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Muon  g—2                  
or, anomalous magnetic moment:
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Muon g � 2 to go

slide from D. Hertzog
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1. Introduction
Non-perturbative hadronic effects in electroweak precision observables, main effect via
effective fine-structure “constant” ↵(E)
(charge screening by vacuum polarization)
Of particular interest:

↵(MZ) and aµ ⌘ (g � 2)µ/2, ↵(mµ)
v electroweak effects (leptons etc.) calculable in perturbation theory
v strong interaction effects (hadrons/quarks etc.) perturbation theory fails

=) Dispersion integrals over e+e�–data

encoded in R�(s) ⌘ �(e+e�!�⇤!hadrons)
�(e+e�!�⇤!µ+µ�)

Errors of data =) theoretical uncertainties !!!
The art of getting precise results from non-precision measurements !
The challenge for precision experiments on �(e+e� ! hadrons)
�hadronic via scan or radiative return:
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here we are and hope to go:

aµ in units 10�11

10�3 10�1 101 103 105 107 109

J-PARC
FNAL BNL CERN ICERN IICERN III
2019 2004 196119681976

LO

� 4th

QED 6th

� 8th

10th

hadronic VP LO

� NLO

NNLO

hadronic LbL

weak LO

� HO

New Physics ?

SM prediction

???

SM predictions
SM uncertainty
neg. contribution
future ? ⇤

⇤ �aHVP

µ /2, �aHLbL

µ 2/3
aµ

�HVP

�HLbL

Past and future g � 2 experiments testing various contributions.
New Physics ?

= deviation (aexp
µ � athe

µ )/aexp
µ .

Limiting theory precision: hadronic vacuum polarization (HVP) and hadronic
light-by-light (HLbL)

*** digging deeper and deeper ***
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2. Muon g � 2 Status: Theory vs experiment
Given the CODATA/PDG recommended value of ↵ the theory confronts
experiment as follows: see Marc Knecht’s Talk

Standard model theory and experiment comparison
Contribution Value⇥1010 Error⇥1010 Reference
QED incl. 4-loops + 5-loops 11 658 471.886 0.003 Aoyama et al 12,Laporta 17
Hadronic LO vacuum polarization 689.46 3.25
Hadronic light–by–light 10.34 2.88
Hadronic HO vacuum polarization -8.70 0.06
Weak to 2-loops 15.36 0.11 Gnendiger et al 13
Theory 11 659 178.3 3.5 –
Experiment 11 659 209.1 6.3 BNL 04
The. - Exp. 4.3 standard deviations -30.6 7.2 –

Standard model theory and experiment comparison [in units 10�10]. What
represents the 4 � deviation: r new physics? r a statistical fluctuation?
r underestimating uncertainties (experimental, theoretical)?
vdo experiments measure what theoreticians calculate?

F. Jegerlehner muonLOHCws@MITP, JGU Mainz, February 19-23, 2018 5

The muon g � 2 and ↵(M2
Z): the hadronic part

Fred Jegerlehner, DESY Zeuthen/Humboldt University Berlin
'

&

$

%

The Evaluation of the Leading Hadronic Contribution

to the Muon Anomalous Magnetic Moment,

Mainz Institute for Theoretical Physics, JG University Mainz,
February 19-23, 2018

F. Jegerlehner muonLOHCws@MITP, JGU Mainz, February 19-23, 2018
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New determinations from e+e− → hadrons

Higher-order corrections

aHVP-NLO
µ · 1010

−9.84(7) K. Hagiwara et al., J. Phys. G 38, 085003 (2011)

−9.93(7) F. Jegerlehner, arXiv:1705.00263 [hep-ph]

−9.82(4) A. Keshavarzi et al., arXiv:1802.02995 [hep-ph]

aHVP-NNLO
µ · 1010

1.24(1) A. Kurz et al., Phys. Lett. B 734, 144 (2014)

1.22(1) F. Jegerlehner, arXiv:1705.00263 [hep-ph]

Possibilities to cross-check these results ?

HLxL from lattice QCD
- Several groups involves in computation of HLxL on the lattice

J. Green et al., arXiv:1510.08384 [hep-lat]

T. Blum et al., Phys. Rev. D 93, 014503 (2016); Phys. Rev. Lett 118, 022005 (2017)

N. Asmussen et al., arXiv:1801.04238 [hep-lat]

aHLxL
µ = 5.35(1.35) · 10−10

Summary: updated estimate

aHLxL
µ = +(10.3± 2.9) · 10−10

F. Jegerlehner, arXiv:1705.00263 [hep-ph]

−→Goal: determination of HLxL at∼ 10% with controlled
systematics

New determinations from e+e− → hadrons

aHVP-LO
µ · 1010 situation in 2011

692.3(4.2) M. Davier et al., Eur. Phys. J. C 71, 1515 (2011)

694.9(4.3) K. Hagiwara et al., J. Phys. G 38, 085003 (2011) ∼ 0.6%
690.75(4.72) F. Jegerlehner, R. Szafron, Eur. Phys. J. C 71, 1632 (2011)

⇓

aHVP-LO
µ · 1010 situation today

693.1(3.4) M. Davier et al., Eur. Phys. J. C 77, 827 (2017)

693.27(2.46) A. Keshavarzi et al., arXiv:1802.02995 [hep-ph] ∼ 0.4%
688.07(4.14) F. Jegerlehner, arXiv:1705.00263 [hep-ph]

Some tension remains

Experiment aHVP−LO2π
µ (600− 900 MeV)

BaBar(09) 376.7(2.7)

KLOE(comb) 366.7(2.2)

BESIII(15) 368.2(4.2)

SND(04) 371.7(5.0)

CMD-2(comb) 372.4 (3.0)
A. Anastasi et al. [KLOE-2], arXiv:1711.03085 [hep-ex]

(from	M.	Knecht’s	talk	in	Feb’18):
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Uncertainty of the SM prediction for the muon anomaly (g−2)μ is 
dominated by hadronic contributions (HVP and HLbL)

HVP is calculated with a data-driven dispersive approach:

{HVP =
↵

⇡2

Z 1

4m2
⇡

ds

s
Im⇧had(s)K(s/m2)

<latexit sha1_base64="cG1TKZcOcCVBzYMd+K4HPtzlvlo="></latexit><latexit sha1_base64="cG1TKZcOcCVBzYMd+K4HPtzlvlo="></latexit><latexit sha1_base64="cG1TKZcOcCVBzYMd+K4HPtzlvlo="></latexit>

F. Jegerlehner, Springer Tracts Mod. Phys. 274 (2017).

M. Davier, Nucl. Part. Phys. Proc. 287-288, 70 (2017)  

(a) (b)

Im⇧had(s) =
s

4⇡↵
�(�⇤ ! anything)

<latexit sha1_base64="Plx/ML25WUEJJDcdn1rdTtDfkck="></latexit><latexit sha1_base64="Plx/ML25WUEJJDcdn1rdTtDfkck="></latexit><latexit sha1_base64="Plx/ML25WUEJJDcdn1rdTtDfkck="></latexit>

HLbL is not as simple, data-driven, systematic

Is there an exact dispersive formula which treats HVP and HLbL (and 
everything else) in the same way?

a
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Dissecting the Hadronic Contributions to ðg − 2Þμ by Schwinger’s Sum Rule

Franziska Hagelstein1,2 and Vladimir Pascalutsa1
1Institut für Kernphysik & Cluster of Excellence PRISMA, Johannes Gutenberg-Universität Mainz, D-55128 Mainz, Germany

2Albert Einstein Center for Fundamental Physics, Institute for Theoretical Physics, University of Bern, CH-3012 Bern, Switzerland

(Received 18 October 2017; revised manuscript received 28 November 2017; published 16 February 2018)

The theoretical uncertainty of ðg − 2Þμ is currently dominated by hadronic contributions. In order to
express those in terms of directly measurable quantities, we consider a sum rule relating g − 2 to an integral
of a photoabsorption cross section. The sum rule, attributed to Schwinger, can be viewed as a combination
of two older sum rules: Gerasimov-Drell-Hearn and Burkhardt-Cottingham. The Schwinger sum rule has
an important feature, distinguishing it from the other two: the relation between the anomalous magnetic
moment and the integral of a photoabsorption cross section is linear, rather than quadratic. The linear
property makes it suitable for a straightforward assessment of the hadronic contributions to ðg − 2Þμ. From
the sum rule, we rederive the Schwinger α/2π correction, as well as the formula for the hadronic vacuum-
polarization contribution. As an example of the light-by-light contribution, we consider the single-meson
exchange.

DOI: 10.1103/PhysRevLett.120.072002

Introduction.—The anomalous magnetic moment
(AMM) of the muon, ϰμ ≡ 1/2ðg − 2Þμ, serves as a strin-
gent precision test of the Standard Model (SM). And at
present, it does not work out for the SM—the experimental
value is about 3σ away from the SM prediction [1,2]. While
the uncertainties of the SM and the experimental value are
comparable, the new Fermilab experiment [3,4] will, in a
few years, reduce the experimental error bar by nearly a
factor of 4. The prospects for reducing the SM (theory)
uncertainty are, on the other hand, more obscure. The SM
error bar is dominated by the hadronic contributions,
which are very difficult to compute in the SM due to the
nonperturbative nature of quantum chromodynamics
(QCD). In the present SM value, these contributions are
determined empirically, using general relations to other
experimental observables in combination with mesonic
model calculations, rather than from QCD directly. It is
the necessity of resorting to models—particularly in evalu-
ation of the so-called hadronic light-by-light (HLbL)
contributions [cf. Fig. 1(b)]—which makes it difficult to
reduce the uncertainty of the current SM value.
In the future, lattice QCD will deliver a sufficiently

precise ab initio calculation of the HLbL contribution;
for recent progress in this direction, see Refs. [5–8]. Until
then, the best hope for improvement is to replace the
model evaluations with model-independent, “data-driven”

approaches based on dispersion theory. The data-driven
approach is fairly well founded and routinely used for
the hadronic vacuum polarization (HVP) contribution
[Fig. 1(a)], since it can be written exactly as a dispersion
integral of the decay rate of a virtual timelike photon into
hadrons, which to a good approximation is expressed in
terms of the observed ratio μþ μ−/eþ e− → hadrons; see,
e.g., Refs. [9,10]. The HLbL contribution is much more
complicated from this point of view, because it involves the
dispersion relations for three- and/or four-point functions,
rather than for a two-point function as in the case of HVP;
see Refs. [11–14] and [15] for the two recent approaches to
this problem.
Here we consider yet another approach to a data-driven

evaluation of hadronic contributions rooted in dispersion
theory. It is based on sum rules for Compton scattering, of
which a famous example is the Gerasimov-Drell-Hearn
(GDH) sum rule [16–18]:

α
m 2

ϰ2 ¼ 1

2π2

Z
∞

ν0

dν
σ3/2ðνÞ − σ1/2ðνÞ

ν
: ð1Þ

On the left-hand side (lhs), we have α ¼ e2/4π ≃ 1/137, the
fine-structure constant, and ϰ, the AMM of the spin-1/2

(a) (b)

FIG. 1. Hadronic contributions to ðg − 2Þμ: (a) HVP, (b) HLbL.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW LETTERS 120, 072002 (2018)

0031-9007=18=120(7)=072002(6) 072002-1 Published by the American Physical Society

THE SCHWINGER SUM RULE:    

Reproducing 𝛼/2π 

HADRONIC VACUUM POLARIZATION AND LIGHT-
BY-LIGHT CONTRIBUTIONS ON THE SAME 
FOOTING

PSEUDOSCALAR-MESON CONTRIBUTION 

MUON STRUCTURE FUNCTIONS FROM INELASTIC 
MUON-ELECTRON SCATTERING

e-

𝛾*

e-

𝜇

hadrons

{ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q

�

Q2=0

= lim
Q2!0

8m2

Q2

Z x0

0
dx [ḡ1 + ḡ2](x,Q

2)
<latexit sha1_base64="jIj2TiPNWIzIGnjxtcjRPx1sw4Q="></latexit><latexit sha1_base64="jIj2TiPNWIzIGnjxtcjRPx1sw4Q="></latexit><latexit sha1_base64="jIj2TiPNWIzIGnjxtcjRPx1sw4Q="></latexit>
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photo-absorption on muon: 

{ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q

�

Q2=0

muon mass m
photon lab-frame energy 𝜈  

and virtuality Q2 = -q2

photo-absorption threshold ν0
fine-structure  

constant 𝛼 ≈ 1/137
longitudinal-transverse 

photo-absorption  
cross section σLT

γ∗

N

X

J. S. Schwinger, Proc. Nat. Acad. Sci. 72, 1 (1975); ibid. 72, 1559 (1975) [Acta Phys. Austriaca Suppl. 14, 471 (1975)]. 
A. M. Harun ar-Rashid, Nuovo Cim. A 33, 447 (1976).

=𝛾𝜇, 𝛾𝛾𝜇, π0𝜇, 𝛾π0𝜇, …

anomalous  
magnetic moment  
(a.m.m.) 
aμ=½(g­2)μ

𝜇

a
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{ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q

�

Q2=0

= lim
Q2!0

8m2

Q2

Z x0

0
dx [ḡ1 + ḡ2](x,Q

2)
<latexit sha1_base64="jIj2TiPNWIzIGnjxtcjRPx1sw4Q="></latexit><latexit sha1_base64="jIj2TiPNWIzIGnjxtcjRPx1sw4Q="></latexit><latexit sha1_base64="jIj2TiPNWIzIGnjxtcjRPx1sw4Q="></latexit>

muon spin structure functions 
g1 and g2

Tµ⌫
A (q, p) = � 1

M
�µ⌫↵q↵ S1(⌫, Q

2) +
Q2

M2
�µ⌫S2(⌫, Q

2)
<latexit sha1_base64="iGGDzbf383hvjCfM/u6qAHX+JHM="></latexit><latexit sha1_base64="iGGDzbf383hvjCfM/u6qAHX+JHM="></latexit><latexit sha1_base64="iGGDzbf383hvjCfM/u6qAHX+JHM="></latexit>

Spin-dependent forward doubly-virtual Compton scattering: 

Im ∝
2

Optical theorem:

ImS1(⌫, Q
2) =

4⇡2↵

⌫
g1(x,Q

2) =
M⌫2

⌫2 +Q2


Q

⌫
�LT + �TT

�
(⌫, Q2)

ImS2(⌫, Q
2) =

4⇡2↵M

⌫2
g2(x,Q

2) =
M2⌫

⌫2 +Q2


⌫

Q
�LT � �TT

�
(⌫, Q2)

<latexit sha1_base64="fScuxO47jWURMk30U0H2L+cjXPA="></latexit><latexit sha1_base64="fScuxO47jWURMk30U0H2L+cjXPA="></latexit><latexit sha1_base64="fScuxO47jWURMk30U0H2L+cjXPA="></latexit>
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𝛾*

e-

𝜇

hadrons
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Sum rules are model-independent relations based on 
general principles of: 

• Analyticity/causality (dispersion relations),  

• unitarity (optical theorem) 

• crossing symmetry

Examples of sum rules include:  

{2 = � m2

⇡2↵

Z 1

⌫0

d⌫
�TT (⌫)

⌫
<latexit sha1_base64="1qJqnm1Ujhhi6lyij7cYhnT4Lnw="></latexit><latexit sha1_base64="1qJqnm1Ujhhi6lyij7cYhnT4Lnw="></latexit><latexit sha1_base64="1qJqnm1Ujhhi6lyij7cYhnT4Lnw="></latexit>

(1 + {){ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT

Q
� �TT

⌫

�

Q2=0
<latexit sha1_base64="eYnyhB7Fs4I7j5ky9I7Z/xnb5Ik="></latexit><latexit sha1_base64="eYnyhB7Fs4I7j5ky9I7Z/xnb5Ik="></latexit><latexit sha1_base64="eYnyhB7Fs4I7j5ky9I7Z/xnb5Ik="></latexit>

Burkhardt—Cottingham 
sum rule (1970)

Gerasimov—Drell—Hearn 
sum rule (1966)

a

{ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q

�

Q2=0

Schwinger sum rule (1975)

⊖

Z 1

0
dx g2(x,Q

2) = 0
<latexit sha1_base64="d5vZXghyadaZVgGsvQu/sI7nFFI="></latexit><latexit sha1_base64="d5vZXghyadaZVgGsvQu/sI7nFFI="></latexit><latexit sha1_base64="d5vZXghyadaZVgGsvQu/sI7nFFI="></latexit>

a

a
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F2(0)=a a(1) = 𝛼/2π

Input: longitudinal-transverse photo-absorption cross section

a(0)=0

{ =
m2

⇡2↵

Z 1

⌫0

d⌫


�LT (⌫, Q2)

Q

�

Q2=0

Schwinger sum rule:

tree-level QED 
Compton scattering

��⇤µ!�µ
LT (⌫, Q2) =

⇡↵2Q (s�m2)2

4m3⌫2
�
⌫2 +Q2

�
 
�2� m(m+ ⌫)

s
+

3m+ 2⌫p
⌫2 +Q2

arccoth
m+ ⌫p
⌫2 +Q2

!

<latexit sha1_base64="uD9rDyAS3UppIHau/FjDhe9iw94="></latexit><latexit sha1_base64="uD9rDyAS3UppIHau/FjDhe9iw94="></latexit><latexit sha1_base64="uD9rDyAS3UppIHau/FjDhe9iw94="></latexit>
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Hadronic Contributions:  
4 channels to order 𝛼3
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Reproducing the HVP formula
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q’2 = Mx2 + crossed diagram
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HVP from Schwinger sum rule
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hadrons

kernel function: 

for Mx=0, we find K(0)=1/2, and therefore 

the Schwinger term: a(1) = 𝛼/2π 
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kernel function: 

reproduces the HVP standard formula

for Mx=0, we find K(0)=1/2, and therefore 

the Schwinger term: a(1) = 𝛼/2π 
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Light-by-Light contributions
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I.    Hadron photo-production channels

II.   Electromagnetic channels
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Pseudo-scalar contribution in full glory
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217 photon decay into hadrons σðγ" → XÞ. The latter is, by
218 unitarity, expressed via the absorptive part of the hadronic
219 contribution to vacuum polarization, ImΠhadðq02Þ. The

220tree-level LT cross section of Compton scattering, with
221initial and final photon virtualities given by q2 ¼ −Q2 and
222q02 ¼ M2

X, respectively, is easily computed to yield
223224

!
σγμ→γ"μ
LT ðν;Q2Þ

Q

"

Q2¼0

¼ πα2

2m ν3

!
−ð5sþ m 2 þM2

XÞλþ ðsþ 2m 2 − 2M2
XÞ log

β þ λ
β − λ

"
; ð8Þ

225226 with s ¼ m 2 þ 2m ν, β ¼ ðsþ m 2 −M2
XÞ/2s, and λ ¼ ð1/2sÞ
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228229 where ν0 ¼ MXð1þM2
X/2m

2Þ is the photoproduction threshold, while 4m 2
π is set by the lightest produced state (here, the

230 π−πþ pair). Finally, performing the integration over ν, we obtain
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232 and hence the standard expression for the HVP contribution
233 (see, e.g., Ref. [9]),

ϰHVP ¼ α
π2

Z
∞

4m 2
π

dsKðs/m 2Þ ImΠhadðsÞ
s
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234235 is exactly reproduced.
236 In practice, a determination of the HVP contribution
237 through the Schwinger sum rule has an important con-
238 ceptual difference from the standard practice of measuring
239 the ratio of μþμ−/eþe− → hadrons. The latter method
240 involves an approximation of the single-photon exchange;
241 the two-photon exchange effects ought to be removed. In
242 the sum-rule method, the two-photon exchange and other
243 subleading effects need not be removed; they are part of the
244 sought hadronic contribution.

245Further novel features of calculating the hadronic con-
246tributions through the Schwinger sum rule can be seen in
247the following example of the meson exchange contribution.
248Pseudoscalar meson contribution.—The neutral pseu-
249doscalar mesons π0 and η play a significant role in the
250HLbL contribution through the mechanism shown in Fig. 7.
251Let us see how this mechanism is evaluated using the
252Schwinger sum rule.
253In the hadronic channel, we need to know the LT cross
254section for the single-meson photoproduction off the
255lepton. This can in principle be measured directly, or
256calculated to leading order by evaluating the diagrams in
257Fig. 8. Note that, in addition to the Primakoff mechanism
258(last diagram), we have here the subleading (in α) mech-
259anisms of the type shown in Fig. 3. The latter mechanisms
260are effectively represented by the first two graphs in Fig. 8,
261where the meson-lepton-lepton (πll) coupling is fixed

F8:1 FIG. 8. Single-meson photoproduction off a lepton.

F6:1 FIG. 6. The HLbL contribution through two-photon produc-
F6:2 tion. F7:1FIG. 7. π0-exchange HLbL contribution to ðg − 2Þμ.

F9:1FIG. 9. Pseudoscalar meson coupling to leptons.
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• No doubly-virtual transition form factors needed, 
if hadronic channels are measured
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237 through the Schwinger sum rule has an important con-
238 ceptual difference from the standard practice of measuring
239 the ratio of μþμ−/eþe− → hadrons. The latter method
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242 the sum-rule method, the two-photon exchange and other
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247the following example of the meson exchange contribution.
248Pseudoscalar meson contribution.—The neutral pseu-
249doscalar mesons π0 and η play a significant role in the
250HLbL contribution through the mechanism shown in Fig. 7.
251Let us see how this mechanism is evaluated using the
252Schwinger sum rule.
253In the hadronic channel, we need to know the LT cross
254section for the single-meson photoproduction off the
255lepton. This can in principle be measured directly, or
256calculated to leading order by evaluating the diagrams in
257Fig. 8. Note that, in addition to the Primakoff mechanism
258(last diagram), we have here the subleading (in α) mech-
259anisms of the type shown in Fig. 3. The latter mechanisms
260are effectively represented by the first two graphs in Fig. 8,
261where the meson-lepton-lepton (πll) coupling is fixed
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• No doubly-virtual transition form factors needed, 
if hadronic channels are measured

(6± 1)⇥ 10�10 [Knecht and Ny↵eler (2002, 2009)]

11.9(9)⇥ 10
�10

[Hagelstein et al., in prep.]
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237 through the Schwinger sum rule has an important con-
238 ceptual difference from the standard practice of measuring
239 the ratio of μþμ−/eþe− → hadrons. The latter method
240 involves an approximation of the single-photon exchange;
241 the two-photon exchange effects ought to be removed. In
242 the sum-rule method, the two-photon exchange and other
243 subleading effects need not be removed; they are part of the
244 sought hadronic contribution.

245Further novel features of calculating the hadronic con-
246tributions through the Schwinger sum rule can be seen in
247the following example of the meson exchange contribution.
248Pseudoscalar meson contribution.—The neutral pseu-
249doscalar mesons π0 and η play a significant role in the
250HLbL contribution through the mechanism shown in Fig. 7.
251Let us see how this mechanism is evaluated using the
252Schwinger sum rule.
253In the hadronic channel, we need to know the LT cross
254section for the single-meson photoproduction off the
255lepton. This can in principle be measured directly, or
256calculated to leading order by evaluating the diagrams in
257Fig. 8. Note that, in addition to the Primakoff mechanism
258(last diagram), we have here the subleading (in α) mech-
259anisms of the type shown in Fig. 3. The latter mechanisms
260are effectively represented by the first two graphs in Fig. 8,
261where the meson-lepton-lepton (πll) coupling is fixed
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• No doubly-virtual transition form factors needed, 
if hadronic channels are measured

(one	out	of	four	channels!)

Compare	with	the	full	pion	contribution:

7.7⇥ 10�10 [Melnikov and Vainshtein (2004)]

3 Vanishing Primako↵

3.5 Pion-Production Cross Section

(a) (b) (c)

Figure 3.4: Diagrams contributing to the process of pion-production o↵ the muon: µ � ! µ⇡0. Here, we
refer to this set of diagrams as channel 1 of the cross section for photoabsorption o↵ the muon.

There are di↵erent hadronic channels contributing to the process of photoabsorption o↵ the
muon:

channel 1: µ � ! µ⇡0

channel 2: µ � ! µ⇡0 �

channel 3: µ � !
�
intermediate state with µ⇡0

�
! µ �

channel 4: µ � !
�
intermediate state with µ⇡0

�
! µ � �

further channels (suppressed by small couplings)

3.5.1 Channel 1: µ � ! µ ⇡0

Here, we want to focus on channel 1, depicted in Fig. 3.4. We employ the following Feynman
rules for the interaction vertices:

�µ

�µµ = e �µ, (3.85a)

�⇡0µµ =
ie4g⇡0µµ

(4⇡)2
�5, (3.85b)

�µ⌫

⇡0��
(q, q0) = �

3e2F⇡0�⇤�⇤(q2, q0 2)

Nc

✏µ⌫↵�q↵q
0
�
, (3.85c)

where for the ⇡0�� vertex, we labeled the incoming photon with (q, ⌫) and the outgoing photon
with (q0, µ). Note that the pion transition form factor is normalized as:

F⇡0 �
⇤�⇤(0, 0) = �

Nc

12⇡2f⇡
, (3.86)

with the pion decay constant f⇡ = 92.21 MeV and the number of colors Nc ⌘ 3. The strength
of the coupling between the neutral pion and a muon pair is encoded in g⇡0µµ = �0.39(3) [8].
As we have shown, the Primako↵ cross section by itself, cf. Fig. 3.4 (c), gives a vanishing

contribution to the muon anomaly. Therefore, at lowest order in ↵ [i.e., O(↵3) in aµ and O(↵4)
in the photoabsorption cross section], we are only interested in the interference between diagrams
(a) and (b) of Fig. 3.4 with the Primako↵ diagram (c).
A scattering cross section is in general defined by Eqs. (3.2)-(3.3). In the case of a 2 ! 2

scattering process, we have:

d� =
1

32⇡I

ˆ 1

�1
dcos ✓cm |M|

2

q�
m2

3 �m2
4

�2
+ s2 � 2s

�
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3 +m2
4

�

2s
, (3.87)
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Possible refinements of the HVP 
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size of the effect:	𝛼	∼ 1%
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1. Schwinger sum rule — dispersive formula applying equally to 
HVP and HLbL 

2. Reproduces 𝛼/2π and HVP formula: 
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3. Splits contributions into hadron production and e.m. (LbL) channels
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3. Splits contributions into hadron production and e.m. (LbL) channels
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measurable

spin structure functions

LQCD ?

4. Partial calculation of pi0 contribution is a factor of 2 larger than
the conventional model calculations.
                                                                  to be continued… 

direct LbL scattering (ATLAS)
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The Cross section σLT
Example: tree-level QED Compton scattering cross section

with conserved helicity:
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longitudinal-transverse photo-absorption cross section:
𝛾*(𝜆𝛾=0) + 𝜇(𝜆𝜇=-1/2) → 𝛾(𝜆’𝛾=1) + 𝜇(𝜆’𝜇=1/2)

𝜆𝛾=0

𝜆𝜇=-1/2

𝜆’𝛾=1

𝜆’𝜇=1/2

spin flip

helicity difference photo-absorption cross section:
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(a) (b)

hadrons

+ crossed diagram
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phase space of the 
final state

initial flux factor 

I2=(p·q)2 - p2 q2

ρ𝜇𝜈: squared matrix 
element of timelike CS

𝛬𝜈: virtual-photon 
decay vertex

Virtual-photon decay width into hadronic state X:

Im ΠX: contribution of state X to the VP
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Final factorized cross section:

Combine into:


