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How can the theory community support the
experimental efforts in discovering the critical point?

e Solve the sign problem for QCD —NP-Hard problem(?) Troyer and Wiese, PRL,
2005, Alexandru, Basar, Bedague,Warrington, Rev. Mod. Phys. 94, 015006,...

() Provide guidances for the location of the critical point

(o) Integrated framework : Observables - Equation of State



Current constraints on the location of the
critical point from Lattice QCD
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Guidances for location of the critical point
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Equation of States with a QCD critical point

M. Kahangirwe,

 Must agree with the Taylor Expanded EoS from lattice Wed, 12:10 pm
o Compatible with other limits : PQCD, HRG

e Critical point in the 3D Ising universality class Tl'.'e Nﬂ%h:;n

Examples of recently developed EoSs that have a CP in the Ising universality class but differ in their implementation:

Parotto et al, 19, Karthein et al.,21, Grefa et al., 21,Kapusta&Welle,22, Kahangirwe et al.,24
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QCD Eo0S near the Critical Point

h
M>0
First Order : Crossover
#ﬂ ------ >
M<(0O
Ferromagnetic Paramagnetic

3D Ising coordinates

I

M. Kahangirwe,

Wed, 12:10 pm

Parotto et al., 18, Karthein et al., 21

QCD coordinates U B

Kahangirwe et al., 24

Summation scheme by WB collaboration
Borsanyi et al,21

Non-universal map from QCD to Ising variables

T

PQCD(MvT) — PBG(/LvT) T AG(T(M,T),}L(,U,T))




A general class of candidate EoSs

PQCD(M7T> — PBG(/LvT) T AG(T(MvT)7 h(:uvT))

h .
: Independent & non-universal parameters
M>0
Hey G125 P, W
First Order : Crossover
oo, \
M<0
Weakly constrained in
I:erromagnetic : Paramagnetic the Chiral I|m|t
3D Ising coordinates QCD coordinates Iy MP, Stephanov, 19

Kahangirwe et al., 24

Range of Validity improved

M. Kahangirwe,
0 < pp < 700MeV, 25 MeV < T < 800 MeV Wed, 12:10 pm

The new construction is causal and stable for a larger range of £ and w




Cumulant and Correlation Function ratios

-0.04 +
-0.08 -
-0.12 +

-0.16 |-
NP |

Deviation of cumulants of proton multiplicities
relative to hydrodynamic (non-critical) baseline

Cumulants Correlation Functions

0.00

Cumulants of proton multiplicities are expected to be highly

sensitive to the critical point.
P Stephanoy, 09

Ideal HRG a la NPA 1008 (2021) 122141 |
® protons
o antiprotons

0.1 F
0.0

A clear excess of scaled proton-number variance

-0.1 +

from non-critical baseline reported for vsyy < 10GeV

-0.2 0.4<p,<2.0GeV/c, ly| <0.5

0.3 + STAR Au-Au 0-5%  MUSIC + SAM

= protons baryon cons. + EV

A antiprotons - = = baryon cons. only - VOVChenkO! KOCh! Shen! 22

0.4}

oL K,/x~11 GG

PR | " L PR R S | PR | L L
100 200 5 10 100 200

20 50 20 50
5w [GeV] /5w [GeV] g

PR S S |
5 10



EoS —» Cumulants of particle multiplicities
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Generalization to Cooper-Frye (74) freeze-out based
on maximum entropy PriNCIPIE  we stephanoy, 23

Hydrodynamics + Correlation Functions — HRG Ensemble with non-trivial phase space correlations

(fa) +0fa

Fluctuating
particle distribution

e Hydrodynamics + Correlations contain information about critical EoS ds
¢ [nfinitely many ensembles that would match with hydro+correlations :
o Cooper-Frye (74) maximizes thermodynamic entropy of HRG

o We maximize the nPI entropy of the HRG ensemble with fluctuations

subject to matching conditions

ME gives least biased ensemble of HRG that matches with hydro+correlations




MP, Stephanov, 23

e Natural generalization of factorial cumulants (IRCs, or irreducible relative cumulants)

Depends only on
reference distribution

|
AGape... = F(H,G)AHspc

Phase space correlation functions of Correlation functions of the
the gas variables (IRCs) hydrodynamic variables (IRCs)

Equilibrium estimates for the critical contribution to the factorial cumulants of proton multiplicity

k
“p

Cr T3( XTH-'P

k
_ H 'P HRG
— N ~ R 7T
Cl crit Ty )> (Iu )

X depends on the
mapping to Ising

wsin(ay — a
Cumulants in Ising
model mapped to

QCD
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Equilibrium estimates for critical contribution to
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Karthein, MP, Rajagopal, Stephanov, Yin (in preparation)



Equilibrium estimates for critical contribution to
factorial cumulants of proton multiplicities
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Fluctuation dynamics

Hydrodynamic evolution of the fireball and collectivity L. Du, Next talk

Stochastic Approach

Stochastic differential equations for hydro fields

Implementation using Metropolis algorithm

developed and applied to various models,
including Model H

Schaefer and Skokov, 22,
T. Schaefer, Chattopadhyay et al, 23, Florio

Wed, 9:30 am et al, 21, Basar et al,
24,Chattopadhyay et al, 24...
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X. An,

Deterministic Approach Tue, 4pm

Deterministic evolution for hydro correlation
functions

Semi-realistic estimates for two-point correlation
functions computed and connected to
observables

Teaney, Akamatsu, Mazeliauskas, 16 along with Yan,Yin, 19,
Stephanoy, Yin,17, An, Basar, Stephanov,Yee, 19,20,22,24...

An, Basar, Stephanov,Yee, 22,24

Rajagopal,Ridgway,Weller,Yin,19,Du,Heinz,Rajagopal, Yin,20
MP, Rajagopal, Stephanoy, Yin, 22,Mukherjee, Venugpalan, Yin 15



Out-of-equilibrium effects of fluctuations near the CP

(53(z.4)85(z_)) = / FUAX Y Q) Ax — 2. — 2

Persistence of critical imprints in the

fluctuation observables until freeze-out

Suppression
Do= 1 fm of peak

|§ 1.5 af-equilibrium>Equilibrium Rajagopal,Ridgway,Weller,Yin,19

|§N Du,Heinz,Rajagopal, Yin,20

- 1.0 MP, Rajagopal, Stephanov, Yin, 22

> Mukherjee, Venugopalan, Yin 15

Prolonged memory
0.5 of CP
0.32 0.27 0.22 0.17 0.12
T (in GeV) o _ .
Quantitative estimation of
non-Gaussian cumulants,
Finite size scaling of proton cumulants : A. Sorensen, Fri, 9:50 am work in progress.

CP fluctuations in MD simulations : V. Kuznietsov, Thurs 2:40 pm
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Critical lensing~Dore et al,22,
Nonaka&Asakawa, 05

* Consequence of universal ridge-like
structure of the isentropes near CP

Deformation of hydrodynamic trajectories near CP

MP, Sogabe, Stephanov, Yee,24

Universal

scaling near’

CP

 Phenomenological
implications

Deformations can be broadly classified based on the value of the mapping parameter &2

A

N. Sogabe,
Thurs, 3pm
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Summarizing & Looking forward

A family of candidate EoSs with a CP that match with the lattice have
been developed

ME
X (1> T pres caz, w, p) = Ch(pr(Tr); pres a1z, w, p, T)
_ < i il e R \
-0.30 |- ——MUSIC + SAM -
SRR e Quantitative estimates for out-of equilibrium Dynamics
JSw [GeV] corrections to higher order cumulants - need of the
hour
Vovchenko,Koch,Shen,22 Bayesian Analysis of experimental data pertaining
to multiple observables with the theoretical
Non-critical baselines framework may possibly help us learn about QCD
important! EoS near CP, if it exists in the regime scanned by
HICs

Thank you!
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Freeze-out : Transition from hydrodynamics to hadron gas

t

(fa) +0fa

.d S,

Hydrodynamic mean {<€u,u> <n>} — \Ifa
; —

densities
Fluctuating particle

distribution function

Conserved energy, momentum and
charge densities and their correlations

Hydrodynamic

correlations \Ija7 <5\Ija’5\:[jb> — [{ab7 o Habc...

Particle distribution

function at freeze-out <fA> — fA, <5fA5fB> — GAB ; <5fA5fB5f(;> — GABC

/4 Is the phase space distribution function for species A



Matching conditions at freeze-out

<€u“>:Z/ fapl, <n>:ZQA/ i q’“z%jprfAPz

A pPA A pPA
\ -

Py=|"4A

be... b
Habe = / Gapc. PiPLPS ...
A B,C,..." PAPBPC---

o Matching conditions for averages of conserved densities
O |nfinitely many sets of distribution functions that satisfy these matching conditions

O Freeze-out prescription corresponds to choosing one of these sets - How to choose”



Equilibrium Generalized

S [ f ] Which entropy to maximize? S [ P( f )]

SIP() = So[7) + [ P(7)log 500

\ G s are the correlation

_ functions in the Hadron

S-JF, GQ, Gg, . e e Gas description

SO[f] — _/fPeq(f) 1OgPeq(f)

 Maximize the relative entropy when correlations are out of equilibrium

* Constraints from matching conditions



Entropy to describe out-of equilibrium two-point correlations in ideal HRG

1 _ _
SQ — 5; | ZTI' [lOg GG_l — GG_l -+ 1] :
Equilién /
T | Similar 2-Pl action

Berges, 04, Stephanov, Yin, 17...

2-Pl entropy

Log [xX]-x+1

~10.

Strictly non-positive
—15L.




Upon maximizing the 2Pl entropy, subject to constraints of conservation

Gap=Gap+(H ' —H )"(H " PG)4(H PG)p

When all but two-point correlations are in equilibrium, the solution given above is exact.

Linearizing,
_ . i
Gap..=Gap+ AHyu(H'PGYY(H ' PG +.
Self -
correlations Contrlbutlpn of self

v correlations to

L / hydrodynamics
Contribution of ? ) o
self correlations AH® — fab _ fab Hap = Z/GABPAPB

A B

to hydrodynamics
IS subtracted



Generalization to Non-Gaussian
Correlations

IRC IRC

D T
AGapc.. = F(H,G) AHABC

For classical gas, irreducible relative cumulants (IRCs) reduce to so called “factorial
cumulants”.

Total IRC

\ \ / Self correlations
¢ pr— ¢ + +

‘ = & 3o+ &
\‘\ — W+ 6 e rt-eti3pedr K




Irreducible relative cumulants

For classical gas, irreducible relative cumulants (IRCs) reduce to so called “factorial
cumulants”.

Total IRC

\ \ / Self correlations
¢ pr— # + +

A = & +3-ed+ &
\‘\ — % + 6o e re-etizpedr K

® [or gases obeying different statistics, IRCs quantifty the non-trivial correlations
® Non-trivial correlations relative to any specitfied baseline distribution



Equilibrium estimates for the critical contribution to the factorial
cumulants of proton multiplicity

W

k_Ck NT_3< XTﬁ_:LP

k
rr—1
- 0 T H™ P HRG
b Cl crit Ty )> lik(,u’ )

X depends on the
mapping to Ising

w sin(a; — o
Cumulants in Ising
model mapped to

QCD
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200 |

Statistical Hadronization !
L] dN/dy yields B
O 4nyields -

IIII 1 1 I[IIII|

- : LI II 1 ) I LI II
— parametrizations 5

400 |

Andronic et al, 18

We use freeze-out parametrization from Andronic et al, 18 and add a variable
additive constant such that

We study sensitivity of observables to AT

27

Freeze-out parametrization

Te =Ty (pe) = AT



Novel summation scheme from WB collaboration
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FIG. 1. Upper panel: scaled baryon density x¥ (T, u5) /B,

as a function of temperature for different values of scaled

imaginary baryon chemical potential g = pp /T (labeled us- Borsanyi et al 21
ing different colors). Lower panel: the same quantity, but ? ?
with the temperature rescaled by a factor 1 + ki%, with
x = 0.0205. In terms of the rescaled temperature the curves
representing different g collapse onto the same curve. The
points labeled fip = 0 correspond to the limit ©p — 0 which
is the baryon number susceptibility x5 (7,0) (The figure is
taken from Ref. [13]).

Kahangirwe et al., 24



