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Electroweak probe: precision tool of 
hadron structure
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!me	honored	tool:	
electroweak	probe	

how	accurate	do	we	
know	the	proton	size	

and	its	spa!al	structure?	
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Two-photon exchange 
in Hydrogen 
spectroscopy 



Proton radius puzzle
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Pohl et al.(2010)  

RE	=	0.8409	±	0.0004	fm	

RE	=	0.8775	±	0.0051	fm	

5.6	σ	difference	!?	

ep	data:	

μH	data:	

Antognini et al.(2013)  

CODATA(2012)  
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rp puzzle (2): Is the µp theory wrong ?

∆Eth = 206.0668(25)− 5.2275(10) r2p [meV]
Discrepancy = 0.31 meV
Theory uncertainty = 0.0025 meV
⇒ 120δ(theory) deviation?

10 -3 10 -2 10 -1 1 10 10 2

1-loop eVP
proton size
2-loop eVP

µSE and µVP
discrepancy

1-loop eVP in 2 Coul.
recoil

2-photon exchange
hadronic VP

proton SE
3-loop eVP

light-by-light

meV

Pachucki, PRA 60, 3593 (1999)
Borie, arXiv: 1103.1772-v6
Jentschura, Ann. Phys. 326, 500 (2011)
Karshenboim et al., PRA 85, 032509 (2012)

A. Antognini ECT∗, Trento 01.08.2013 – p. 13

Lamb shift: status of known corrections

μH	Lamb	shi::	summary	of	correc?ons

Two-photon	exchange:	largest	theore?cal	uncertainty



Lamb shift: hadronic corrections 
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Informa(on)contained)in forward,(double(virtual(Compton(sca6ering  

Lower)blob)contains)both)elas(c)(nucleon))and)in8elas(c)states 

8)Imaginary)parts)of)T1),)T2:)unpolarized)structure)func(ons)of)proton 

ΔE)evaluated)through)an)integral)over)Q2)and)ν))

Elas(c)state:))involves nucleon(form(factors  

Subtrac(on:)involves nucleon(polarizabili9es 

Inelas(c,)dispersion)integrals:)involves structure(func9ons(F1,(F2  

Hadron(physics(
input(required 

8)Described)by)two)amplitudes)T1)and)T2:)func(on)of)energy)ν)and)virtuality)Q2) 



Lamb shift: subtraction function
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low-energy	expansion	of	forward,			

contains	a	subtrac!on	term	T1(0,Q2)		

effec!ve	Hamiltonian:		

electric		 magne!c		
polarizabili!es		

subtrac!on	term			

Birse, McGovern(2012)

doubly	virtual	Compton	scaSering		

Theory	analyses:	

BChPT	
Lensky, 
Pascalutsa(2010)

HBChPT	
Griesshammer, 
McGovern, 
Phillips(2013)

PDG	’14	values:		

αE		=	(11.2	±	0.2)	×	10-4		fm3	

βM		=	(	2.5	±	0.4)	×	10-4		fm3	

HBChPT
BChPT 
BChPT with Δ FF 
empirical result
βM1, PDG 2016 
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Q2   (GeV2)
0 0.1 0.2 0.3

Lensky, Hagelstein, 
Pascalutsa, Vdh (2018)

HBChPT	

BChPT	

Tomalak, Vdh (2016)

Empirical	result
(based	on	HERA	data)	

T non�Born
1 (0, Q2)

= Q2�M +O(Q4)
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Lamb shift: hadronic corrections summary
2852 Page 2 of 10 Eur. Phys. J. C (2014) 74:2852

Table 1 Summary of available calculations of the ‘subtraction’ (second row), ‘inelastic’ (third row), and their sum—polarizability (last row) effects
on the 2S level of µH. The last column represents the χPT predictions obtained in this work; here the omitted effect of the "(1232)-resonance
excitation is missing in the first two (‘subtraction’ and ‘inelastic’) numbers, but it does not affect the total polarizability contribution where it is to
cancel out

(µeV) Pachucki [9] Martynenko [10] Nevado and
Pineda [11]

Carlson and
Vanderhaeghen [12]

Birse and
McGovern [13]

Gorchtein
et al. [14]

LO-BχPT
[this work]

"E (subt)
2S 1.8 2.3 – 5.3 (1.9) 4.2 (1.0) −2.3 (4.6)a −3.0

"E (inel)
2S −13.9 −13.8 – −12.7 (5) −12.7 (5)b −13.0 (6) −5.2

"E (pol)
2S −12 (2) −11.5 −18.5 −7.4 (2.4) −8.5 (1.1) −15.3 (5.6) −8.2(+1.2

−2.5)

a Adjusted value; the original value of Ref. [14], +3.3, is based on a different decomposition into the ‘elastic’ and ‘polarizability’ contributions
b Taken from Ref. [12]

values appear to be very different from the empirical values
due to neglect of the "(1232) excitation, the polarizability
contribution is not affected by this neglect.

The details of our calculation and main results are pre-
sented in the following section. Remarks on the role of the
"(1232) excitation are given in Sect. 3. The heavy-baryon
expansion of our results is discussed in Sect. 4. An “effective-
ness” criterion is applied to the HBχPT and BχPT results in
Sect. 5. The conclusions are given in Sect. 6. Expressions for
the LO χPT forward doubly virtual proton Compton scat-
tering (VVCS) amplitude and pion electroproduction cross
sections are given in Appendices A and B, respectively.

2 Outline of the calculation and results

We begin with the leading order chiral Lagrangian for the
pion and nucleon fields, as well as the minimally coupled
photons; see e.g. [16]. After a chiral rotation of the nucleon
field the Lagrangian resembles that of the chiral soliton
model; see [26] for details. As the result, the pseudovec-
tor π N N interaction transforms into the pseudoscalar one,
while a new scalar–isoscalar ππ N N interaction is generated.
The original and the redefined pion–nucleon Lagrangians,
expanded up to the second order in the pion field, take the
form

L(1)
π N = N

(
i /∂ − MN + g A

2 fπ
τ a /∂ πaγ5

− 1
4 f 2

π

τ aεabcπb /∂ πc
)

N + O(π3), (1a)

L′(1)
π N = N

(
i /∂ − MN − i

g A

fπ
MN τ aπaγ5

+ g 2
A

2 f 2
π

MN π2 + (g 2
A − 1)

4 f 2
π

τ aεabcπb /∂ πc

)

N + O(π3),

(1b)

where N (x) and MN is the nucleon field and mass, respec-
tively, πa(x) is the pion field; g A ≃ 1.27, fπ ≃ 92.4 MeV.

Upon the minimal inclusion of the electromagnetic field,
the two Lagrangians give identical results for the O(p3)

Compton scattering amplitude and the isovector term pro-
portional to (g 2

A − 1) does not contribute. Working with the
second Lagrangian, however, simplifies a lot the evaluation
of the two-loop graphs needed for the Lamb-shift calcula-
tion. The resulting Feynman diagrams, omitting crossed and
time-reversed ones, are shown in Fig. 1.

These graphs represent an O(α2
em) correction to the

Coulomb potential and can be treated in stationary pertur-
bation theory. Since the Coulomb wave function is O(α

3/2
em ),

the first-order contribution of these graphs to the energy shift
is O(α5

em) as requested. As any energy transfer in the atomic
system brings in extra powers of αem, we neglect it, and hence
consider strictly the zero-energy forward kinematics. In this
case the Feynman amplitude M is a number in momentum
space, corresponding to a potential equal to M δ(r⃗). Because
of the δ-function only the S-levels are shifted:

"EnS = φ2
n M, (2)

where φ2
n = m3

r α
3
em/(πn3) is the hydrogen wave function at

the origin, for mr = mℓ Mp/(mℓ + Mp) the reduced mass
of the lepton–proton system, and mℓ, Mp = MN the corre-
sponding masses of the constituents.

It is customary for the 2γ contributions to be split into
leptonic and hadronic parts, i.e.,

M = e2

2mℓ

∫
d4q

i(2π)4

1
q4 Lµν(ℓ, q) T µν(P, q), (3)

where e2 = 4παem is the lepton charge squared, and

Lµν = 1
1
4 q4 − (ℓ · q)2

[q2ℓµℓν − (qµℓν + qνℓµ) ℓ · q

+g µν(ℓ · q)2] (4)

is the leptonic tensor, with ℓ and q the 4-momenta of the
lepton and the photons, respectively; g µν = diag(1,−1,−1,

−1) is the Minkowski metric tensor. The tensor T µν is the
unpolarized VVCS amplitude, which can be written in terms

123
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127 (2013).

[6] R. Pohl, R. Gilman, G. A. Miller and K. Pachucki, Ann. Rev. Nucl. Part. Sci. 63, 175 (2013).
[7] A. De Rujula, Phys. Lett. B 693, 555 (2010).
[8] G. A. Miller, Phys. Lett. B 718, 1078 (2013).
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[LO-BχPT] Alarcon, Lensky, Pascalutsa, EPJC (2014) 74:2852

dispersive	es!mates

HBChPT	 BChPT
HBChPT	

+	dispersive	

polarizability	correc!on	

on	2S	level	in	μH	in	μeV		

ΔETPE(2P	-	2S)	=	(33	±	2)	μeV	

total	hadronic	correc?on	on	Lamb	shi:	

Carlson, Vdh (2011) + 
Birse, McGovern (2012)

elas!c	contribu!on	on	2S	level:	ΔE2S	=	-23	μeV		

inelas!c	contribu!on:			

...or	about	10%	of	needed	correc?on
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Two-photon exchange 
in lepton-nucleon 

scattering  
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Bernauer et al.(2010, 2013)  Andivahis et al.(1994)  

Rosenbluth	separa!on	technique

e-p scattering: unpolarized cross sections
GM	=	F1	+	F2	

GE	=	F1	-	τ	F2	

GE2/	τ		

ε		
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e-p scattering: double polarization 

Akhiezer, Rekalo (1974)  



12

Rosenbluth vs polarization transfer 
measurements of GE/GM of proton

Rosenbluth	data
SLAC,	JLab	(Hall	A,	C)

Polariza?on	data
JLab	(Hall	A,	C)

GEpI

GEpII

GEpIII

Jones et al.(2000) 

Punjabi et al.(2005) 

Gayou et al.(2002) 

Puckett et al.(2010) 
Two	methods:	two	different	results	

most	likely:	2γ-exchange	correc!on	



e(k, h) e(k0, h0)

N(p,�) N(p0,�0)

P =
p+ p0

2

K =
k + k0

2

Leading	contribu!on	to	cross	sec!on	-	interference	term

 1 photon diagram  2 photon exchange diagram

p p

e e

� �

p p

e e

�

T =
e2

Q2
ē(k0, h0)�µe(k, h).N̄(p0,�0)[GM (⌫, t)�µ � F2(⌫, t)

Pµ

M
+ F3(⌫, t)

K̂Pµ

M2
]N(p,�)

2γ-exchange in e- scattering: general

discrete	symmetries 3	structure	amplitudes

�TPE ⇠ <GM ,<F2,<F3

t = (k � k0)2

s = (p+ k)2

u = (k � p0)2

⌫ =
s� u

4

me = 0+

Guichon, Vdh (2003)  

13



for	real	part:		

3	independent	observables

observables including 2γ-exchange

14



extraction of 2γ-amplitudes: data
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Meziane et al. (2011)  

	Q2	=	2.5	GeV2		

Polariza!on	data:	JLab	(Hall	C)Rosenbluth	data:	JLab	(Hall	A)

	Q2	=	2.64	GeV2		

Qattan et al. (2005)  



extraction of 2γ-amplitudes: fit
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	Q2	=	2.64	GeV2		

Guttmann, Kivel, 
Meziane, Vdh (2011)  

extracted	2γ	amplitudes	are	in	

the	(expected)	2-3	%	range	



status of 2γ-exchange corrections
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N,	....

Tsai(1961), Mo & Tsai (1968)  

box	diagram	calculated	using	only	nucleon	intermediate	state

and	using	q1	≈	0	or	q2	≈	0	in	both	numerator	and	denominator

->	gives	correct	IR	divergent	terms

Maximon & Tjon (2000)  

same	as	above	but	make	above	approxima!on	only	in	the	numerator	(calculate	4-point	fct)	

+	use	on-shell	nucleon	form	factors	in	loop	integral	

Blunden, Melnitchouk, Tjon (2003), Kondratyuk & Blunden (2007)  

further	improvement	by	keeping	full	numerator,	insert	higher	resonances	

Borisyuk & Kobushkin (2006, 2007, 2008, 2012)  

same	as	previous	from	dispersive	approach		

Bystritsky, Kuraev, Tomasi-Gustaffson (2006)  

assump!on	that	dominant	region	comes	from	q1	≈	q2	≈	q/2	(obtained	TPE	is	very	small)	
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non-forward	scaSering
proton state

� �

p

l

p0

l0

dispersion	rela!onsbox	diagram	

assump!on	about	the	vertex based	on	on-shell	informa!on

Dirac	and	Pauli	form	factors

Blunden, Melnitchouk, Tjon (2003)  
Borisyuk, Kobushkin (2008)  

Tomalak, Vdh (2014)   
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� �

l

p

� �

l

p p0

l0

p

l

forward	scaSering		 near-forward	scaSering		
account	for	all	inelas!c	2γ				
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2Ɣ	at	large				agrees	with	empirical	fit

unpolarized	proton	structure

2Ɣ	blob:	near-forward	virtual	Compton	scaSering

�2� =

Z
d⌫�dQ̃

2(!1(⌫� , Q̃
2) · F1(⌫� , Q̃

2) + !2(⌫� , Q̃
2) · F2(⌫� , Q̃

2))

rE	extrac!on ✓"

�2� ⇠ a
p

Q2 + b Q2 lnQ2 + c Q2 ln2 Q2

Feshbach elas!cinelas!c

Tomalak, Vdh (2016)   

McKinley, Feshbach (1948)  

R.W.Brown (1970) 

M. Gorchtein (2013)   

2γ-exchange at low Q2

Q2 = 0.05 GeV2

Q2 = 0.25 GeV2A1@MAMI
Feshbach
box diagram model
total 2γ

� 2
�
,
%

0.5

1.0

1.5

ε
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

A1@MAMI
Feshbach
box diagram model
total 2γ

� 2
�
,
%

0

0.5

1.0

1.5

ε
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
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p	+	all	inelas!c

� �

l

p

� �

l

p

X
X = p+ ⇡N

p0

l0

p0

l0

near-forward	scaSering		
non-forward	scaSering		
dispersion	rela!ons		

(large			)" (arbitrary			)"
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Mandelstam plane: ep scattering @ low Q2

−0.2 0.2 0.4 ν, GeV2

0.2

0.4

0.6

0.8

1.0
Q2, GeV2

s = M2

s = (M +m⇡)
2

elastic threshold inelastic threshold

physical region

unitarity relations
 predictive in

proton	intermediate	state	is	outside	physical	region	for	Q2	>	0
πN	intermediate	state	is	outside	physical	region	for	Q2	>	0.064	GeV2	
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analytical continuation: proton state 
contour	deforma!on	method:

angular	integra!on
to	integra!on	on	curve	
in	complex	plane

keeping	poles	inside
going	to	unphysical	region

deform	integra!on	contour	

analy!cal	con!nua!on	reproduces	results	in	unphysical	region

unphysical physical

e�µ� box

=
G M

⌫ph

0.01

0

ν, GeV2
−0.02 0 0.02 0.04 0.06 0.08

Q2 = 0.1 GeV2

✓

Z
d⌦

Tomalak, Vdh (2014)   
 Blunden, Melnitchouk (2017)   
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πN is dominant inelastic 2Ɣ

� �

p

l

N

⇡

l0

p0

 near-forward at large  "
dispersion relations agree with

Q2 = 0.005 GeV2

� 2
�
,%

πN, unsubtracted dispersion relations

πN, near-forward from structure functions

−0.01

0

0.01

0.02

ε
0 0.5 1.0

πN state contribution in dispersive framework 

Tomalak, Pasquini, Vdh (2017)  

Q2 = 0.05 GeV2

� 2
�
,%

A1@MAMI
elastic
elastic + πN
total 2γ, near-forward

0

0.5

1.0

1.5

ε
0.2 0.4 0.6 0.8 1.0
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Mandelstam plane: ep scattering @ larger Q2 

−0.2 0.2 0.4 ν, GeV2

0.2

0.4

0.6

0.8

1.0
Q2, GeV2

s = 1.6 GeV2s = (M +m⇡)
2

inelastic threshold

physical region

unitarity relations
predictive in

πN	intermediate	state	is	outside	physical	region	for	Q2	>	0.064	GeV2	
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analytical continuation: πN states 

2= � �

ZX

� �

l l

p p
N

⇡

l0

p0

l0

p0

=
G2

�
2
,%

4-parameter fit
6-parameter fit
πN

Q2
ph

0.05

−0.20

0

−0.05

−0.10

−0.15

Q2, GeV2
0 0.5 1.0

△ resonance

✓

unphysicalphysical

=
G2

�
2
,%

box diagram model
4-parameter fit
6-parameter fit
weighted Δ

Q2
ph

0.05

−0.20

0

−0.05

−0.10

−0.15

Q2, GeV2
0 0.5 1.0

Tomalak, Pasquini, Vdh (2017)  

- pion	electroproduc!on	amplitudes:	MAID2007
- analy!cal	con!nua!on:	fit	of	low-Q2	expansion	in	physical	region

G1,2(s, Q2), Q2F3(s, Q2) ⇠ a1Q
2 lnQ2 + a2Q

2 + a3Q
4 lnQ2 + ...

Drechsel, Kamalov, Tiator (2007)  
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2γ-exchange: comparison with data 

R2� =
�(e+p)

�(e�p)
⇡ 1� 2�2�

k = 2.01 GeV

OLYMPUS (2016)
elastic
elastic + Δ
elastic + πN

R
2
�

Maximon and Tjon IR prescription
uncorr. + corr. uncertainties

0.98

0.99

1.00

1.01

1.02

ε
0.8 0.9 1.0

πN	contribu!on	is	closer	to	data	than	△	only

weighted	△	is	similar	to	narrow	one	of	Blunden	et	al.	(2017) Tomalak, Pasquini, Vdh 
(2017)  
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near-forward 2Ɣ agree with data
multi-particle 2Ɣ, e.g. ππN, is important

R2� =
�(e+p)

�(e�p)
⇡ 1� 2�2�

OLYMPUS (2016)
Feshbach
elastic
elastic + πN
total 2 γ, near-forward

R
2
�

Maximon and Tjon IR prescription
uncorr. + corr. uncertainties

0.98

0.99

1.00

1.01

1.02

ε
0.8 0.9 1.0

k = 2.01 GeV

Tomalak, Pasquini, Vdh 
(2017)  

2γ-exchange: comparison with data 
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TPE	calcula!on	agrees	with	CLAS	data

elastic
elastic + πN
total 2 γ, near-forward

VEPP-3 (2015)
CLAS (2016)

� 2
�
,% 0

0.5

−0.5

1.0

−1.0

Q2, GeV2
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

2γ-exchange: comparison with data 
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our best 2γ-exchange amplitudes at low Q2

Q2 = 0.1 GeV2

dispersion 
near-forwardrelations

A1@MAMI
elastic + πN
total 2 γ, near-forward
interpolation

� 2
�
,
%

0

0.5

1.0

1.5

2.0

ε
0 0.2 0.4 0.6 0.8 1.0

small	Q2:	near-forward	at	large			,	all	inelas!c	states	
Q2≲1	GeV2:	elas!c+πN	within	dispersion	rela!ons	
intermediate	range:	interpola!on

"
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 p  scatteringµ

MUSE@PSI		(2018/19),	simulataneous	measurement	of	e-	/	e+	and	μ-	/	μ+			scaSering	on	proton

beam	momenta	115,	153,	210	MeV/c:	RE	difference	to	0.005	fm,	determina!on	of	TPE	effects

e-e+	vs	μ-μ+	photoproduc!on	@MAMI	(LOI):	test	lepton	universality	test		

talk	P.	Reimer	(Fri,	5:30pm)		

μ+			scaSering	@COMPASS		(M2	beam	line),	first	test	2018,	aim:	RE	to	0.01	fm

through	ra!o	measurement	
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Tnon�flip =
e2

Q2
l̄(k0, h0)�µl(k, h).N̄(p0,�0)[GM (⌫, t)�µ � F2(⌫, t)

Pµ

M
+ F3(⌫, t)

K̂Pµ

M2
]N(p,�)

T flip =
e2

Q2

ml

M
l̄(k0, h0)l(k, h).N̄(p0,�0)[F4(⌫, t) + F5(⌫, t)

K̂

M
]N(p,�)+

e2

Q2

ml

M
F6(⌫, t)l̄(k

0, h0)�5l(k, h).N̄(p0,�0)�5N(p,�)

ml 6= 0

✏ =
16⌫2 �Q2(Q2 + 4M2)
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µ- scattering: 2γ-exchange correction

Gorchtein, Guichon, Vdh (2004)  
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 -p  experiment (MUSE) estimatesµ

proton	box	diagram	model	

In	MUSE	kinema!cs:	small	inelas!c	2Ɣ small	2Ɣ	uncertainty

� 2
�
,
%

box diagram model, μ-p
total, μ-p
total, e-p
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k = 115 MeV k = 210 MeV

Tomalak, Vdh (2014, 2016)  

+	inelas!c	2Ɣ	(near	forward	structure	func!on	calcula!on)
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spin-off: TPE in normal spin asymmetries
Beam	or	target	normal	spin	asymmetries:

directly	propor!onal	to	Im	part	of	TPE

Bn	ep	->	ep

target:

beam:

An ⇠ ↵em ⇠ 10�2

Bn ⇠ ↵em
me

Ee
⇠ 10�6 � 10�5

Bn	ep	->	e∆	
data:	Qweak	

Bn	for	ep	->	e∆	accesses	∆	e.m.	FFs
Carlson, Pasquini, Pauk, Vdh (2017)  



Summary and outlook
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electron	scadering	has	reached	level	of	precision	where	TPE	effects	are	clearly	visible	

	2Ɣ-exchange	correc!ons	are	the	largest	hadronic	correc?ons	to	Lamb	shiu	in	muonic	atoms

-	μH:	present	TPE	accuracy	(2	μeV)	is	comparable	with	present	Lamb	shiu	accuracy	(2.3	μeV)		
-	μD,	μ	3He+:	present	TPE	accuracy	(15	μeV)	is	5	!mes	worse	than	Lamb	shiu	accuracy	(3.4	μeV)		

-	cross	sec!on	(Rosenbluth	separa!on)	vs	Pt/Pl	
-	epsilon	dependence	of	Pl	(needed	for	a	full	separa!on	of	TPE	effects)	
-	beam	and	target	normal	spin	asymmetries	(are	zero	in	absence	of	TPE)	
-	e-/e+	cross	sec!on	ra!os		

Theore?cal	understanding:	dispersive	calcula!ons	based	on	empirical	input

		-	crucial	input	for	hyperfine	splivng	experiments	(GM,	polarized	structure	func!ons)

	Low	Q2:	-	good	quan!ta!ve	understanding	emerging	

	Larger	Q2:	a	quan!ta!ve	understanding	is	s!ll	a	challenge	
	-	may	be	used	to	provide	an	improved	extrac!on	of	RM

muon	scadering	experiments	started/planned:	MUSE@PSI	will	quan!fy	TPE	

-	high	precision	data	forthcoming:	PRad@JLab,	MAGIX@MESA		

TPE	effects	in	normal	spin	asymmetries		->		spin	offs:	tool	to	access		∆	e.m.	FFs


