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One of the most important goals of high-energy 
and nuclear physics today is to understand the 
inner structure of the hadrons: 

4 

To see the quarks and gluons 
inside the proton you have to 
smash it!	

~1fm=197 MeV-1	
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Feynman’s Parton Model	
•  Hadrons in high-energy scattering 

5 

Infinite momentum frame (IMF): Quarks 
and gluons “frozen” in the transverse plane 
due to Lorentz dilation effect.	
	
Parton model: hadron as a beam of free 
particles with certain momentum density.	

v~c	

6/2/18 CIPANP 2018 

VOLUME 23, NUMBER 24 PHYSICAL REVIEW LETTERS 15 DECEMBER 1969

Finally, we would like to mention that one can
ea.sily write down the analogs of Eqs. (12) and
(13) in case of vector and axial vector mesons to
obtain

mg mA —mme m2 2= 2 2
A 1 P (14)

*Work supported in part by the U. S. Atomic Energy
Commission.
~See, e.g. , R. F. Dashen, Phys. Rev. 183, 1245

G~ -GA =Gg-. -G .A y
' P'

It is interesting to note that Eq. (14) leads to
m&„=1200 MeV. Also, Eq. (15) is quite com-
patible with the Weinberg second sum-rule pre-
dictions for SW(2) symmetry.
Details of this work with more applications will

be published elsewhere.

(1969); Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122,
946 (1961), and 124, 246 (1961).
M. Gell-Mann, Physics 1, 63 (1964).
M. Gell-Mann, R. J. Oakes, and B. Renner, Phys.

Bev. 175, 2195 (1968), referred to hereafter as DEMOB.
Their parameter c is related to our a by & =~2a.
V. S. Mathur, S. Okubo, and J. Subba Bao, to be pub-

lished, where the value of b is computed to be b =
-0.13 rather than b =—l. See also S. Okubo, Phys.
Rev. (to be published).
'See, e.g. , S. Weinberg, in Proceedings of the Four-

teenth International Conference on High Energy Phys-
ics, Vienna, Austria, September 1968, edited by
J. Prentki and J. Steinberger (CERN Scientific Informa-
tion Service, Geneva, Switzerland, 1968).
R. E. Marshak, N. Mukunda, and S. Okubo, Phys.

Bev. 137, B698 (1965); Y. Hara, Phys. Bev. 139, 8134
(1965).
~The explicit solution obtained in Bef. 4 also gives nu-

merically fK = 0.2f~.

VERY HIGH-ENERGY COLLISIONS OF HADRONS

Richard P. Feynman
California Institute of Technology, Pasadena, California

(Received 20 October 1969)

Proposals are made predicting the character of longitudinal-momentum distributions
in hadron collisions of extreme energies.

Of the total cross section for very high-energy
hadron collisions, perhaps —,

' is elastic and 10
of this is easily interpreted as diffraction disso-
ciation. The rest is inelastic. Collisions involv-
ing only a few outgoing particles have been care-
fully studied, but except for the aforementioned
elastic and diffractive phenomena they all fall off
(probably as a power of the energy at high ener-
gy). The constant part of the total inela. stic cross
section cannot come from them. And we know
that at such energies, the majority of collisions
lead to a relatively large number of secondaries
(perhaps the multiplicity increases logarithmi-
cally with energy). These collisions have not
been studied extensively because, with the large
number of particles, so many quantities or com-
binations of quantities can be evaluated that one
does not know how to organize the material for
analysis and presentation.
It is the purpose of this paper to make sugges-

tions as to how these cross sections might be-
have so that significant quantities can be extract-
ed from data taken at different energies. These
suggestions arose in theoretical studies from
several directions and do not represent the re-
sult of consideration of any one model. They are

an extraction of those features which relativity
and quantum mechanics and some empirical facts'
imply almost independently of a model. I have
difficulty in writing this note because it is not in
the nature of a deductive paper, but is the result
of an induction. I am more sure of the conclu-
sions than of any single argument which suggest-
ed them to me for they have an internal consis-
tency which surprises me and exceeds the con-
sistency of my deductive arguments which hinted
at their existence.
Only the barest indications of the logical bases

of these suggestions will be indicated here. Per-
haps in a future publication I can be more de-
tailed. '
Supposing that transverse momenta are limited

in a way independent of the large z-component
momentum of each of the two oncoming particles
in the center-of-mass system (so s = 2W'), an
analysis of field theory in the limit of very large
W suggests the appropriate variables to use for
the various outgoing particles in comparing ex-
periments at various values of W in the c.m. sys-
tem. They are the longitudinal momentum I', in
ratio to the total available W, i.e., x =P, /W, and
the transverse momenta Q in absolute units.

1415



Parton Distribution Functions 
(PDFs)	

•  PDFs are the basic inputs for making standard-
model predictions in high-energy scattering. 
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Picture Credit: Juan Rojo

σ = fa(x1)⊗ fb(x2)⊗σ ab
a ,b
∑

QCD Factorization theorem:	

fa(x), fb(x) are universal properties 
of the hadron:	
•  Contributions from low energy, or,  

infrared (IR) degrees of freedom;	
•  Intrinsically nonperturbative.	

σ ab :



PDFs and the Standard 
Model	
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https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CombinedSummaryPlots/SM/ 

Theoretical uncertainties in the 
gluon-gluon fusion Higgs 
production cross section (MH=125.09 
GeV) at √s=13 TeV at N3LO QCD and 
NLO electroweak accuracies.	

https://twiki.cern.ch/twiki/bin/view/LHCPhysics, 
Calculated by the Zürich Group. 

QCD Scale PDF
Strong Coupling
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PDFs from 
Phenomenology	

•  PDFs have been measured extensively at the state-
of-the-art high-energy physics programs since the 
late 1960s. 

8 

SLAC	
DESY	
FermiLab	
CERN	
Jefferson Lab	
RHIC	
……	
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PDFs from 
Phenomenology	

•  So far our best knowledge of the PDFs comes from the 
global analysis of high-energy scattering data, but a 
first-principle calculation is still behind our time . 

14 

Particle Data Group, 2017 
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12 19. Structure functions

Figure 19.4: Kinematic domains in x and Q2 probed by fixed-target and collider
experiments. Some of the final states accessible at the LHC are indicated in
the appropriate regions, where y is the rapidity. The incoming partons have
x1,2 = (M/14 TeV)e±y with Q = M where M is the mass of the state shown in
blue in the figure. For example, exclusive J/ψ and Υ production at high |y| at the
LHC may probe the gluon PDF down to x ∼ 10−5.

using the “Hessian” formulation. The free parameters are expanded around their best
fit values, and orthogonal eigenvector sets of PDFs depending on linear combinations of
the parameter variations are obtained. The uncertainty is then the quadratic sum of the
uncertainties arising from each eigenvector. The NNPDF group combines a Monte Carlo
representation of the probability measure in the space of PDFs with the use of neural
networks. Fits are performed to a number of “replica” data sets obtained by allowing
individual data points to fluctuate randomly by amounts determined by the size of the
data uncertainties. This results in a set of replicas of unbiased PDF sets. In this case
the best prediction is the average obtained using all PDF replicas and the uncertainty
is the standard deviation over all replicas. It is now possible to convert the eigenvectors
of Hessian-based PDFs to Monte Carlo replicas [60] and vice versa [61]. The PDFs are
made available in a common format at LHAPDF [62].

In these analyses, the u, d and s quarks are taken to be massless, but the treatment
of the heavy c and b quark masses, mQ, differs, and has a long history, which may
be traced from Refs. [63–74]. The MSTW, CT, NNPDF and HERAPDF analyses use
different variants of the General-Mass Variable-Flavour-Number Scheme (GM-VFNS).

December 1, 2017 09:35

14 19. Structure functions

gn
1 /Fn

1 ) and COMPASS [88,89]. NLO analyses are given in Refs. [16–18] and [80,91].
Improved parton-to-hadron fragmentation functions, needed to describe the semi-inclusive
DIS data, can be found in Refs. [82–84]. A recent determination [85], using the NNPDF
methodology, concentrates just on the inclusive polarized DIS data, and finds the errors
on the polarized gluon PDF have been underestimated in the earlier analyses. An update
to this [15], where jet and W± data from pp collisions and open–charm DIS data have
been included via reweighting, reduces the uncertainty a little and suggests a positive
polarized gluon PDF. The PDFs obtained in the NLO NNPDF analysis [15] at scales of
µ2 = 10 and 104 GeV2 are shown in Fig. 19.5.
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Figure 19.5: The bands are x times the unpolarized (a,b) parton distributions
f(x) (where f = uv, dv, u, d, s ≃ s̄, c = c̄, b = b̄, g) obtained in NNLO NNPDF3.0
global analysis [56] at scales µ2 = 10 GeV2 (left) and µ2 = 104 GeV2 (right), with
αs(M2

Z) = 0.118. The analogous results obtained in the NNLO MMHT analysis can
be found in Fig. 1 of Ref [55]. The corresponding polarized parton distributions are
shown (c,d), obtained in NLO with NNPDFpol1.1 [15].

December 1, 2017 09:35

NNPDF 3.0, JPG 2015. 

1. First-principle 
calculation can cover 
kinematic regions and 
flavor structures where 
experiments cannot 
constrain so well;	
	
2. The cost of 
improving calculations 
can be much smaller 
than building larger 
experiments.	



Parton Physics and the 
light-cone	
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v~c	

v=0	

v=0 or any v<c	

v=c	

ξ ± =(t ± z)/ 2 =0
!q

q
z		

q(x ,µ)= dξ−

4π∫ 	e-ixP+ξ−

Pψ (ξ− )γ +U(ξ− ,0)ψ (0) P 		
U(ξ− ,0)= Pexp −ig dη−A+(η− )

0

ξ−

∫⎡
⎣⎢

⎤
⎦⎥

•  Instead of using the IMF, PDFs are often equivalently 
defined from correlation functions on the light-cone. 

•  Definition of PDF: 

•  Gauge-invariant	and	boost	invariant	(independent	of	Pz);	
•  In	light-cone	quantization	(A+=0),	clear	density	interpretation.	

 
 

q(x ,µ)~ dk+d2k
⊥∫ δ(k+ − xP+) P n̂(k+ ,k

⊥
) P

Pµ =(Pz ,0,0,Pz )



Lattice QCD Calculation 
of parton physics?	

•  Lattice gauge theory (K. G. Wilson, 1974) 

6/2/18 CIPANP 2018 16 

See talks by J. Dudek and A. Nicholson. 

o  Monte Carlo simulation of QCD on a 
discretized Euclidean lattice	

o  Tremendous successes in hadron 
spectroscopy, decay constants, strong 
coupling, form factors, etc.	



Lattice QCD Calculation 
of parton physics?	

However, parton physics usually cannot be directly 
calculated from the lattice: 

•  Parton physics 
•  Minkowski	space,	real	time;	
•  Emerges	in	the	IMF,	or	equivalently,	on	the	light-cone.	

•  Lattice QCD 
•  Euclidean	space,	imaginary	time	(t=iτ);	
•  General	difficulty	of	analytical	continuation	in	time	or	fixing	the	

light-cone.	

6/2/18 CIPANP 2018 17 

		

eiS → e−S

O = DψDψDA	O(x)e−S∫

		xE
µxE

µ =0→ x µ = (0,0,0,0)



Early attempts of lattice 
calculations	

Computation of the Mellin moments of the PDF: 

 
•  Local	operators	are	calculable	on	the	lattice;	
•  Fitting	the	PDF	with	a	parametrized	form	from	the	moments;	
•  Due	to	broken	Lorentz	symmetry,	operator	mixing	limits	the	number	

of	calculable	moments	to	no	more	than	3.	

Can we directly compute the x-dependence?	
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dx

0

1

∫ 	xnq(x ,µ)dx = an(µ)∝ Pψ (0)γ + i
!
D+"i

!
D+

n#$% &%
ψ (0) P

		
ψ 	ΓDDD	ψ( )B = Z1 ψ 	ΓDDD	ψ( )R + Z2

a2
ψ 	ΓD	ψ( )R + ...

W. Detmold et al., EPJ 2001, PRD 2002; D. Dolgov et al. (LHPC, TXL), PRD 2002; 
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A novel approach to calculate 
light-cone observables	

Large-momentum effective theory (LaMET) 
expands in powers of 1/Pz, where Pz is the hadron 
momentum (Ji, PRL 2013, Sci. China Phys. Mech. Astro., 2014): 
1.  Construct a Euclidean quasi-observable Õ which can be 

calculated in lattice QCD;	
2.  The IMF limit of Õ is constructed to be a light-cone 

observable O at the operator level;	

20 6/2/18 CIPANP 2018 

For example, the quasi-PDF is defined from equal-
time correlation along the z-direction:	

		 
!q(x ,Pz , !µ)= dz

4π∫ 	eixPzz Pψ (z)γ zU(z ,0)ψ (0) P

		
U(z ,0)= Pexp −ig dz 'Az(z ')

0

z

∫⎡
⎣⎢

⎤
⎦⎥ 		z

µ = (0,0,0,z)

z

t

nn̄

L�L

p
2�L

p
2�L

v > 0

v > 0



3. The matrix element of Õ generally depends on Pz because it is 
not boost invariant, whereas that of O is independent of Pz;	
 
 
 
 
4. Taking the Pz—>∞ limit of Õ(Pz, µ ̃) is non-analytical due to the 
singularities in quantum field theory;	

21 

!O(Pz , 	 !µ)= P =Pz !O P =Pz ,
O(µ)= P =any O P =any

6/2/18 CIPANP 2018 

lim
Pz→∞

!O(Pz , !µ)= ?



5. Nevertheless, at large Pz, Õ(Pz, µ ̃) can be related to O(µ) 
through a factorization theorem:	
	
	

 
•  O(µ)	and	Õ(Pz, µ ̃)	have	the	same	IR	physics	(nonperturbative),	but	

different	ultraviolet	(UV)	physics	(perturbative);	
•  Z(µ/̃µ, µ/Pz)	matches	the	UV	difference,	and	can	be	calculated	

precisely	in	perturbation	theory.	

!O(Pz , 	 !µ)= Z( !µ
µ
, µ
Pz
)⊗O(µ)+Ο(ΛQCD

2

Pz
2 ,M

2

Pz
2 )

22 6/2/18 CIPANP 2018 

		 O(µ)≅ Z
−1⊗ !O(Pz , 	 !µ)



Progress in the theoretical 
development of LaMET	

•  Renormalization: 
Ji and Zhang, 2015; Ishikawa et al., 2016, 2017; Chen, Ji and Zhang, 2016; 
Xiong, Luu and Meiβner, 2017; Constantinou and Panagopoulos, 2017; Ji, Zhang, and Y.Z., 
2017; J. Green et al., 2017; Ishikawa et al. (LP3), 2017; Wang, Zhao and Zhu, 2017; Spanoudes 
and Panagopoulos, 2018. 
•  Factorization: 
Ma and Qiu, 2014, 2015, 2017; Izubuchi, Ji, Jin, Stewart and Y.Z., 2018. 

•  One-loop matching: 
Xiong, Ji, Zhang and Y.Z., 2014; Ji, Schaefer, Xiong and Zhang, 2015; Xiong and Zhang, 2015; 
Constantinou and Panagopoulos, 2017; I. Stewart and Y. Z., 2017; Wang, Zhao and Zhu, 2017; 
Izubuchi, Ji, Jin, Stewart and Y.Z., 2018. 
•  Power corrections: 
J.-W. Chen et al., 2016; A. Radyushkin, 2017. 

•  Transvers momentum dependent parton distribution function: 
Ji, Xiong, Sun, Yuan, 2015; Ji, Jin, Yuan, Zhang and Y.Z., 2018; Ebert, Stewart and Y.Z., in progress. 
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Other proposals	
•  Restoration	of	rotational	symmetry	to	calculate	higher	moments	

•  OPE	of	flavor-changing	current-current	correlation	

•  OPE	of	the	Compton	amplitude	
•  Direct	computation	of	the	physical	hadronic	tensor	

•  Smeared	Quasi-PDF	with	Gradient	flow	
•  Pseudo-PDF	(alternative	to	quasi-PDF)	
•  Lattice	cross	section	
•  Factorization	of	Euclidean	correlations	in	coordinate	space	

6/2/18 CIPANP 2018 24 

Z. Davoudi and M. Savage, 2012.

D. Lin and W. Detmold, 2006.

A. J. Chambers et al. (QCDSF), 2017.

K.F. Liu (et al.), 1994, 1999, 1998, 2000, 2017. 

C. Monahan and K. Orginos, 2017.

A. Radyushkin, 2017; K. Orginos et al., 2017.

Y.-Q. Ma and J. Qiu, 2014, 2017.

V. M. Braun and D. Mueller, 2008;G. S. Bali, V. M. Braun, A. Schaefer, et al., 2017.
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Lattice collaborations working 
with LaMET approach	

•  Gluon polarization: 
o  χQCD Collaboration 
A. Alexandru (George Washington U.), T. Drapper (U. Kentucky), M. Glatzmaier (U. Kentucky), 
K.F. Liu (U. Kentucky), R.S. Suffian (Jefferson Lab), Y.-B. Yang (Michigan State U.), Y.Z. (MIT), 
et al. 

•  PDFs: 
o  Lattice Parton Physics Project (LP3) Collaboration 

J.W. Chen (National Taiwan U.), T. Ishikawa (T.-D. Lee Institute), L. Jin (U. Connecticut and 
BNL), R.-Z. Li (Michigan State U.), H.-W. Lin (Michigan State U.), Y.-S. Liu (Shanghai 
Jiaotong U. and U. Maryland), A. Schaefer (U. Regensburg), Y.-B. Yang (Michigan State U.), 
J.-H. Zhang (U. Regensburg), R. Zhang (Beijing Inst. Theory), and Y.Z. (MIT), et al. 

o  European Twisted Mass Collaboration (ETMC) 
C. Alexandrou (U. Cyprus) , M. Constantinou (Temple U.), K.Cichy (Adam Mickiewicz U.), 
K. Jansen (NIC, DESY), F. Steffens (Bonn U.), et al. 

o  DESY, Zeuthen 
 J. Green, et al. 

o  + Other groups whose work is in progress 
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Accomplishment of lattice 
calculations with LaMET so far	

•  Gluon helicity contribution to proton spin 
o  Gluon	spin	provides	about	half	of	the	proton	spin	

•  Unpolarized iso-vector quark distribution 
o  Gottfried	sum	rule	violation,	i.e.,	đ(x) > ū(x) 

•  Polarized iso-vector quark distribution 
•  Primitive	results	show	Δū(x)>Δđ(x) 

•  Transversity iso-vector quark distribution 
•  Primitive	results	show	δđ(x) >δū(x) 

•  Meson distribution amplitudes (PDA) 
o  Single-hump	structure	of	pion	PDA;	Asymmetry	of	kaon	PDA	with	respect	to	 x=1/2 

•  Pion PDF 
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χQCD Collaboration, 2017 

H.-W. Lin et al. (LP3), 2014, 2016, 2017,2018; 
ETMC Collaboration, 2015, 2016, 2018. 

H.-W. Lin et al. (LP3), 2016; 
ETMC Collaboration, 2016. 

J.-W. Chen, J.-H. Zhang, H.-W. Lin et al. (LP3), 2017. 

LP3 collaboration, 2018; 

H.-W. Lin et al. (LP3), 2014, 2016; 
ETMC Collaboration, 2016, 2017, 2018. 



Nucleon spin crisis	

ΔΣ(Q2=10 GeV2) ~ 0.25, 
de Florian et al., PRD 2009

ΔG(Q2=10 GeV2) ~ 0.2, 
de Florian et al., PRL 2014;
NNPDF collaboration, NPB 2014

SLAC	
HERMES (DESY)	
COMPASS (CERN)	
JLab	
RHIC	

Jaffe-Manohar spin sum rule:	
1
2
=
1
2
ΔΣ+ΔG + l zq + l

z
g

Quark	spin	

Gluon	
polarization	

Quark	and	
gluon	orbital	

angular	
momentum	

Longitudinal	proton	spin	structure	
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First calculation of gluon 
helicity from lattice QCD	
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X. Ji, J.-H. Zhang, and Y.Z., PRL 2013, PLB 2015; Y. Hatta, X. Ji, and Y.Z., PRD 2014; 
Y.-B. Yang, R. S. Sufian, Y.Z., et al (χQCD collaboration)., PRL 2017 

University of Maryland, College Park

Final result of ΔG 

• Statistical uncertainties dominant; 

• Systematic uncertainties: fitting formula, lattice discretization 
effect, finite volume effect, quark spin input, strong coupling, 
perturbative matching. 

• ΔG contributes 50(9)(3)% to the proton spin!

36

d.o.f.=110, 
χ2/d.o.f. = 1.21

ΔG(µ2 = 10GeV2 ) ≈ SG (∞,µ
2 = 10GeV2 ) = 0.251(47)(16)

The glue helicity in the proton ΔG corresponds to the
glue longitudinal spin component SG in the IMF. The
LMET [14] shows a large finite correction at the one-loop
level:

SGðj~pj; μÞ ¼
!
1þ g2CA

16π2

"
7

3
log

ð~pÞ2

μ2
− 10.2098

#$
ΔGðμÞ

þ g2CF

16π2

"
4

3
log

ð~pÞ2

μ2
− 5.2627

#
ΔΣðμÞ

þOðg4Þ þO
"

1

ð~pÞ2

#
: ð10Þ

At μ2 ¼ 10 GeV2 and j~pj ¼ 1.5 GeV, the factor before
ΔG is 0.22, which is much smaller than unity and indicates
a convergence problem for the perturbative series even after
one resums the large logarithms. (The factor is 0.80 if the
finite piece 10.2098 is removed.) On the other hand, the
largest momentum we have on the lattice with acceptable
signal is comparable to the proton mass, so the power
corrections in Eq. (10) cannot be neglected and one cannot
simply apply this matching condition. Nevertheless, the
mild dependence of SG on the proton momentum as in
Fig. 4 leads us to suggest that it could be a small effect to
match to the IMF; i.e., SG ≈ ΔGþO(1=ð~pÞ2).
Therefore, we neglect the one-loop LMET matching and

use the following empirical form to fit our data:

SGðj~pjÞ ¼ SGð∞Þ þ C1

M2 þ ð~pÞ2
þ C2ðm2

π;vv −m2
π;physÞ

þ C3ðm2
π;ss −m2

π;physÞ þ C4a2; ð11Þ

where mπ;phys ¼ 0.139 GeV and M ¼ 0.939 GeV are the
physical pion and proton mass, respectively, and mπ;vv=ss

are the valence and sea pion masses, respectively. The

1=ð~pÞ2 correction in Eq. (10) is replaced by 1=½M2 þ ð~pÞ2&
to include all the data in the fitting. Since all the coefficients
other than SGð∞Þ are small, the cross terms and the higher-
order terms are ignored. The overall χ2=d.o.f. is 1.21 with
110 degrees of freedom. In Fig. 4, the band of the global fit
with the empirical form in Eq. (11) shows that the frame
dependence is mild and the central value is changed by less
than 10% from its value in the rest frame to that at
j~pj∼1.5 GeV; the change is smaller than the statistical
uncertainty.
Since the Coulomb gauge fixing on the lattice has a built-

in OðaÞ correction, we repeated the fit with a linear term in
a. The central value is changed by about 1%, while the
uncertainty is larger. We take the variance of the central
values from two fits as an estimate of this uncertainty.
Similarly, the uncertainty from the volume dependence
e−mπvvL is estimated in the same way and added to the
systematic uncertainties in quadrature. In addition, the
value of the quark spin ΔΣ is varied by 20% to cover
the value∼0.30 [1] and that from Ref. [3]. The final result is
SGð∞; μ2 ¼ 10 GeV2Þ ¼ 0.251ð47Þð16Þ with two errors
from the statistical and systematic uncertainties.
Summary and outlook.—In this work, we calculated the

glue spin in the proton for the first time based on ~E× ~A in
the Coulomb gauge [15,16], with various quark masses,
lattice spacings, volumes, and proton momenta. The results
showmild dependencies on these quantities. After one-loop
perturbative matching from the lattice theory to the con-
tinuum and neglecting the matching effect between the glue
spin and helicity, we conclude that the gluon helicity
ΔGðμ2¼10GeV2Þ≈SGð∞;μ2¼10GeV2Þ¼0.251ð47Þð16Þ,
which is 50(9)(3)% of the total proton spin. The cactus
improvement [28] we used in Eq. (9) indicates that
uncertainties can be considerable in perturbative QCD,
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FIG. 3. The valence pion mass dependence of SG at
μ2 ¼ 10 GeV2, in the rest frame of the proton. These depend-
encies are fairly mild and can be well described with a linear fit.
The gray band shows the result based on the global fit with the
empirical form in Eq. (11).
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FIG. 4. The results extrapolated to the physical pion mass as a
function of the absolute value of ~p ¼ ð0; 0; p3Þ, on all the five
ensembles. All the results have been converted to MS at
μ2 ¼ 10 GeV2. The data on several ensembles are shifted
horizontally to enhance the legibility. The green band shows
the frame dependence of the global fit [with the empirical form in
Eq. (11)] of the results.
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loop corrections 

Also see K.-F. Liu’s talk. 
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Lattice calculation of the 
iso-vector PDF	
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J.W. Chen, L. Jin, H.-W. Lin, Y.-S. Liu,
Y.-B. Yang, J.-H. Zhang, and Y.Z., (LP3), 2018	

C. Alexandrou, K. Cichy, M. Constantinou, K. Jansen, 
A. Scapellato, and F. Steffens, (ETMC), 2018	

Clover valence fermions on Nf=2+1+1 flavors 
of HISQ generated by MILC, a=0.09fm, 
L=5.8fm, mπ~135MeV, Ncf=310, Pz=3 GeV.	

Dynamical Nf=2+1+1 twisted mass fermions 
by ETMC, a=0.09fm, L=4.8fm, mπ~130MeV, 
Pz=1.4 GeV.	
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FIG. 4: Comparison of unpolarized PDF at momenta 6⇡
L

(green band), 8⇡
L (orange band), 10⇡

L (blue band), and
ABMP16 [39] (NNLO), NNPDF [40] (NNLO) and CJ15 [38]
(NLO) phenomenological curves.

well as the phenomenological determinations CJ15 [38],
ABMP16 [39] and NNPDF31 [40]. We find that as the
momentum increases, the data approach phenomenolog-
ical results. In particular, increasing the nucleon mo-
mentum from 6⇡

L to 8⇡
L has a large e↵ect on the PDFs

shape, with the latter approaching the phenomenologi-
cal curve. Furthermore, we find a saturation of PDFs
for 8⇡

L and 10⇡
L , indicating that LaMET may be appli-

cable for P � 8⇡
L . The interplay of real and imaginary

parts of renormalized MEs leads to unphysical oscilla-
tions in quasi-PDFs, resulting from the periodicity of the
Fourier transform, and propagated through the match-
ing procedure to light-cone PDFs. The e↵ect is natu-
rally suppressed for large nucleon boosts, when MEs de-
cay to zero fast enough, before e�ixPz becomes negative.
For the currently attained momenta, the decay of renor-
malized ME is still relatively slow (cf. Fig. 3), which
manifests itself in distorted approach of the PDF to zero
for x & 0.5 and unphysical minimum in the antiquark
part, for x ⇡ �0.2. The oscillations, as expected, are
smoothened out as the momentum increases (which is vis-
ible particularly at the level of quasi-PDFs), and are more
severe in the negative region. Nevertheless, this is the
first time when clear convergence is demonstrated with
simulations using a physical pion mass value. Clearly,
momentum 6⇡

L is not high enough to reconstruct light-
cone PDFs. However, we observe a similar behavior of
the lattice data at momentum 10⇡

L as compared to phe-
nomenological results, with some overlap in the small-x
region. The slope of the two curves is compatible for the
positive-x region, and both curves go to zero for x . �0.3
and x & 1. Compatible results are extracted for h�3 , but
with increased uncertainties.

In Fig. 5, we present polarized PDFs for the three mo-
menta, together with DSSV08 [41] and JAM17 [42] phe-
nomenological data. We find a milder dependence on
the nucleon momentum, and 10⇡

L is much closer to phe-
nomenological curves with significant overlap with the
JAM17 data for 0 < x < 0.5. For the region 0.5 < x < 1,
the slope of the lattice data changes, possibly due to oscil-

lations mentioned above, but it approaches zero around
x = 1. For the negative-x region, the lattice data also
approach zero, with a dip at small-x and large uncertain-
ties, another consequence of oscillations.
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FIG. 5: Comparison of polarized PDF at momenta 6⇡
L (green

band), 8⇡
L (orange band), 10⇡

L (blue band), DSSV08 [41] and
JAM17 NLO phenomenological data [42].

Simulating at the physical point is crucial for obtain-
ing data that are close to the global analyses data. This
is demonstrated in Fig. 6. In the top panel, we compare
phenomenological estimates with results from Ref. [17] at
m⇡=375 MeV and volume 323⇥64 (B55). As the nucleon
momentum increases, one observes that the B55 data
saturate away from phenomenological curves, wrongfully
leading to discouraging conclusions for quasi-PDFs ap-
proach. In the lower panel of Fig. 6, we plot data from
this work with the B55 ensemble, both at momentum
⇠1.4 GeV. As can be seen, there is a clear pion mass
dependence and the B55 data are away from the global
analyses curves.
Conclusions:
We present the first ever lattice calculation of un-

polarized and helicity PDFs where long-standing ob-
stacles, such as large momenta, physical pion mass
and non-perturbative renormalization have been ad-
dressed. To investigate the nucleon momentum de-
pendence, we employed three values corresponding to
0.83, 1.11, 1.38 GeV, with appropriately increased num-
ber of measurements for the latter ones to keep statistical
uncertainties under control.
Lattice MEs are renormalized non-perturbatively in

the RI0 scheme and are converted to the MS-scheme
at µ=2 GeV. Light-cone PDFs are reconstructed upon
Fourier transform and matching with target mass cor-
rections. Our final results for PDFs are highlighted in
Figs. 4,5. We are able to compare with phenomenolog-
ical results for the first time, as all necessary steps of
extracting physical PDFs have been applied and no chi-
ral extrapolation is needed. As shown in Fig. 6, there
is strong pion mass dependence and a similar behavior
between lattice and phenomenology is only established
at the physical pion mass ensemble. A further investiga-
tion of possible discretization and volume e↵ects, as well
as an improved treatment of the unphysical oscillations,

A long way to here after over 3 years of dedicated efforts!	
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Summary and outlook	
•  A systematic lattice QCD calculation of parton 

physics from LaMET is making vigorous progress. 

•  In 5~10 years, expect: 
o  Lattice calculation of quark PDFs to be within 10% accuracy or 

even better; 
o  Constraints on the flavor structure of PDF at x~1 and the sea quark 

distributions be better than experiments; 
o  Reaching smaller x region with larger nucleon momentum; 
o  Lattice calculation of other distributions including TMD, GPD, 

gluon distributions, etc... 
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The next frontier of QCD	
Electron-Ion Collider! 
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•  Highly Polarized Beams	
•  Large Kinematic Range	
•  High Collision Luminosity	

3-D tomography of the nucleon:	
•  More	precise	PDFs	
•  Sea	quark	distributions	
•  Gluonic	structure	of	nucleon	and	

nuclei	
•  Small-x	physics	
•  Gluon	spin	and	parton	orbital	

angular	momentum	
•  TMDPDFs,	GPDs,	Wigner	

distributions	
•  ……	


