance
function measured for central collisions is significantly
smaller than that for peripheral collisions. The results
for the mid-peripheral and mid-central centrality classes
decrease smoothly and monotonically from the periph-
eral collision value. Figure 2 indicates that while the
width observed in peripheral collisions is consistent with
the HIJING prediction, the balance function for central
collisions is significantly narrower, suggesting a variation
in the underlying particle production dynamics between
these two classes of events. In Figure 2 the widths from
the shuffled pseudorapidity events are also shown. These
widths show little centrality dependence and are wider
than those of the data or HIJING. The widths from shuf-
fled pseudorapidity events represent the maximum possi-
ble width of a balance function measured with the STAR
detector.

The results for identified charged pion pairs are similar
to those for non-identified charged particles as indicated
in Figure 3. The overall shape of the balance function is
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The difference between two-particle and many-
particle correlation results are due to flow 
fluctuations and nonflow.
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Abstract

We discuss a specific model of elliptic flow fluctuations due to Gaussian fluctuations in the initial spatial x and y eccentricity components
{⟨(σ 2

y − σ 2
x )/(σ 2

x + σ 2
y )⟩, ⟨2σxy/(σ 2

x + σ 2
y )⟩}. We find that in this model v2{4}, elliptic flow determined from 4-particle cumulants, exactly equals

the average flow value in the reaction plane coordinate system, ⟨vRP⟩, the relation which, in an approximate form, was found earlier by Bhalerao
and Ollitrault in a more general analysis, but under the same assumption that v2 is proportional to the initial system eccentricity. We further show
that in the Gaussian model all higher order cumulants are equal to v2{4}. Analysis of the distribution in the magnitude of the flow vector, the
Q-distribution, reveals that it is totally defined by two parameters, v2{2}, the flow from 2-particle cumulants, and v2{4}, thus providing equivalent
information compared to the method of cumulants. The flow obtained from the Q-distribution is again v2{4} = ⟨vRP⟩.
© 2007 Elsevier B.V. All rights reserved.

PACS: 25.75.Ld; 25.75.-q,

1. Introduction

Elliptic flow is an important observable in heavy ion colli-
sion experiments, which provides valuable information about
the physics of the system evolution starting from very early
times. Large elliptic flow values observed recently in exper-
iments at RHIC [1] are often used as an evidence for early
system thermalization and as an argument for the creation of
a new form of matter, sQGP, the strongly interacting quark–
gluon plasma. With high statistics data obtained in the last few
years at RHIC the analysis of elliptic flow becomes dominated
by systematic uncertainties, mostly by inability to separate the
so-called non-flow correlations (azimuthal correlations not re-
lated to the orientation of the reaction plane) and the effects of
flow fluctuations [2]. Flow fluctuations can be due to different
reasons: one that has attracted much attention recently is the
fluctuations in initial eccentricity of the participant zone. Be-

* Corresponding author.
E-mail address: voloshin@wayne.edu (S.A. Voloshin).

low we discuss only the flow fluctuations related to eccentricity
fluctuations [3–5]. In this Letter we review the definitions of the
different coordinate systems relevant to flow analysis. Then we
discuss a particular model of eccentricity fluctuations. Within
this model we show that by studying azimuthal correlations of
produced particles at midrapidity it is in principle impossible to
separate non-flow correlations from flow fluctuations effects as
all observables contain the same combination of the two effects.

2. Flow coordinate systems

We call the coordinate system defined by the impact pa-
rameter and the beam direction the reaction plane coordinate
system, and use subscript RP to denote quantities in this sys-
tem (see Fig. 1). Then the orientation (azimuth) of the impact
parameter vector in the laboratory frame is given by ΨRP. The
principal axes of the participant zone will define the participant
plane coordinate system with the corresponding angle ΨPP, and
with the xPP axis pointing in the direction of the semi-minor
axis of the participant zone. We use PP subscript for quantities
defined in this system.

0370-2693/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2007.11.043
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Fig. 1. The definitions of the RP and PP coordinate systems.

Fig. 2. The definition of the EP coordinate system.

The orientation of the flow vector Q = {Qx,Qy} =
{∑i cos 2φi ,

∑
i sin 2φi}, where the sum runs over all parti-

cles in some momentum window, defines the second harmonic
event plane (see Fig. 2) with corresponding azimuth ΨEP,
Qx = Q cos 2ΨEP, Qy = Q sin 2ΨEP. Although we use Q in
this Letter, in practice one would use q = Q/

√
N in order to

minimize the effect of the multiplicity spread within a central-
ity bin [2]. For a given orientation of the participant plane, ΨPP,
anisotropic flow develops along this participant plane.

The orientation of the participant plane can be also charac-
terized by the eccentricity vector with coordinates

(1)ε = {εx, εy} =
{〈

σ 2
y − σ 2

x

σ 2
x + σ 2

y

〉

part
,

〈
2σxy

σ 2
x + σ 2

y

〉

part

}
,

where σ 2
x = ⟨x2⟩ − ⟨x⟩2, σ 2

y = ⟨y2⟩ − ⟨y⟩2, and σ 2
xy = ⟨xy⟩ −

⟨y⟩⟨x⟩, and the average is taken over the coordinates of the
participants in a given event [3–5]. The eccentricity vector di-
rection is given by ΨPP = atan 2(εy, εx), and its magnitude,

εpart =
√

ε2
x + ε2

y ≡ εPP, is called the participant eccentricity
(see Figs. 3, 4) in contrast with the reaction plane (or standard)
eccentricity εx ≡ εRP with its mean value defined to be

(2)⟨εx⟩ = ⟨εRP⟩ ≡ ε̄.

This mean value is approximately εopt, the optical eccentricity
determined by the optical Glauber model [6].

Fig. 3. Definition of εpart.

Fig. 4. Flow vector distribution in events with fixed ε.

3. Gaussian model for eccentricity fluctuations

In events with fixed ε, both in magnitude and orientation, the
flow vector on average points along ε, but with the magnitude
and orientation of the flow vector fluctuating due to finite mul-
tiplicity of particles used in its definition. As can be seen from
simulations using the MC Glauber model [3–5] in Fig. 5, the
distributions in εx and εy are well approximated by a Gaussian
form with widths approximately equal in the two directions.
There exists some deviation from a Gaussian form in periph-
eral collisions, but even there the deviations are small, so we
proceed with the Gaussian ansatz. We denote the equal widths
in εx and εy by σε . The distribution in the magnitude of the ec-
centricity, εpart, can be obtained by integration over angle of the
vector ε as a two-dimensional Gaussian (see, for example, the
derivation in [7]), and is given by

dn

dεpart
= εpart

σ 2
ε

I0

(
εpart⟨εRP⟩

σ 2
ε

)
exp

(
−

ε2
part + ⟨εRP⟩2

2σ 2
ε

)

(3)≡ BG
(
εpart; ⟨εRP⟩,σε

)
,

where we have introduced a short hand notation BG(x; x̄,σ )

for the “Bessel–Gaussian” distribution with one variable argu-
ment and two constant parameters (see Fig. 6). Note that in
BG(εpart; ⟨εRP⟩,σε), εpart is an eccentricity as given in PP but
⟨εRP⟩ and σε describe the 2D Gaussian distribution in the RP-
system. The distribution is normalized to unity. For later use we
provide a few moments of the distribution BG(x; x̄,σ ), where
x is a generic variable (not the x-axis):

⟨x⟩ = 1
2σ

exp
(

− x̄2

4σ 2

)√
π

2

[(
2σ 2 + x̄2)I0

(
x̄2

4σ 2

)

(4)+ x̄2I1

(
x̄2

4σ 2

)]
,

⟨v2
2⟩ = ⟨v2⟩2 + σ2

v2
+ g2/N
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The difference between v2[2] qnd v2[4} is almost 
fully saturated by eccentricity fluctuations according 
to nucleon participant Glauber MC.
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Abstract

We discuss a specific model of elliptic flow fluctuations due to Gaussian fluctuations in the initial spatial x and y eccentricity components
{⟨(σ 2

y − σ 2
x )/(σ 2

x + σ 2
y )⟩, ⟨2σxy/(σ 2

x + σ 2
y )⟩}. We find that in this model v2{4}, elliptic flow determined from 4-particle cumulants, exactly equals

the average flow value in the reaction plane coordinate system, ⟨vRP⟩, the relation which, in an approximate form, was found earlier by Bhalerao
and Ollitrault in a more general analysis, but under the same assumption that v2 is proportional to the initial system eccentricity. We further show
that in the Gaussian model all higher order cumulants are equal to v2{4}. Analysis of the distribution in the magnitude of the flow vector, the
Q-distribution, reveals that it is totally defined by two parameters, v2{2}, the flow from 2-particle cumulants, and v2{4}, thus providing equivalent
information compared to the method of cumulants. The flow obtained from the Q-distribution is again v2{4} = ⟨vRP⟩.
© 2007 Elsevier B.V. All rights reserved.

PACS: 25.75.Ld; 25.75.-q,

1. Introduction

Elliptic flow is an important observable in heavy ion colli-
sion experiments, which provides valuable information about
the physics of the system evolution starting from very early
times. Large elliptic flow values observed recently in exper-
iments at RHIC [1] are often used as an evidence for early
system thermalization and as an argument for the creation of
a new form of matter, sQGP, the strongly interacting quark–
gluon plasma. With high statistics data obtained in the last few
years at RHIC the analysis of elliptic flow becomes dominated
by systematic uncertainties, mostly by inability to separate the
so-called non-flow correlations (azimuthal correlations not re-
lated to the orientation of the reaction plane) and the effects of
flow fluctuations [2]. Flow fluctuations can be due to different
reasons: one that has attracted much attention recently is the
fluctuations in initial eccentricity of the participant zone. Be-

* Corresponding author.
E-mail address: voloshin@wayne.edu (S.A. Voloshin).

low we discuss only the flow fluctuations related to eccentricity
fluctuations [3–5]. In this Letter we review the definitions of the
different coordinate systems relevant to flow analysis. Then we
discuss a particular model of eccentricity fluctuations. Within
this model we show that by studying azimuthal correlations of
produced particles at midrapidity it is in principle impossible to
separate non-flow correlations from flow fluctuations effects as
all observables contain the same combination of the two effects.

2. Flow coordinate systems

We call the coordinate system defined by the impact pa-
rameter and the beam direction the reaction plane coordinate
system, and use subscript RP to denote quantities in this sys-
tem (see Fig. 1). Then the orientation (azimuth) of the impact
parameter vector in the laboratory frame is given by ΨRP. The
principal axes of the participant zone will define the participant
plane coordinate system with the corresponding angle ΨPP, and
with the xPP axis pointing in the direction of the semi-minor
axis of the participant zone. We use PP subscript for quantities
defined in this system.
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Fig. 1. The definitions of the RP and PP coordinate systems.

Fig. 2. The definition of the EP coordinate system.

The orientation of the flow vector Q = {Qx,Qy} =
{∑i cos 2φi ,

∑
i sin 2φi}, where the sum runs over all parti-

cles in some momentum window, defines the second harmonic
event plane (see Fig. 2) with corresponding azimuth ΨEP,
Qx = Q cos 2ΨEP, Qy = Q sin 2ΨEP. Although we use Q in
this Letter, in practice one would use q = Q/

√
N in order to

minimize the effect of the multiplicity spread within a central-
ity bin [2]. For a given orientation of the participant plane, ΨPP,
anisotropic flow develops along this participant plane.

The orientation of the participant plane can be also charac-
terized by the eccentricity vector with coordinates

(1)ε = {εx, εy} =
{〈

σ 2
y − σ 2

x

σ 2
x + σ 2

y

〉

part
,

〈
2σxy

σ 2
x + σ 2

y

〉

part

}
,

where σ 2
x = ⟨x2⟩ − ⟨x⟩2, σ 2

y = ⟨y2⟩ − ⟨y⟩2, and σ 2
xy = ⟨xy⟩ −

⟨y⟩⟨x⟩, and the average is taken over the coordinates of the
participants in a given event [3–5]. The eccentricity vector di-
rection is given by ΨPP = atan 2(εy, εx), and its magnitude,

εpart =
√

ε2
x + ε2

y ≡ εPP, is called the participant eccentricity
(see Figs. 3, 4) in contrast with the reaction plane (or standard)
eccentricity εx ≡ εRP with its mean value defined to be

(2)⟨εx⟩ = ⟨εRP⟩ ≡ ε̄.

This mean value is approximately εopt, the optical eccentricity
determined by the optical Glauber model [6].

Fig. 3. Definition of εpart.

Fig. 4. Flow vector distribution in events with fixed ε.

3. Gaussian model for eccentricity fluctuations

In events with fixed ε, both in magnitude and orientation, the
flow vector on average points along ε, but with the magnitude
and orientation of the flow vector fluctuating due to finite mul-
tiplicity of particles used in its definition. As can be seen from
simulations using the MC Glauber model [3–5] in Fig. 5, the
distributions in εx and εy are well approximated by a Gaussian
form with widths approximately equal in the two directions.
There exists some deviation from a Gaussian form in periph-
eral collisions, but even there the deviations are small, so we
proceed with the Gaussian ansatz. We denote the equal widths
in εx and εy by σε . The distribution in the magnitude of the ec-
centricity, εpart, can be obtained by integration over angle of the
vector ε as a two-dimensional Gaussian (see, for example, the
derivation in [7]), and is given by

dn

dεpart
= εpart

σ 2
ε

I0

(
εpart⟨εRP⟩

σ 2
ε

)
exp

(
−

ε2
part + ⟨εRP⟩2

2σ 2
ε

)

(3)≡ BG
(
εpart; ⟨εRP⟩,σε

)
,

where we have introduced a short hand notation BG(x; x̄,σ )

for the “Bessel–Gaussian” distribution with one variable argu-
ment and two constant parameters (see Fig. 6). Note that in
BG(εpart; ⟨εRP⟩,σε), εpart is an eccentricity as given in PP but
⟨εRP⟩ and σε describe the 2D Gaussian distribution in the RP-
system. The distribution is normalized to unity. For later use we
provide a few moments of the distribution BG(x; x̄,σ ), where
x is a generic variable (not the x-axis):

⟨x⟩ = 1
2σ

exp
(

− x̄2

4σ 2

)√
π

2

[(
2σ 2 + x̄2)I0

(
x̄2

4σ 2

)

(4)+ x̄2I1

(
x̄2

4σ 2

)]
,

⟨v2
2⟩ = ⟨v2⟩2 + σ2

v2
+ g2/N
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Stationary source: 
no higher order anisotropy in the Gaussian approximation 
4-th harmonic modulations appears only in〈x4〉 
3-rd harmonic  modulations appears only in〈x6〉

Can the collective expansion lead 
to nontrivial R(ϕ) dependence? 
Yes, due to several  effects: 
- variation in the “blast wave” 
velocity 
- variation in velocity gradients in 
“side” direction
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4-th harmonic - modulations appear only in〈x4〉
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Stationary source:
no higher order anisotropy in Gaussian approximation
4-th harmonic - modulations appear only in〈x4〉
3-rd harmonic - modulations appear only in〈x6〉

xside
2 = x2 sin2 φ + y2 cos2 φ − xy sin2φ

Can expansion lead to nontrivial R(ϕ) dependence?
Yes, several  effects:
- variation in the “blast wave” velocity
- variation in velocity gradients in “side” direction

xout

xside

xside

xout
y

x

p

Rout
2 = Δxout −VtΔt( )2

Rlong ∝
vtherm
dvz / dz

Observation of the higher harmonics in azimuthat dependence of 
femtoscopic radii could originate only in the collective expansion of the source

Rotation of the coordinate system:
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Fig. 3. Amplitudes of the relative radii oscillations R2
out,3/R2

side,0, R2
side,3/R2

side,0, and R2
os,2/R2

side,0 versus centrality for four kT ranges. Square brackets indicate systematic 
uncertainties. The shaded bands are the 3+1D hydrodynamical calculations [14 ] and the width of the bands represent the uncertainties in the model calculations.

Fig. 4. The relative amplitudes of the radius oscillations R2
out,3/R2

out,0, 
and R2

side,3/R2
side,0 on the third-order anisotropies in space (a3) and trans-

verse flow (ρ3) for the centrality range 5–10% and kT = 0.6 GeV/c from the 
Blast-Wave model [16]. The thin dashed lines show the lines of a constant rela-
tive amplitude, in magenta for R2

out,3/R2
out,0 and in dark yellow for R2

side,3/R2
side,0. 

The thick lines show the corresponding ALICE results, with width of the lines rep-
resenting the experimental uncertainties. (For interpretation of the colors in the 
figure(s), the reader is referred to the web version of this article.)

the fit of the model to the data. It is observed that the final source 
anisotropy is close to zero, significantly smaller than the initial tri-
angular eccentricities that are typically of the order of 0.2–0.3. The 

Fig. 5. Blast-Wave model [16] source parameters, final spatial (a3) and transverse 
flow (ρ3) anisotropies, for different centrality ranges, as obtained from the fit to AL-
ICE radii oscillation parameters. The contours represent the one sigma uncertainty.

negative values of the final source anisotropy would be interpreted 
as that the triangular orientation at the initial-state is reversed at 
freeze out.

4. Summary

We have reported a measurement of two-pion azimuthally-
differential femtoscopy relative to the third harmonic event plane 
in Pb–Pb collisions at √sNN = 2.76 TeV. The observed oscillations
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Azimuthally-differential femtoscopic measurements, being sensitive to spatio-temporal characteristics of 
the source as well as to the collective velocity fields at freeze out, provide very important information on 
the nature and dynamics of the system evolution. While the HBT radii oscillations relative to the second 
harmonic event plane measured recently reflect mostly the spatial geometry of the source, model studies 
have shown that the HBT radii oscillations relative to the third harmonic event plane are predominantly 
defined by the velocity fields. In this Letter, we present the first results on azimuthally-differential 
pion femtoscopy relative to the third harmonic event plane as a function of the pion pair transverse 
momentum kT for different collision centralities in Pb–Pb collisions at √sNN = 2.76 TeV. We find that the 
Rside and Rout radii, which characterize the pion source size in the directions perpendicular and parallel 
to the pion transverse momentum, oscillate in phase relative to the third harmonic event plane, similar 
to the results from 3+1D hydrodynamical calculations. The observed radii oscillations unambiguously 
signal a collective expansion and anisotropy in the velocity fields. A comparison of the measured radii 
oscillations with the Blast-Wave model calculations indicate that the initial state triangularity is washed-
out at freeze out.

© 2018 European Organization for Nuclear Research. Published by Elsevier B.V. This is an open access 
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Heavy-ion collisions at LHC energies create a hot and dense 
medium known as the quark–gluon plasma (QGP) [1]. The QGP 
fireball first expands, cools, and then freezes out into a collec-
tion of final-state hadrons. Correlations among the particles carry 
information about the space–time extent of the emitting source, 
and are imprinted on the final-state spectra due to a quantum-
mechanical interference effect [2]. Commonly known as intensity 
or Hanbury–Brown–Twiss (HBT) interferometry, the correlation of 
two identical particles at small relative momentum, is an effective 
tool to study the space–time (“femtoscopic”) structure of the emit-
ting source in relativistic heavy-ion collisions [3]. The initial state 
of a heavy-ion collision is characterized by spatial anisotropies 
that lead to anisotropies in pressure gradients, and consequently 
to azimuthal anisotropies in final particle distributions, commonly 
called anisotropic flow. Anisotropic flow is usually characterized 
by a Fourier decomposition of the particle azimuthal distribution 
and quantified by the flow coefficients vn and the corresponding 
symmetry plane angles "n [4]. Elliptic flow is quantified by the 
second flow harmonic coefficient v2, whereas triangular flow [5]
is quantified by v3. Due to the position–momentum correlations 

⋆ E-mail address: alice -publications @cern .ch.

in particle emission [6], the particles emitted at a particular an-
gle relative to the flow plane carry information about the source 
as seen from that corresponding direction; these correlations also 
lead to the HBT radii to be sensitive to the collective velocity fields, 
from which information about the dynamics of the system evolu-
tion can be extracted.

Azimuthally-differential femtoscopic measurements can be per-
formed relative to the direction of different harmonics event 
planes [7,8]. The measurements of the HBT radii with respect 
to the first harmonic event plane (directed flow) at the AGS [9]
revealed that the source was tilted relative to the beam direc-
tion [10]. The HBT radii variations relative to the second har-
monic event plane angle ("2) provide information on the pion 
source elliptic eccentricity at freeze-out. The recent ALICE mea-
surements [11] indicate that due to the strong in-plane expansion 
the final-state source elliptic eccentricity is more than a factor 
2–3 smaller compared to the initial-state. While the HBT radii 
modulations relative to "2 are defined mostly by the source ge-
ometry, the azimuthal dependence of the HBT radii relative to the 
third harmonic event plane ("3) originate predominantly in the 
anisotropies of the collective velocity fields – for a triangular, but 
static source the radii do not exhibit any oscillations [12]. Models 
studies [13,14] show that the anisotropy in expansion velocity as 
well as the system geometrical shape can be strongly constrained 
by azimuthally differential femtoscopic measurements relative to 

https://doi.org/10.1016/j.physletb.2018.06.042
0370-2693/© 2018 European Organization for Nuclear Research. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

This results unambiguously indicate collective expansion 
of the source as no any other “evidence”,
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The dataset for this analysis was collected in 2014 by the
STAR detector during the period of Auþ Au collisions atffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. Charged-particle tracks were measured
in the time projection chamber (TPC) [23], which covers
the full azimuth and a pseudorapidity range of −1 < η < 1.
The collision vertices were reconstructed using the mea-
sured charged-particle tracks. Events were selected to have
the collision vertex position within 6 cm of the center of the
TPC in the beam direction and within 2 cm in the radial
direction with respect to the beam center. In addition, the
difference between the vertex positions along the beam
direction determined by the TPC and the vertex position
detectors (VPD) [24] located at forward and backward
rapidities (4.24< jηj < 5.1) was required to be less than
3 cm to suppress pileup events. These selection criteria
yielded about 1 × 109 minimum bias events, where the
minimum bias trigger required hits of both VPDs and the
zero-degree calorimeters [25] located at jηj > 6.3.
The collision centrality was determined from the mea-

suredmultiplicity of charged particles within jηj < 0.5and a
Monte Carlo Glauber simulation [26]. The second-order
event plane (Ψ2) as an experimental estimate of the reaction
plane was determined by the charged-particle tracks within
the transverse momentum range of 0.15< pT < 2 GeV=c
and 0.1 < jηj < 1 in the same way as in Ref. [27]. The
resolution of the measured planeΨobs

2 defined as ResðΨ2Þ ¼
hcos 2ðΨobs

2 −Ψ2Þi was estimated with the two-subevent
method [28], where the two subevents correspond to
pseudorapidity regions −1 < η < −0.1 and 0.1 < η < 1.
In midcentral collisions the event plane resolution peaks
at ∼0.76.
Charged particles of good quality TPC tracks (see

Ref. [15] for details) with 0.15< pT < 10 GeV=c and
jηj < 1 were used in this analysis. Λ and Λ̄ hyperons were
reconstructed via decay channels Λ → pþ π− and
Λ̄ → p̄þ πþ, corresponding to ð63.9% 0.5Þ% of all decays
]10 ]. The hyperon identification was based on the invariant

mass of the two daughters with cuts on decay topology to
reduce the combinatoric background [15].
The component of the polarization along the beam

direction Pz can be measured by taking θ&p in Eq. (1) as
the polar angle of the daughter proton in the Λ (Λ̄) rest
frame and calculating the hcos θ&pi. This yields

Pz ¼
hcos θ&pi

αHhcos2θ&pi
: ð2Þ

The factor hcos2 θ&pi, expected to be *1=3for the case of the
perfect detector acceptance, was extracted from the data to
account for finite pseudorapidity acceptance. It was found
to be close to 1=3at all collision centralities, but showed a
systematic decrease at low pT.
A significant fraction of Λ and Λ̄ are the decay products

of heavier baryons such as Σ& and Ξ. This leads to about
∼10% reduction in measured Λ polarization compared to
that of primary Λ [29,30]. No correction for feed-down
effects are done in the current analysis.
To extract the signal hcos θ&pi, two techniques were used:

the event plane method and the invariant mass method. In
the event plane method, hcos θ&pi was measured as a
function of azimuthal angle of Λ ðΛ̄Þ relative to Ψ2. The
effects due to detector acceptance and inefficiencies are
removed by requiring that the azimuthal average to be zero,
as expected due to symmetry. Figure 2 shows hcos θ&pisub of
Λ and Λ̄ as a function of azimuthal angle relative to Ψ2 for
the 20%–60% centrality bin. The solid lines indicate the fit
results to the function p0 þ 2p1 sinð2ϕ − 2Ψ2Þ, where p0

FIG. 1. A sketch illustrating the system created in a noncentral
heavy-ion collision viewed in the transverse plane (x-y), showing
stronger in-plane expansion (solid arrows) and expected vortic-
ities (open arrows). Here, the colliding beams are oriented along
the z axis and the x-z plane defines the reaction plane. See text for
explanations of ϕs and ϕb.
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FIG. 2. hcos θ&pi of Λ and Λ̄ hyperons as a function of azimuthal
angle ϕ relative to the second-order event plane Ψ2 for 20%–60%
centrality bin in Auþ Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. Open
boxes show the systematic uncertainties and hisub denotes the
subtraction of the acceptance effect (see text). Solid lines show
the fit with the sine function shown inside the figure. Note that the
data are not corrected for the event plane resolution.
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Rough estimate of                                , 
comparable or slightly higher than that in Au+Au (~0.1%) for the same centrality.

* sign is flipped for anti-Λ
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Rough estimate of                                , half of Pz{Ψ2} signal.  
Need to look into the systematics and necessary corrections.
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Vorticity and particle polarization in heavy ion collisions (exper-
imental perspective)

Sergei A. Voloshin1,⋆

1Wayne State University, 666 W. Hancock, Detroit 48201, Michigan, U.S.A.

Abstract. The recent measurements of the global polarization and vector meson spin
alignment along the system orbital momentum in heavy ion collisions are briefly re-
viewed. A possible connection between the global polarization and the chiral anoma-
lous effects is discussed along with possible experimental checks. Future directions, in
particular those aimed on the detailed mapping of the vorticity fields, are outlined. The
Blast Wave model is used for an estimate of the anisotropic flow effect on the vorticity
component along the beam direction. We also point to a possibility of a circular pattern
in the vorticity field in asymmetric, e.g. Cu+Au, central collisions.

1 Introduction

The idea of the global polarization in heavy ion collisions, the phenomenon characterized by the po-
larization of the secondary particles along the global system orbital momentum, is almost 15 years
old. It went “on-shell” in 2004 [1, 2] with the initial predictions for the hyperon polarization as high
as “in the order of tens of a percent” [1]. The first measurements [3] by the STAR Collaboration
of the lambda hyperon polarization in Au+Au collisions at 200 GeV put an upper limit on hyperon
polarization of about |PΛ| ≤ 0.02. Subsequently, the theoretical predictions have been improved [4],
especially with a better understanding of the statistical mechanics of vortical fluid with non-zero spin
particles [5], and development of the hydrodynamical calculations assuming local angular momentum
equilibrium. Rough estimate of the polarization can be obtained with the help of a simple nonrela-
tivistic expression for a particle distribution in a fluid with nonzero vorticity [6] (for a strict relativistic
consideration see [7]):

p ∝ exp
[−E/T − ω(s + l)/T − µB/T

]
, (1)

whereω = 1
2∇×v is the nonrelativistic vorticity, and v is the fluid velocity. Figure 1 shows a cartoon of

a non-central nuclear collision with arrows indicating the velocity field of the matter at the plane z = 0.
Just “guessing” that the difference in velocities in the “upper” and “lower” parts of the system is about
a few tenths of the speed of light and that the transverse size of the system is about 10 fm, one would
conclude that the vorticity might be at the level of a few percent of fm−1. Then the nonrelativistic
formula (1) yields for the spin 1/2 particle polarization, P ≈ ω/(2T ), in the range of a few percent
(assuming T ∼ 100 MeV).

⋆e-mail: sergei.voloshin@wayne.edu
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The dataset for this analysis was collected in 2014 by the
STAR detector during the period of Auþ Au collisions atffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. Charged-particle tracks were measured
in the time projection chamber (TPC) [23], which covers
the full azimuth and a pseudorapidity range of −1 < η < 1.
The collision vertices were reconstructed using the mea-
sured charged-particle tracks. Events were selected to have
the collision vertex position within 6 cm of the center of the
TPC in the beam direction and within 2 cm in the radial
direction with respect to the beam center. In addition, the
difference between the vertex positions along the beam
direction determined by the TPC and the vertex position
detectors (VPD) [24] located at forward and backward
rapidities (4.24< jηj < 5.1) was required to be less than
3 cm to suppress pileup events. These selection criteria
yielded about 1 × 109 minimum bias events, where the
minimum bias trigger required hits of both VPDs and the
zero-degree calorimeters [25] located at jηj > 6.3.
The collision centrality was determined from the mea-

suredmultiplicity of charged particles within jηj < 0.5and a
Monte Carlo Glauber simulation [26]. The second-order
event plane (Ψ2) as an experimental estimate of the reaction
plane was determined by the charged-particle tracks within
the transverse momentum range of 0.15< pT < 2 GeV=c
and 0.1 < jηj < 1 in the same way as in Ref. [27]. The
resolution of the measured planeΨobs

2 defined as ResðΨ2Þ ¼
hcos 2ðΨobs

2 −Ψ2Þi was estimated with the two-subevent
method [28], where the two subevents correspond to
pseudorapidity regions −1 < η < −0.1 and 0.1 < η < 1.
In midcentral collisions the event plane resolution peaks
at ∼0.76.
Charged particles of good quality TPC tracks (see

Ref. [15] for details) with 0.15< pT < 10 GeV=c and
jηj < 1 were used in this analysis. Λ and Λ̄ hyperons were
reconstructed via decay channels Λ → pþ π− and
Λ̄ → p̄þ πþ, corresponding to ð63.9% 0.5Þ% of all decays
]10 ]. The hyperon identification was based on the invariant

mass of the two daughters with cuts on decay topology to
reduce the combinatoric background [15].
The component of the polarization along the beam

direction Pz can be measured by taking θ&p in Eq. (1) as
the polar angle of the daughter proton in the Λ (Λ̄) rest
frame and calculating the hcos θ&pi. This yields

Pz ¼
hcos θ&pi

αHhcos2θ&pi
: ð2Þ

The factor hcos2 θ&pi, expected to be *1=3for the case of the
perfect detector acceptance, was extracted from the data to
account for finite pseudorapidity acceptance. It was found
to be close to 1=3at all collision centralities, but showed a
systematic decrease at low pT.
A significant fraction of Λ and Λ̄ are the decay products

of heavier baryons such as Σ& and Ξ. This leads to about
∼10% reduction in measured Λ polarization compared to
that of primary Λ [29,30]. No correction for feed-down
effects are done in the current analysis.
To extract the signal hcos θ&pi, two techniques were used:

the event plane method and the invariant mass method. In
the event plane method, hcos θ&pi was measured as a
function of azimuthal angle of Λ ðΛ̄Þ relative to Ψ2. The
effects due to detector acceptance and inefficiencies are
removed by requiring that the azimuthal average to be zero,
as expected due to symmetry. Figure 2 shows hcos θ&pisub of
Λ and Λ̄ as a function of azimuthal angle relative to Ψ2 for
the 20%–60% centrality bin. The solid lines indicate the fit
results to the function p0 þ 2p1 sinð2ϕ − 2Ψ2Þ, where p0

FIG. 1. A sketch illustrating the system created in a noncentral
heavy-ion collision viewed in the transverse plane (x-y), showing
stronger in-plane expansion (solid arrows) and expected vortic-
ities (open arrows). Here, the colliding beams are oriented along
the z axis and the x-z plane defines the reaction plane. See text for
explanations of ϕs and ϕb.
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FIG. 2. hcos θ&pi of Λ and Λ̄ hyperons as a function of azimuthal
angle ϕ relative to the second-order event plane Ψ2 for 20%–60%
centrality bin in Auþ Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. Open
boxes show the systematic uncertainties and hisub denotes the
subtraction of the acceptance effect (see text). Solid lines show
the fit with the sine function shown inside the figure. Note that the
data are not corrected for the event plane resolution.
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Rough estimate of                                , 
comparable or slightly higher than that in Au+Au (~0.1%) for the same centrality.
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* sign is flipped for anti-Λ

Vorticity and particle polarization in heavy ion collisions (exper-
imental perspective)

Sergei A. Voloshin1,⋆

1Wayne State University, 666 W. Hancock, Detroit 48201, Michigan, U.S.A.

Abstract. The recent measurements of the global polarization and vector meson spin
alignment along the system orbital momentum in heavy ion collisions are briefly re-
viewed. A possible connection between the global polarization and the chiral anoma-
lous effects is discussed along with possible experimental checks. Future directions, in
particular those aimed on the detailed mapping of the vorticity fields, are outlined. The
Blast Wave model is used for an estimate of the anisotropic flow effect on the vorticity
component along the beam direction. We also point to a possibility of a circular pattern
in the vorticity field in asymmetric, e.g. Cu+Au, central collisions.

1 Introduction

The idea of the global polarization in heavy ion collisions, the phenomenon characterized by the po-
larization of the secondary particles along the global system orbital momentum, is almost 15 years
old. It went “on-shell” in 2004 [1, 2] with the initial predictions for the hyperon polarization as high
as “in the order of tens of a percent” [1]. The first measurements [3] by the STAR Collaboration
of the lambda hyperon polarization in Au+Au collisions at 200 GeV put an upper limit on hyperon
polarization of about |PΛ| ≤ 0.02. Subsequently, the theoretical predictions have been improved [4],
especially with a better understanding of the statistical mechanics of vortical fluid with non-zero spin
particles [5], and development of the hydrodynamical calculations assuming local angular momentum
equilibrium. Rough estimate of the polarization can be obtained with the help of a simple nonrela-
tivistic expression for a particle distribution in a fluid with nonzero vorticity [6] (for a strict relativistic
consideration see [7]):

p ∝ exp
[−E/T − ω(s + l)/T − µB/T

]
, (1)

whereω = 1
2∇×v is the nonrelativistic vorticity, and v is the fluid velocity. Figure 1 shows a cartoon of

a non-central nuclear collision with arrows indicating the velocity field of the matter at the plane z = 0.
Just “guessing” that the difference in velocities in the “upper” and “lower” parts of the system is about
a few tenths of the speed of light and that the transverse size of the system is about 10 fm, one would
conclude that the vorticity might be at the level of a few percent of fm−1. Then the nonrelativistic
formula (1) yields for the spin 1/2 particle polarization, P ≈ ω/(2T ), in the range of a few percent
(assuming T ∼ 100 MeV).
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           Vorticity: an important piece in the picture of heavy ion collisions 

- Leads to global polarization, which can be used for a direct measurements of 
vorticity/velocity fields 

- The global polarization measurements indicate thermal vorticity values of  the 
order of a few percent at lower RHIC energy, strongly decreasing with collision 
energy 

- Polarization seems to be stronger for particle emitted in-plane 
- The split between lambda and lambda-bar polarization is likely due to the strong 

magnetic fields of the order of  

- Elliptic (and higher harmonics)  flow leads to a nontrivial azimuthal structure in 
polarization along the beam direction.  

  

Very rich and extremely interesting physics! … as well as very important for the 
interpretation of existing data (e.g. elliptic flow)  
  
A lot more to come! 

eB ⇠ 10�2m2
⇡
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MAGNETIZATION BY ROTATION. '

BY S. J. BARNETT.

ftI. In I909 it occurred to me, while thinking about the origin of
terrestrial magnetism, that a substance which is magnetic (and there-
fore, according to the ideas of Langevin and others, constituted of atomic
or molecular orbital systems with individual magnetic moments 6xed
in magnitude and differing in this from zero) must become magnetized
by a sort of molecular gyroscopic action on receiving an angular velocity.
Thus consider a cylinder of iron, with zero magnetic moment in its

initial state. If it is given an angular acceleration about its axis, each
individual system, which we may suppose for simplicity to consist of a
number of electrons revolving in fixed orbits with constant average
velocities .about an oppositely charged nucleus, will change its orienta-
tion in such a way as to contribute a minute angular momentum, and
therefore a minute magnetic moment, parallel to the axis of the cylinder.
This increment of angular momentum of each system is in the direction
of the axis of rotation, and the corresponding increment of the magnetic
moment is either in this direction or in the opposite direction according
as the particles in revolution are positive or negative. If the revolving
electrons are all negative, in conformity with most of the experimental
evidence, the cylinder will become magnetized in the direction. in which
it would be magnetized by an electric current flowing around it in a
direction opposite to that of the angular velocity imparted to it. This
corresponds to the direction of magnetization of the earth and the sun.
(2. Preliminary experiments made at the Tulane University of Louisi-

ana at the time this idea occurred to me appeared to show, ' though
doubtf'ully, a very minute e8ect of the sort in question, on the assumption
that the revolving electrons are negative, in the case of a steel rod about

I Revision of papers read before the Ohio Academy of Sciences, November, x9I4, and the
American Physical Society, November, x9I3, December, x9I4, and April, x9xS.

2 S. J. Barnett, Science, 30, I909, p. 4I3.
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Part I. Gyromagnetic EBects'

INTRODUCTION

T HIS paper has to do with two closely related
classes of phenomenon: (1) Gross magnetic

or dynamical phenomena which are due to the
behavior of the elementary magnet as the rotor
of a gyroscope and which are known as gyro-
magnetic or magnetomechanical phenomena; and
(2) Gross mechanical or electrical phenomena
which must be attributed to the inertia of the
free electrons in conductors or bound electrons
in insulators. Gyromagnetic phenomena will be
treated in Part I of this article, the others in
Part II.

momentum, or a definite angular momentum
might be accompanied by no magnetic moment.
Otherwise the magnetic element must behave
both as a magnet and as the rotor of a gyroscope.
$2. A simple gyroscopic model
It will aid in the discussion of all the gyro-

magnetic phenomena hitherto looked for, of
which there are four, if we consider at this
point the behavior of the gyroscopic model
illustrated in Fig. 2—l and first used some years

A. INTRODUCTORY, HISTORICAL AND GENERAI.

$1. The fundamental basis of the effects
Everyone who has predicted the possible dis-

covery of any gyromagnetic effect has based the
prediction on the assumption of the validity of
the celebrated hypothesis of Ampere and Weber, '
according to which the magnetic element in a
magnetic substance consists of a permanent
molecular or intramolecular whirl of electricity
endowed with mass or inertia. On this hypothesis
the magnetic element must have both angular
momentum and magnetic moment, unless it is
constituted of both positive and negative elec-
tricities rotating in opposite directions. In this
case it is obvious that a definite magnetic
moment might be accompanied by no angular

~ Earlier and less complete reviews of work on gyro-
magnetic phenomena have been given by the author in the
Bull. Nat. Research Coun. 3, 235, August (1922). (Trans-
lation by J. Wiirschmidt, after revision by the author, in
Die Wissenschaft '74, 270 (1925));in Physica 13, 241 (1933);
and in the Physik. Zeits. 35, 203 (1934). The last paper
goes fully into the matter of priority, about which very
numerous errors have been made in the literature ever
since 1915.
'For Weber's ultimate ideas, which greatly resemble

those in vogue in recent years, see Abhandlungen d. K.
Sachs. Ges. d. Wiss. 10, 1871, f17; or W. Weber's I4'erke
(Berlin, J. Springer} 4, p. 281.

FIG. 2-1.

ago. ' It differs from a common type of gyroscope
only in the addition of two springs SS, con-
veniently in the form of rubber bands, and the
arrangement for their attachment. The wheel,
pivoted in a ring, can be rotated rapidly about
its axis A. Except for the action of the springs,
the ring and the axis A are free to move in
altitude about a horizontal axis B, the axis A
making an angle 0 with the vertical C; while
the axis 8, together with the wheel and the
framework supporting it and the springs, can be
rotated about the vertical axis C. If the wheel
is spun rapidly about the axis A, and the instru-
ment then rotated about the vertical C slowly,
' See S.J. Barnett, Science 48, 303 (1918).

Barnett effect
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The idea of the global polarization in heavy ion collisions, the phenomenon characterized by the po-
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p ∝ exp
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]
, (1)

whereω = 1
2∇×v is the nonrelativistic vorticity, and v is the fluid velocity. Figure 1 shows a cartoon of

a non-central nuclear collision with arrows indicating the velocity field of the matter at the plane z = 0.
Just “guessing” that the difference in velocities in the “upper” and “lower” parts of the system is about
a few tenths of the speed of light and that the transverse size of the system is about 10 fm, one would
conclude that the vorticity might be at the level of a few percent of fm−1. Then the nonrelativistic
formula (1) yields for the spin 1/2 particle polarization, P ≈ ω/(2T ), in the range of a few percent
(assuming T ∼ 100 MeV).
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Using average over Ru+Ru and Zr+Zr 
Assuming the same polarization for  and Λ Λ̄

STAR

T. Niida, STAR FCV PWG Meeting, Oct/13/2021
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The dataset for this analysis was collected in 2014 by the
STAR detector during the period of Auþ Au collisions atffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. Charged-particle tracks were measured
in the time projection chamber (TPC) [23], which covers
the full azimuth and a pseudorapidity range of −1 < η < 1.
The collision vertices were reconstructed using the mea-
sured charged-particle tracks. Events were selected to have
the collision vertex position within 6 cm of the center of the
TPC in the beam direction and within 2 cm in the radial
direction with respect to the beam center. In addition, the
difference between the vertex positions along the beam
direction determined by the TPC and the vertex position
detectors (VPD) [24] located at forward and backward
rapidities (4.24< jηj < 5.1) was required to be less than
3 cm to suppress pileup events. These selection criteria
yielded about 1 × 109 minimum bias events, where the
minimum bias trigger required hits of both VPDs and the
zero-degree calorimeters [25] located at jηj > 6.3.
The collision centrality was determined from the mea-

suredmultiplicity of charged particles within jηj < 0.5and a
Monte Carlo Glauber simulation [26]. The second-order
event plane (Ψ2) as an experimental estimate of the reaction
plane was determined by the charged-particle tracks within
the transverse momentum range of 0.15< pT < 2 GeV=c
and 0.1 < jηj < 1 in the same way as in Ref. [27]. The
resolution of the measured planeΨobs

2 defined as ResðΨ2Þ ¼
hcos 2ðΨobs

2 −Ψ2Þi was estimated with the two-subevent
method [28], where the two subevents correspond to
pseudorapidity regions −1 < η < −0.1 and 0.1 < η < 1.
In midcentral collisions the event plane resolution peaks
at ∼0.76.
Charged particles of good quality TPC tracks (see

Ref. [15] for details) with 0.15< pT < 10 GeV=c and
jηj < 1 were used in this analysis. Λ and Λ̄ hyperons were
reconstructed via decay channels Λ → pþ π− and
Λ̄ → p̄þ πþ, corresponding to ð63.9% 0.5Þ% of all decays
]10 ]. The hyperon identification was based on the invariant

mass of the two daughters with cuts on decay topology to
reduce the combinatoric background [15].
The component of the polarization along the beam

direction Pz can be measured by taking θ&p in Eq. (1) as
the polar angle of the daughter proton in the Λ (Λ̄) rest
frame and calculating the hcos θ&pi. This yields

Pz ¼
hcos θ&pi

αHhcos2θ&pi
: ð2Þ

The factor hcos2 θ&pi, expected to be *1=3for the case of the
perfect detector acceptance, was extracted from the data to
account for finite pseudorapidity acceptance. It was found
to be close to 1=3at all collision centralities, but showed a
systematic decrease at low pT.
A significant fraction of Λ and Λ̄ are the decay products

of heavier baryons such as Σ& and Ξ. This leads to about
∼10% reduction in measured Λ polarization compared to
that of primary Λ [29,30]. No correction for feed-down
effects are done in the current analysis.
To extract the signal hcos θ&pi, two techniques were used:

the event plane method and the invariant mass method. In
the event plane method, hcos θ&pi was measured as a
function of azimuthal angle of Λ ðΛ̄Þ relative to Ψ2. The
effects due to detector acceptance and inefficiencies are
removed by requiring that the azimuthal average to be zero,
as expected due to symmetry. Figure 2 shows hcos θ&pisub of
Λ and Λ̄ as a function of azimuthal angle relative to Ψ2 for
the 20%–60% centrality bin. The solid lines indicate the fit
results to the function p0 þ 2p1 sinð2ϕ − 2Ψ2Þ, where p0

FIG. 1. A sketch illustrating the system created in a noncentral
heavy-ion collision viewed in the transverse plane (x-y), showing
stronger in-plane expansion (solid arrows) and expected vortic-
ities (open arrows). Here, the colliding beams are oriented along
the z axis and the x-z plane defines the reaction plane. See text for
explanations of ϕs and ϕb.
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FIG. 2. hcos θ&pi of Λ and Λ̄ hyperons as a function of azimuthal
angle ϕ relative to the second-order event plane Ψ2 for 20%–60%
centrality bin in Auþ Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. Open
boxes show the systematic uncertainties and hisub denotes the
subtraction of the acceptance effect (see text). Solid lines show
the fit with the sine function shown inside the figure. Note that the
data are not corrected for the event plane resolution.

PHYSICAL REVIEW LETTERS 123, 132301 (2019)

132301-4

hPz sin(�� 2)i ⇠ 0.2%
<latexit sha1_base64="9NNPB5u8dbzS4BiGr2U0i0p5kyU=">AAACFnicbVDLSsNAFJ3UV62vqEs3g6VQFy1JEXRZdOMygn1AE8JkOmmHTiZhZiLU0K9w46+4caGIW3Hn3zhNs9DWAxcO59zLvfcECaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujFOBSQfHLBb9AEnCKCcdRRUj/UQQFAWM9ILJ9dzv3RMhaczv1DQhXoRGnIYUI6Ul32y4DPERI9DxH1xJed1NxrThOpL6rTNX5J7WI2g1W27NN6tW08oBV4ldkCoo4PjmlzuMcRoRrjBDUg5sK1FehoSimJFZxU0lSRCeoBEZaMpRRKSX5W/NYE0rQxjGQhdXMFd/T2QoknIaBbozQmosl725+J83SFV46WWUJ6kiHC8WhSmDKobzjOCQCoIVm2qCsKD6VojHSCCsdJIVHYK9/PIq6baattW0b8+r7asijjI4AaegDmxwAdrgBjigAzB4BM/gFbwZT8aL8W58LFpLRjFzDP7A+PwBHy+eCg==</latexit><latexit sha1_base64="9NNPB5u8dbzS4BiGr2U0i0p5kyU=">AAACFnicbVDLSsNAFJ3UV62vqEs3g6VQFy1JEXRZdOMygn1AE8JkOmmHTiZhZiLU0K9w46+4caGIW3Hn3zhNs9DWAxcO59zLvfcECaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujFOBSQfHLBb9AEnCKCcdRRUj/UQQFAWM9ILJ9dzv3RMhaczv1DQhXoRGnIYUI6Ul32y4DPERI9DxH1xJed1NxrThOpL6rTNX5J7WI2g1W27NN6tW08oBV4ldkCoo4PjmlzuMcRoRrjBDUg5sK1FehoSimJFZxU0lSRCeoBEZaMpRRKSX5W/NYE0rQxjGQhdXMFd/T2QoknIaBbozQmosl725+J83SFV46WWUJ6kiHC8WhSmDKobzjOCQCoIVm2qCsKD6VojHSCCsdJIVHYK9/PIq6baattW0b8+r7asijjI4AaegDmxwAdrgBjigAzB4BM/gFbwZT8aL8W58LFpLRjFzDP7A+PwBHy+eCg==</latexit><latexit sha1_base64="9NNPB5u8dbzS4BiGr2U0i0p5kyU=">AAACFnicbVDLSsNAFJ3UV62vqEs3g6VQFy1JEXRZdOMygn1AE8JkOmmHTiZhZiLU0K9w46+4caGIW3Hn3zhNs9DWAxcO59zLvfcECaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujFOBSQfHLBb9AEnCKCcdRRUj/UQQFAWM9ILJ9dzv3RMhaczv1DQhXoRGnIYUI6Ul32y4DPERI9DxH1xJed1NxrThOpL6rTNX5J7WI2g1W27NN6tW08oBV4ldkCoo4PjmlzuMcRoRrjBDUg5sK1FehoSimJFZxU0lSRCeoBEZaMpRRKSX5W/NYE0rQxjGQhdXMFd/T2QoknIaBbozQmosl725+J83SFV46WWUJ6kiHC8WhSmDKobzjOCQCoIVm2qCsKD6VojHSCCsdJIVHYK9/PIq6baattW0b8+r7asijjI4AaegDmxwAdrgBjigAzB4BM/gFbwZT8aL8W58LFpLRjFzDP7A+PwBHy+eCg==</latexit><latexit sha1_base64="9NNPB5u8dbzS4BiGr2U0i0p5kyU=">AAACFnicbVDLSsNAFJ3UV62vqEs3g6VQFy1JEXRZdOMygn1AE8JkOmmHTiZhZiLU0K9w46+4caGIW3Hn3zhNs9DWAxcO59zLvfcECaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujFOBSQfHLBb9AEnCKCcdRRUj/UQQFAWM9ILJ9dzv3RMhaczv1DQhXoRGnIYUI6Ul32y4DPERI9DxH1xJed1NxrThOpL6rTNX5J7WI2g1W27NN6tW08oBV4ldkCoo4PjmlzuMcRoRrjBDUg5sK1FehoSimJFZxU0lSRCeoBEZaMpRRKSX5W/NYE0rQxjGQhdXMFd/T2QoknIaBbozQmosl725+J83SFV46WWUJ6kiHC8WhSmDKobzjOCQCoIVm2qCsKD6VojHSCCsdJIVHYK9/PIq6baattW0b8+r7asijjI4AaegDmxwAdrgBjigAzB4BM/gFbwZT8aL8W58LFpLRjFzDP7A+PwBHy+eCg==</latexit>

Rough estimate of                                , 
comparable or slightly higher than that in Au+Au (~0.1%) for the same centrality.

* sign is flipped for anti-Λ

3

function of the invariant mass or measuring hcos ✓⇤
p
i af-

ter the acceptance correction as a function of azimuthal
angle relative to the event plane and fitting it with
the sine Fourier function as shown later in Fig. 2 (see
Ref. [11] for more details). It should be noted that
hcos ✓⇤

p
sin[n(�� n)]i can be directly calculated for a se-

lected mass window if the purity of ⇤ samples is high (the
background contribution, if any, is anyway negligible),
which is found to provide consistent results. As men-
tioned above, di↵erent event planes such as the EPD or
di↵erent TPC subevents were also used for cross checks;
the results were found to be consistent among them.
For the TPC event plane, daughter particles could be
included in the event plane. The e↵ect of a possible
self-correlation was studied by explicitly excluding the
daughters from the event plane determination or using
the EPD and was found to be negligible.

Figure 2 shows hcos ✓⇤
p
isub as a function of ⇤ (⇤̄)’s

azimuthal angle relative to the second and third order
event planes, where the superscript “sub” indicates sub-
tractions of the detector acceptance and ine�ciency ef-
fects [11] and multiplied by the sign of ↵H for a clearer
comparison between ⇤ and ⇤̄. The right panel presents
the first measurement of longitudinal polarization rela-
tive to the third order event plane where similar sine
patterns are clearly seen, indicating the presence of
triangular-flow-driven vorticity. Since the results for ⇤
and ⇤̄ are consistent as expected in the vorticity driven
polarization picture (note that the di↵erence seen in the
third order is ⇠ 1�), both the results are combined to
enhance the statistical significance.
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FIG. 2. hcos ✓⇤pi of ⇤ and ⇤̄ as a function of hyperon azimuthal
angle relative to the second (left) and third-order (right) event
planes, n(�� n), in 20-60% central isobar collisions at

p
sNN

= 200 GeV. The sign of the data for ⇤̄ is flipped as indicated
by sgn(↵H). The solid lines are fit functions as indicated and
the extracted parameters are presented in the figures. Note
that the data are not corrected for the event plane resolution.

The sine modulations of Pz are studied as a function
of collision centrality as shown in Fig. 3. Results of the
measurements relative to both event planes are compa-
rable in magnitude and exhibit similar centrality depen-
dence, increasing in more peripheral collisions. Calcula-

tions from hydrodynamic model [31] with shear viscosity
⌘T/(e + P ) = 0.08 and including both thermal vorticity
and shear induced polarization qualitatively describe the
data in terms of their signs and magnitudes, but not well
the centrality dependence, especially in peripheral colli-
sions. Note that without the shear induced polarization
contribution the model predicts the sign of the polariza-
tion to be opposite to what was observed in the data [31];
the model results also depend on a particular implemen-
tation of the shear induced contribution. Note that the
model calculations within ideal hydrodynamics leads to
almost zero Pz, indicating that the polarization measure-
ments put an additional constraint on shear viscosity of
the medium [31].
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FIG. 3. The second and third order Fourier sine coe�cients
of ⇤ +⇤̄ polarization along the beam direction in isobar
Ru+Ru and Zr+Zr collisions at

p
sNN = 200 GeV. Open boxes

show systematic uncertainties. Solid bands show calculations
from hydrodynamic model including contribution from the
shear induced polarization in addition to thermal vorticity
(!th) [31].

If the observed polarization along the beam direction is
induced by collective anisotropic flow, one would expect a
transverse momentum dependence similar to that of the
flow. The Pz sine modulations for both event planes are
plotted as a function of hyperons’ transverse momentum
in Fig. 4. Results show a pT dependence indeed similar to
pT dependence of elliptic (v2) and triangular (v3) flow.
The third order Pz modulation increases at higher pT
compared to the second order (steeper pT evolution) and
crosses the second order around pT ⇡ 2 GeV/c. The sim-
ilar pattern is also observed in flow measurements [43, 44]
which further supports that the observed polarization is
driven by collective flow. The second-order polarization
results for isobar collisions are found to be comparable
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FIG. 4. Transverse momentum dependence of the second and
third order Fourier sine coe�cients of ⇤ +⇤̄ polarization along
the beam direction for 20-60% central isobar Ru+Ru and
Zr+Zr collisions at

p
sNN = 200 GeV, compared to the the

second order measurements in Au+Au collisions [38]. Open
boxes show systematic uncertainties. Results for the third or-
der evnt plane measurements in isobar collisions are slightly
shifted for a better visibility.

to or slightly higher than that for Au+Au collisions.
Figure 5 shows the centrality dependence of the second

sine Fourier coe�cients of Pz in isobar collisions com-
pared to results from Au+Au collisions at

p
sNN = 200

GeV [11] and Pb+Pb collisions at
p

sNN = 5.02 TeV from
the ALICE experiment [12]. The results do not show any
strong energy dependence nor system size dependence for
a given centrality. The isobar collisions, smaller systems,
show slightly larger polarization values in midcentral col-
lisions, but the di↵erence is not significant. Note that
the elliptic flow v2 in 5.02 TeV Pb+Pb collisions [45] is
⇠60% larger than that in 200 GeV isobar collisions [38].
The data do not follow a naive expectation from the v2
magnitude as observed in the hydrodynamic model cal-
culations [31]. The data are also plotted as a function
of an average number of nucleon participants Npart es-
timated from the Glauber model in the inset of Fig. 5,
showing that the data scales better with Npart.

In conclusion, ⇤ and ⇤̄ hyperon polarization along the
beam direction has been measured in isobar Ru+Ru and
Zr+Zr collisions at

p
sNN = 200 GeV, with respect to

the second order event plane and, for the first time, to
the third order event plane. The polarization is found
to have a sinusoidal azimuthal dependence relative to
both the event planes, indicating the creation of com-
plex vorticities induced by the elliptic and triangular flow
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FIG. 5. Comparison of the second Fourier sine coe�cients
of ⇤ +⇤̄ polarization component along the beam direction
among isobar and Au+Au collisions at

p
sNN = 200 GeV and

Pb+Pb collisions at
p
sNN = 5.02 TeV. Open boxes show sys-

tematic uncertainties. The inset presents the same data plot-
ted as a function of average number of participants hNparti.

in heavy-ion collisions. The second and third order sine
Fourier coe�cients of the polarization exhibit increas-
ing trend toward peripheral collisions and are qualita-
tively consistent with hydrodynamic model calculations
including both thermal vorticity and thermal shear con-
tributions though the model underestimates the data in
peripheral collisions. The polarization also exhibits pT
dependence similar to those of elliptic and triangular flow
coe�cients. The second order sine coe�cient is also com-
pared to those in 200 GeV Au+Au and 5.02 TeV Pb+Pb
collisions, showing little system size dependence and en-
ergy dependence of the polarization. These results pro-
vide new insights into polarization mechanism and vor-
ticity fields in heavy-ion collisions as well as additional
constraint on properties and dynamics of the matter cre-
ated in the collisions.
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Summary

24

Art: physics, inspiration, and much more

Flow, as a truly ideal fluid, has interpenetrated  
all parts of heavy ion physics, it brings 
new discoveries and contributes greatly  
to our understanding of strongly interacting matter. 

We are grateful to Art, who made it works.
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FIG. 21. (Color online) v2 scaled down by a factor of 2, and
v4{EP2} vs. pt for charged hadrons from minimum bias events. Using
a fit to the v2 values, the lower solid line is the predicted v4 needed to
just remove the “peanut” waist (see text).

Figure 24 shows the v4{EP2}(pt ) values for the individual
centralities with filled elliptic cylinder blast-wave fits assuming
all charged hadrons have the mass of a pion.

Using the probability PID method [12,13] for charged pions
and antiprotons, and a topological analysis method for K0

S and
! + ! , we obtain the v4{EP2}(pt ) and v2(pt ) values shown
in Fig. 25. For pions the v2

2 scaling ratio is shown in Fig. 26.
To make this graph it was necessary to combine data points to
get reasonable errors bars for the ratio because the v4 values
are so small. The resulting scaling ratio is consistent with that
for charged hadrons shown in Fig. 22(b).

2. The forward regions

In Fig. 27 the fourth-harmonic v4{EP2} shows an average
value of (0.4 ± 0.1)% in the pseudorapidity coverage of the
TPC (|η| < 1.2). In contrast, its value of (0.06 ± 0.07)% in
the forward regions is consistent with zero, with a 2σ upper
limit of 0.2%. Therefore the relative falloff of v4 from η = 0
to η = 3 appears to be stronger than for v2. This behavior is
consistent with v4 ∝ v2

2 scaling.

3. High pt

It has been emphasized that v4 has a stronger potential
than v2 to constrain jet-quenching model calculations [40].
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FIG. 23. (Color online) A polar graph of the distribution 1 +
2v2 cos(2φ) + 2v4 cos(4φ), where φ is the azimuthal angle relative
to the positive x axis. Plotted are the distributions for v2 = 16.5%
showing the waist, v4 = 3.8% having a diamond shape, and both
coefficients together.

Following the same procedure as described in Ref. [6], we
plot in Fig. 28 the v4{3} from moderately high pt . It should
be noted that the two most peripheral points go up rather
than down as they do for v2, in apparent violation of v4/v

2
2

scaling at this high pt . We compare the results with the
fourth-harmonic anisotropy generated by energy loss in a static
medium with a Woods-Saxon density profile, hard sphere
(step function in density), and the extreme case: hard shell
limit. The results are shown in Fig. 28. The dashed curve
corresponds to the hard shell; the upper and lower bands
correspond to a parametrization of jet energy loss where
the absorption coefficient is set to match the suppression of
the inclusive hadron yields. The lower and upper boundaries
of the bands around b = 11 fm correspond to an absorption
that gives suppression factors of 5 and 3, respectively. Note
that compared to the case of v2 [6], the calculations are less
sensitive to the suppression factors (narrow bands). These
model calculations cannot reproduce the correct sign of v4
over the whole range of impact parameters and neither can
they reproduce the magnitude of v4. A similar observation
was made for the magnitude of v2 in this pt range in Ref. [6].
In the present case, evidently the absorption of jet particles is
not the dominant mechanism for producing v4 in this pt range.
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address the directed flow of nucleons. In addition, most pa-
pers do not deal with v1, but with the mean transverse mo-
mentum projected on the reaction plane, !px"
!!pt v1(pt ,y)", as a function of rapidity, for historical rea-
sons #18$.
It was first expected that directed flow would be negli-

gible at SPS energies. In 1991, it was predicted by Amelin
et al. #67$ that it might, however, be large enough to be mea-
surable in Pb-Pb collisions. Nonzero v1 for nucleons was
predicted both by a transport model %QGSM& including res-
catterings, and by a hydrodynamical model. Furthermore, in
the hydro model, !px" depended strongly on the equation of
state: as elliptic flow, directed flow is smaller with a softer
equation of state %involving, for instance, a phase transition
to a quark-gluon plasma&.
The interest in directed flow was revived following the

prediction that the ‘‘softest point’’ of the equation of state
could be directly observed at the AGS #68$. A deep minimum
of !px" may appear, at an energy of about 6A GeV #69$.
These predictions, however, crucially rely on the assumption
that the early stages of the collision, when particles are pro-
duced, can be described by one-fluid hydrodynamics. A two-
fluid model #70$ predicts no minimum, as energy increases.
In a three-fluid model #71$, on the other hand, a minimum
occurs, but at a higher energy, around 10–20 GeV per
nucleon. It is followed by an increase up to a maximum at
40A GeV. Unfortunately, no quantitative estimate is pro-
vided. A similar structure is predicted in the transport model
UrQMD #66$, where the minimum of !px" also appears as a

consequence of the softening of the equation of state %al-
though no quark-gluon plasma is explicitly incorporated in
the model&: !px" increases from the top AGS energy and then
saturates above 40A GeV per nucleon at a value of
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FIG. 21. %Color online& Weighted flow !wnein('"(RP)"/!!wn
2", Eq. %13&, with w1!y in the center of mass frame and w2!pt , from the

cumulant method as a function of centrality in 158A GeV Pb#Pb %left& and 40A GeV Pb#Pb %right&. The more central collisions are on the
left side of each graph. The lines are polynomial fits. The unplotted points could not be obtained or had error bars which were too large.
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FIG. 22. %Color online& Nonflow azimuthal correlations from
Eq. %16&, for the first, g1, %bottom& and second, g2, %top& Fourier
harmonics, from 158A GeV %left& and 40A GeV %right& Pb#Pb col-
lisions. For g1, the solid points represent all nonflow effects, while
the open points are corrected for momentum conservation. The
horizontal lines are at the mean values.
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E. Nonflow effects

The purpose of the cumulant method is to remove auto-
matically nonflow effects, so as to isolate flow. Nevertheless,
one may wonder whether this removal is really necessary,
and if nonflow effects are significant.
A first way to estimate the contribution of nonflow effects,

which was proposed in Ref. !26", consists in plotting the
quantity N(vn#2$2!vn#k$2) as a function of centrality,
where N is the mean total number of particles per collision in
a given centrality bin, and k"2. The reason is that the two-
particle estimate vn#2$ is contaminated by nonflow effects,
while the estimate from more particles vn#k$ is not; hence
their difference should be due to the nonflow correlations.
More precisely, the two-particle cumulant reads

cn#2$%vn#2$2#&vn'2$nonflow#&vn'2$
gn
N , &15'

where we have recalled the definition of the two-particle
flow estimate vn#2$, see Eq. &12', and the nonflow term
scales as 1/N . Since it is hoped that the multiparticle esti-
mates reflect only flow, vn!vn#k$, a straightforward rear-
rangement shows that

N•&vn#2$2!vn#k$2'#gn &16'

should be approximately constant. Note that g1 and g2 were
calculated directly from the cumulants, not from the values
of the flow estimates:

g1#N&c1#2$!c1#3$/v2',

g2#N&c2#2$!!!c2#4$' &17'

!c1#3$ denotes the left-hand side of Eq. &9', and the other
cumulants have been defined in Sec. IV B". This explains
why we can display values for almost all centrality bins,
while there might be no corresponding flow values because
of a wrong sign for the cumulant.1 In Fig. 22 are shown the
coefficients g1 and g2 as a function of centrality, for both
158A and 40A GeV, where the values of N are taken from
Table II. The magnitude of the statistical error follows the
analytical formulas given in Appendix B.

1
When c2#4$"0, which occurs for centrality bin 1 at 158A GeV,

we set c2#4$#0 in Eq. &17'.
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Q-vector products and multiparticle 
correlations
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A. Elliptic flow

1. 158A GeV

Results from 158A GeV collisions are displayed in Fig. 6
!from the standard method" and are compared to the results
from the cumulant method in Figs. 7 and 8.
We first discuss results for mid-central collisions !Figs. 7

and 8, middle" for the following reason: as usual in flow
analyses, they have smaller errors than peripheral collisions
!Figs. 7 and 8, top" due to the larger multiplicity, and also
smaller than central collisions !Figs. 7 and 8, bottom" due to
the larger value of the flow. By errors, we mean both the
statistical error, shown in the figures, and the uncertainty of
the contribution of nonflow correlations, which is not known
and not shown in the figures. For mid-central collisions, v2 is
positive over all phase space for pions and protons. As a
function of pt , it rises linearly for pions up to 2 GeV/c !Fig.
7 middle left". For protons !Fig. 7 middle right", the rise is
slower at low pt !quadratic rather than linear up to
1 GeV/c), but interestingly, v2 reaches the same value as for
pions at 2 GeV/c . All three methods give compatible results
within statistical error bars. As a function of rapidity, the
pion v2 exhibits the usual bell shape !Fig. 8 middle left",
with a maximum at midrapidity. This maximum, however, is
not very pronounced, and v2 remains essentially of the same
magnitude, between 2% and 3%, over four units of rapidi-
ties. For protons !Fig. 8 middle right", the rapidity depen-
dence is similar. Note that v2(y) is slightly larger than for

pions, although v2(pt) was smaller. This can be explained
simply: v2(y) is integrated over pt , protons have higher av-
erage pt than pions, and v2 increases with pt . For protons, a
small discrepancy appears around y!0 between the estimate
from the two-particle cumulants (v2#2$) and the standard
reaction plane estimate, which we do not understand, and
consider part of our systematic error.
For peripheral collisions, v2 is somewhat larger than for

mid-central collisions at low pt !Fig. 6 bottom", but compa-
rable at high pt . v2(y) is dominated by the low pt region
where the yield is larger, hence it is also larger for peripheral
than for mid-central collisions !Fig. 6 top". A small discrep-
ancy can be seen around y!1 for pions between v2#2$ and
the standard v2 !Fig. 8 top left".
For central collisions, elliptic flow is much smaller !Fig.

6". As a consequence, four-particle cumulants could not be
used, due to large statistical fluctuations. Contrary to more
peripheral collisions, v2(y) is larger for pions than for pro-
tons !Figs. 6, top, and 8, bottom", for which it is consistent
with zero in the available rapidity range.
We have also compared these results with those of the

earlier analysis published in Ref. %13& and updated on the
collaboration web page %14&. Note that the previous analysis
used narrower cuts in pt and y, and had much larger statisti-
cal errors. Results are compatible for protons, but not for
pions. In particular v2(pt) is significantly different at low pt ,
where the increase is now much smoother. The earlier analy-
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FIG. 6. !Color online" Elliptic flow obtained from the standard method as a function of rapidity !top" and transverse momentum !bottom"
for charged pions !left" and protons !right" from 158A GeV Pb"Pb. Three centrality bins are shown. The open points in the top graphs have
been reflected about midrapidity. Solid lines are polynomial fits !top" and blast wave model fits !bottom".
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