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How can the theory community support the 
experimental efforts in discovering the critical point?

• Solve the sign problem for QCD —NP-Hard problem(?)  Troyer and Wiese, PRL, 
2005, Alexandru, Basar, Bedaque,Warrington, Rev. Mod. Phys. 94, 015006,…


• Provide guidances for the location of the critical point


• Integrated framework :       Observables          Equation of State
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Current constraints on the location of the 
critical point from Lattice QCD

 Borsanyi et al,20
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T 0
c = 132+3

�6 MeV HotQCD, Ding et al, 19

Conjectured chiral 
phase diagram

Fig. : Ding et al , 24

Pseudo-critical curve at physical quark mass
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Tpc(0) = 158± 0.6MeV , 2 = 0.0153(18)

<latexit sha1_base64="kWcn72i5rwJKJbz1X9bgZsxcD4c="></latexit>

Tpc(0) = 156± 1.5MeV , 2 = 0.012(4)
Bazavov et al, 19, Ding et al,24

Hatta, Ikeda, 03
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Discussions on Columbia Plot -  
S. Gupta, Thurs, 2:20 pm
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µB/T < 3
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Guidances for location of the critical point
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24

C. Schmidt, 
Tue, 11:00 

am

Basar , 23

G. Basar, Fri, 
11:40 am
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J. Noronha, 
Tue, 11:40 
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C. Fischer, 
Tue, 11:20 

am

Bernhardt, Fischer 
and Isserstedt, 23 

Extrapolations of Lee-Yang edge singularities to real axis

FRG/
DSE
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Equation of States with a QCD critical point

• Must agree with the Taylor Expanded EoS from lattice 


• Compatible with other limits : PQCD, HRG


• Critical point in the 3D Ising universality class J. Noronha, 
Tue, 11:40 am

M. Kahangirwe, 
Wed, 12:10 pm

Examples of recently developed EoSs that have a CP in the Ising universality class but differ in their implementation: 
Parotto et al, 19, Karthein et al.,21, Grefa et al., 21,Kapusta&Welle,22, Kahangirwe et al.,24 
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QCD EoS near the Critical Point

Kahangirwe et al., 24

<latexit sha1_base64="4+bfJj2FFRIf2pOZPy8coS4aQ0c="></latexit>

PQCD(µ, T ) = PBG(µ, T ) + AG(r(µ, T ), h(µ, T ))

M. Kahangirwe, 
Wed, 12:10 pm

Parotto et al., 18, Karthein et al., 21
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Non-universal map from QCD to Ising variables

Summation scheme by WB collaboration 
Borsanyi et al,21




A general class of candidate EoSs

Kahangirwe et al., 24

<latexit sha1_base64="4+bfJj2FFRIf2pOZPy8coS4aQ0c="></latexit>

PQCD(µ, T ) = PBG(µ, T ) + AG(r(µ, T ), h(µ, T ))

MP, Stephanov, 19

M. Kahangirwe, 
Wed, 12:10 pm
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The new construction is causal and stable for a larger range of     and w 
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Range of Validity improved
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Independent & non-universal parameters

Weakly constrained in 
the chiral limit
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Deviation of cumulants of proton multiplicities 
relative to hydrodynamic (non-critical) baseline

Vovchenko, Koch, Shen, 22
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A clear excess of scaled proton-number variance 
from non-critical baseline reported for 
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Cumulants of proton multiplicities are expected to be highly 
sensitive to the critical point. Stephanov, 09



EoS           Cumulants of particle multiplicities

STAR Collaboration, PRL 2014, PRL 2021

Imprints on Particle Distribution Functions?

Kahangirwe et al., 24

Susceptibilities that diverge at CP

A. Pandav, 
Tue,  9 am
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Generalization to Cooper-Frye (74) freeze-out based 
on maximum entropy principle MP, Stephanov, 23

ME gives least biased ensemble of HRG that matches with hydro+correlations

• Hydrodynamics + Correlations contain information about critical EoS 

• Infinitely many ensembles that would match with hydro+correlations 

• Cooper-Frye (74) maximizes thermodynamic entropy of HRG 

• We maximize the nPI entropy of the HRG ensemble with fluctuations 

subject to matching conditions 
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hfAi+ �fA

Fluctuating 
particle distribution 
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Hydrodynamics + Correlation Functions ! HRG Ensemble with non-trivial phase space correlations



MP, Stephanov, 23

• Natural generalization of factorial cumulants (IRCs, or irreducible relative cumulants)                         

<latexit sha1_base64="G4mH/COy3wi4FyGfG9LtQx30dm4="></latexit>

�̂GABC... = F(H̄, Ḡ) �̂HABC...

Depends only on  
reference distribution

Phase space correlation functions of 
the gas variables (IRCs)

Correlation functions of the 
hydrodynamic variables (IRCs)
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Equilibrium estimates for the critical contribution to the factorial cumulants of proton multiplicity



Equilibrium estimates for critical contribution to  
factorial cumulants of proton multiplicities

Karthein, MP, Rajagopal, Stephanov, Yin (in preparation)
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Example choice of Mapping Parameters
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Tc � Tf (µc) = �T
Freeze-out 

parametrization 
adapted from 

Andronic et al, 18



Equilibrium estimates for critical contribution to  
factorial cumulants of proton multiplicities

Example choice of Mapping Parameters Karthein, MP, Rajagopal, Stephanov, Yin (in preparation)
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⇢ = 1 , w = 30 , ↵12 = 10� , µc = 420 MeV
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Specific features 
depend on the 

orientation (slope 
& curvature) of 

freeze-out curve 
relative to that of 
pseudo-critical 

curve
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T

<latexit sha1_base64="qetzHYx42/Ab3BstLE9A0mkomPU=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUREXRbduKxgH9CEMplO0qHzCDMTJYT6K25cKOLWD3Hn3zhts9DWAxcO59zLvfdEKaPaeN63s7K6tr6xWdmqbu/s7u27B4cdLTOFSRtLJlUvQpowKkjbUMNIL1UE8YiRbjS+mfrdB6I0leLe5CkJOUoEjSlGxkoDtxbwDAZMikTRZGSQUvJx4Na9hjcDXCZ+SeqgRGvgfgVDiTNOhMEMad33vdSEBVKGYkYm1SDTJEV4jBLSt1QgTnRYzI6fwBOrDGEslS1h4Ez9PVEgrnXOI9vJkRnpRW8q/uf1MxNfhQUVaWaIwPNFccagkXCaBBxSRbBhuSUIK2pvhXiEFMLG5lW1IfiLLy+TzlnDv2h4d+f15nUZRwUcgWNwCnxwCZrgFrRAG2CQg2fwCt6cJ+fFeXc+5q0rTjlTA3/gfP4AMfCVIQ==</latexit>

µ �!MeV

Critical slowing 
down would 

affect the 
magnitude of 
cumulants at 
freeze-out - 
fluctuation 
dynamics



Fluctuation dynamics
Hydrodynamic evolution of the fireball and collectivity L. Du, Next talk
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Stochastic Approach Deterministic Approach

• Stochastic differential equations for hydro fields


• Implementation using Metropolis algorithm 
developed and applied to various models, 
including Model H

• Deterministic evolution for hydro correlation 
functions


• Semi-realistic estimates for two-point correlation 
functions computed and connected to 
observables


T. Schaefer, 
Wed, 9:30 am

Schaefer and Skokov, 22, 
Chattopadhyay et al, 23, Florio 

et al, 21, Basar et al, 
24,Chattopadhyay et al, 24…

Teaney, Akamatsu, Mazeliauskas, 16 along with Yan,Yin , 19, 
Stephanov, Yin,17, An, Basar, Stephanov,Yee, 19,20,22,24…

An, Basar, Stephanov,Yee, 22,24

X. An, 
Tue, 4pm

Rajagopal,Ridgway,Weller,Yin,19,Du,Heinz,Rajagopal, Yin,20 
MP, Rajagopal, Stephanov, Yin, 22,Mukherjee, Venugpalan, Yin 15



Out-of-equilibrium effects of fluctuations near the CP

Critical Slowing Down

Suppression 
of peak

Prolonged memory 
of CP

Persistence of critical imprints in the 
fluctuation observables until freeze-out

Rajagopal,Ridgway,Weller,Yin,19 
Du,Heinz,Rajagopal, Yin,20 

MP, Rajagopal, Stephanov, Yin, 22 
Mukherjee, Venugopalan, Yin 15
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Out-of-equilibrium>Equilibrium

Finite size scaling of proton cumulants : A. Sorensen, Fri, 9:50 am

CP fluctuations in MD simulations : V. Kuznietsov, Thurs 2:40 pm 
15

Quantitative estimation of 
non-Gaussian cumulants, 

work in progress.

<latexit sha1_base64="3u1jJP9ATz+Tyh7txJtWNo9BTpc="></latexit>

h�ŝ(x+)�ŝ(x�)i =
Z

eiQ·�x W2(Q) , �x = x+ � x�



Deformation of hydrodynamic trajectories near CP

• Phenomenological 
implications 

Critical lensing~Dore et al,22, 
Nonaka&Asakawa, 05 

MP, Sogabe, Stephanov, Yee,24 

N. Sogabe, 
Thurs, 3pm

Third Law

Universal 
scaling near 

CP
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Deformations can be broadly classified based on the value of the mapping parameter  
<latexit sha1_base64="4GX7Q2CFElPIkAQliRIJHjA45iw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdKqVb3Lqnt/Uanf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3+4/C</latexit>↵2

• Consequence of universal ridge-like 
structure of the isentropes near CP

• Specific entropy is non-monotonic 
along one of the branches on the first-
order curve



Summarizing & Looking forward

Thank you!

17

Vovchenko,Koch,Shen,22

Non-critical baselines 
important!

DynamicsQuantitative estimates for out-of equilibrium 
corrections to higher order cumulants - need of the 

hour

Bayesian Analysis of experimental data pertaining 
to multiple observables with the theoretical 

framework may possibly help us learn about QCD 
EoS near CP, if it exists in the regime scanned by 

HICs

<latexit sha1_base64="X8Ex4DJRaENA18FDj5O9zGUAy8Q="></latexit>

�j(µ, T ;µc,↵12, w, ⇢)
ME! Ck

A(µF (TF );µc,↵12, w, ⇢,�)

A family of candidate EoSs with a CP that match with the lattice have 
been developed



BACK UP SLIDES



Freeze-out : Transition from hydrodynamics to hadron gas

Hydrodynamic mean 
densities

<latexit sha1_base64="lo5/AmJq/Wq4Agljud2WK3bTPXo="></latexit>

{h✏uµi , hni} ⌘  a

<latexit sha1_base64="4EXWQ8Em8iH9lNRhl++fVvtq/uw="></latexit>

hfAi = f̄A , h�fA�fBi = GAB , h�fA�fB�fCi = GABC . . .
Particle distribution 

function at freeze-out

Hydrodynamic 
correlations

<latexit sha1_base64="VNb0lxX035kJ6HFYu4E02w2OhIY="></latexit>

 a
,
⌦
� a

� b
↵
⌘ H

ab
, . . . H

abc...

<latexit sha1_base64="1zYmY9w3AVT9GASpa7ixtanh6CQ=">AAACBHicbVDJSgNBEO1xjXGLesylMQiCEGZE1INI1IvHCGaBzDD0dGqSJj0L3TVCCDl48Ve8eFDEqx/hzb+xsxw08UHB470qquoFqRQabfvbWlhcWl5Zza3l1zc2t7YLO7t1nWSKQ40nMlHNgGmQIoYaCpTQTBWwKJDQCHo3I7/xAEqLJL7HfgpexDqxCAVnaCS/UHQlhHgR+leuEp0uXh65bZDIqFH8Qsku22PQeeJMSYlMUfULX2474VkEMXLJtG45doregCkUXMIw72YaUsZ7rAMtQ2MWgfYG4yeG9MAobRomylSMdKz+nhiwSOt+FJjOiGFXz3oj8T+vlWF47g1EnGYIMZ8sCjNJMaGjRGhbKOAo+4YwroS5lfIuU4yjyS1vQnBmX54n9eOyc1q2705KletpHDlSJPvkkDjkjFTILamSGuHkkTyTV/JmPVkv1rv1MWldsKYze+QPrM8fqueXdg==</latexit>

hfAi+ �fA

Fluctuating particle 
distribution function

 Is the phase space distribution function for species A
<latexit sha1_base64="youU9CQeY9SZOSCu9NXcggG3mW8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9i77pUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEKKo2j</latexit>

fA

Conserved energy, momentum and 
charge densities and their correlations



Matching conditions at freeze-out

Matching conditions for averages of conserved densities  
Infinitely many sets of distribution functions that satisfy these matching conditions 
Freeze-out prescription corresponds to choosing one of these sets - How to choose?

<latexit sha1_base64="pFCSPQNqYIsQKjMzKgqsb69OwZo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdSO0unEZwT6giWEynbRDJ5MwMxFKyG+48VfcuFDEpa78GydtFtp6YOBwzrncuSdIGJXKsr6NytLyyupadb22sbm1vWPu7nVknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4yvC7/7QISkMb9Tk4R4ERpyGlKMlJZ803IdSe8zlF+6Mo38rJVDl3LlZ4lf0ACJLMz9FnSKTGH7Zt1qWFPARWKXpA5KOL756Q5inEaEK8yQlH3bSpSXIaEoZiSvuakkCcJjNCR9TTmKiPSy6WU5PNLKAIax0I8rOFV/T2QoknISBToZITWS814h/uf1UxVeeBnlSaoIx7NFYcqgimFRExxQQbBiE00QFlT/FeIREggrXWZNl2DPn7xIOicN+6xh3Z7Wm1dlHVVwAA7BMbDBOWiCG+CANsDgETyDV/BmPBkvxrvxMYtWjHJmH/yB8fUDC1Gg8Q==</latexit>

 a =
X

A

Z

pA

f̄AP
a
A
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PA =


pµA
qA

�

<latexit sha1_base64="6HrVv5Oj8fG14Kihb5n7Z1A8JFQ="></latexit>
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X
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f̄A pµA , hni =
X

A

qA

Z

pA

f̄A

<latexit sha1_base64="NNRCHLCvct+AGSDeShRRYUFP3a4="></latexit>
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C . . .



• Maximize the relative entropy when correlations are out of equilibrium


• Constraints from matching conditions

Which entropy to maximize?

<latexit sha1_base64="/jgoqNifRSDS7lqZYbeh8ByzPwA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8eK9gPSUDbbSbt0swm7G6GU/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hwduq3nlBpnshHM0oxiGlf8ogzaqzUevDrlegs6JbKbtWdgSwTLydlyFHvlr46vYRlMUrDBNXa99zUBGOqDGcCJ8VOpjGlbEj76FsqaYw6GM/OnZBTq/RIlChb0pCZ+ntiTGOtR3FoO2NqBnrRm4r/eX5moutgzGWaGZRsvijKBDEJmf5OelwhM2JkCWWK21sJG1BFmbEJFW0I3uLLy6R5XvUuq+79Rbl2k8dRgGM4gQp4cAU1uIM6NIDBEJ7hFd6c1Hlx3p2PeeuKk88cwR84nz85X47X</latexit>

S[P (f)]
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S[f̄ ]
Equilibrium Generalized

<latexit sha1_base64="rcH7k2ob65JbRncopLGmY74fLz4="></latexit>

S[P (f)] = S0

⇥
f̄
⇤
+

Z

f
P (f) log

Peq(f)

P (f)
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S[f̄ , G2, G3, . . . ]
G s are the correlation 
functions in the Hadron 

Gas description
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S0[f̄ ] = �
Z

f
Peq(f) logPeq(f)



Entropy to describe out-of equilibrium two-point correlations in ideal HRG

<latexit sha1_base64="W2i59PtXbVTnpPs3LOhXa6lVkRI="></latexit>

S2 = S +
1

2
Tr

⇥
logGḠ�1 �GḠ�1 + 1

⇤
,

Similar 2-PI action
Berges, 04, Stephanov, Yin, 17…

2-PI entropy
Log[x]-x+1
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Strictly non-positive

0

Equilibrium 



Upon maximizing the 2PI entropy, subject to constraints of conservation

<latexit sha1_base64="EysUVjZeeVDKgMhSZuM4sWQsn00="></latexit>

G
�1
AB = Ḡ

�1
AB + (H�1 � H̄

�1)ab(H̄�1
PḠ)aA(H̄

�1
PḠ)bB

<latexit sha1_base64="szPKYVtNKJiWPyjNf+DIgssjB0o="></latexit>

GAB... = ḠAB +�Hab(H̄
�1

PḠ)aA(H̄
�1

PḠ)bB + . . . ,

Self 
correlations
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�H
ab = H

ab � H̄
ab

Contribution of 
self correlations 

to hydrodynamics 
is subtracted

Linearizing,

Contribution of self 
correlations to 
hydrodynamics

<latexit sha1_base64="iNQEkXjga9vJWZS7j7nYRdfisOw="></latexit>

H̄ab =
X

A,B

Z
ḠABP

a
AP

b
B

When all but two-point correlations are in equilibrium, the solution given above is exact.



Generalization to Non-Gaussian 
Correlations

For classical gas, irreducible relative cumulants (IRCs) reduce to so called “factorial 
cumulants”.

IRC Self correlations
Total

Equilibrium
IRC IRC

<latexit sha1_base64="G4mH/COy3wi4FyGfG9LtQx30dm4="></latexit>

�̂GABC... = F(H̄, Ḡ) �̂HABC...



Irreducible relative cumulants
For classical gas, irreducible relative cumulants (IRCs) reduce to so called “factorial 

cumulants”.
IRC Self correlations

Total

• For gases obeying different statistics, IRCs quantify the non-trivial correlations 
• Non-trivial correlations relative to any specified baseline distribution



Equilibrium estimates for the critical contribution to the factorial 
cumulants of proton multiplicity

<latexit sha1_base64="bYf5r49c0tl9fW5cdD7s4NuBaFo="></latexit>
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◆k

k(µ, T )

Cumulants in Ising 
model mapped to 

QCD

HRG
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P

X depends on the 
mapping to Ising



Freeze-out parametrization

We use freeze-out parametrization from Andronic et al, 18 and add a variable 
additive constant such that

<latexit sha1_base64="UVXFUKI0BcPE1AlR75lF7Q/1u8M=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBeWRETdCEVduKzQFzQhTKaTdujMJMxMhBK68VfcuFDErZ/hzr9x2mahrQcuHM65l3vvCRNGlXacb6uwtLyyulZcL21sbm3v2Lt7LRWnEpMmjlksOyFShFFBmppqRjqJJIiHjLTD4e3Ebz8SqWgsGnqUEJ+jvqARxUgbKbAPGgE+bQRRxeNpgE+uvTvCNIKNwC47VWcKuEjcnJRBjnpgf3m9GKecCI0ZUqrrOon2MyQ1xYyMS16qSILwEPVJ11CBOFF+Nn1gDI+N0oNRLE0JDafq74kMcaVGPDSdHOmBmvcm4n9eN9XRlZ9RkaSaCDxbFKUM6hhO0oA9KgnWbGQIwpKaWyEeIImwNpmVTAju/MuLpHVWdS+qzsN5uXaTx1EEh+AIVIALLkEN3IM6aAIMxuAZvII368l6sd6tj1lrwcpn9sEfWJ8/weSVOg==</latexit>

Tc � Tf (µc) = �T

We study sensitivity of observables to 
<latexit sha1_base64="KD2ovJbmXIW50u3XnW3NfqBv3S0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWOFfkEbyma7aZduNnF3IpTQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuYFiRQGXffbWVldW9/YLGwVt3d29/ZLB4dNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hoduq3nrg2IlZ1HCfcj+hAiVAwilZqd++4RErqvVLZrbgzkGXi5aQMOWq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2b3TsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jzpC80ZyrEllGlhbyVsSDVlaCMq2hC8xZeXSfO84l1W3IeLcvUmj6MAx3ACZ+DBFVThHmrQAAYSnuEV3pxH58V5dz7mrStOPnMEf+B8/gBgm4+J</latexit>

�T

Andronic et al, 18
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Novel summation scheme from WB collaboration

<latexit sha1_base64="0yf1MF6Ato73tr7qDT+X4YwOA7c=">AAACG3icbZDLSsNAFIYnXmu9RV26CRaxhVKSIupGKHXjskJ6gSaGyXTSDp1MwsxEKCHv4cZXceNCEVeCC9/GadqFth4Y+Pj/czhzfj+mREjT/NZWVtfWNzYLW8Xtnd29ff3gsCOihCPcRhGNeM+HAlPCcFsSSXEv5hiGPsVdf3wz9bsPmAsSMVtOYuyGcMhIQBCUSvL0uhNwiFLbQSPipVZWdsLEa1btSpbmlF3PnHpWtu/Ts6xqVjy9ZNbMvIxlsOZQAvNqefqnM4hQEmImEYVC9C0zlm4KuSSI4qzoJALHEI3hEPcVMhhi4ab5bZlxqpSBEURcPSaNXP09kcJQiEnoq84QypFY9Kbif14/kcGVmxIWJxIzNFsUJNSQkTENyhgQjpGkEwUQcaL+aqARVGFJFWdRhWAtnrwMnXrNuqiZd+elRnMeRwEcgxNQBha4BA1wC1qgDRB4BM/gFbxpT9qL9q59zFpXtPnMEfhT2tcPZ/6gWw==</latexit>

T�1(µB , T )

µB
= �2(T

0
, 0)

Borsanyi et al,21,  

Kahangirwe et al., 24


