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Functional methods: DSE & FRG

DSE FRG
nP| effective action | Pl effective action:
' flow equation
field derivatives field derivatives
4 : \ 4

inf. tower of integral equations : inf.tower of int.-diff. equations
for m-point functions for m-point functions

(slightly) differentre but same physics
complementary !

see e.g. CF, Pawlowski, PRD 75 (2007), PRD 80 (2009)
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QCD with DSE

propagators vertices
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Review: Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602]
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QCD with DSE

propagators vertices
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QCD with DSE
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QCD with DSE

propagators vertices
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Nf—2+l -QCD with DSEs and meson backcoupling
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2 order 1 GAUGE
order
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physical Mu.ds T-dep. propagator from lattice (pure glue; Ni=0)
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------------------------------------------------------------------------------------------------------------------------
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T m + m
T ight mesons 7 strange mesons

CF, Luecker, Welzbacher, PRD 90 (2014) 034022
Gunkel, CF, PRD 104 (2021) [2106.08356]
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PURE
GAUGE

N=2+1-QCD with DSEs and meson backcoupling

2™order 1
order

2" order
[ )

physical Mu.ds T-dep. propagator from lattice (pure glue; Ni=0)

¢ m¢'

Cross over
1st
orde

up/down / strang:\

Gunkel, CE PRD 104 (2021)

quality of truncations on same level

CF, Luecker, Welzbacher, PRD 90 (2014) 034022
Gunkel, CF, PRD 104 (2021) [2106.08356]
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Roadmap (of longer talk....
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DSE: CF, Luecker, Pawlowski, PRD 91 (2015) |

Christian S. Fischer (University of Giel3en) QCD phase diagram with functional methods



Roadmap (of longer talk....)
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DSE: CF, Luecker, Pawlowski, PRD 91 (2015) |

towards chiral limit

FRG: Braun et al, PRD 102 (2020) 5,056010
FRG/DSE: Gao and Pawlowski PRD 105(2022) 094020
DSE: Bernhardt and CF, PRD 108 (2023) 114018
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Roadmap (of longer talk....)
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DSE: CF, Luecker, Pawlowski, PRD 91 (2015) |

towards chiral limit

FRG: Braun et al, PRD 102 (2020) 5,056010
FRG/DSE: Gao and Pawlowski PRD 105(2022) 094020
DSE: Bernhardt and CF, PRD 108 (2023) 114018

chiral limit

DSE: Bernhardt and CF PRD 108 (2023) 114018

FRG (Nf=2): Braun et.al. PRL 106 (201 1)
DSE: Bernhardt, CF EPJA 59 (2023) 8, 181
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Roadmap (of longer talk....)
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chiral limit

DSE: Bernhardt and CF PRD 108 (2023) 114018

FRG (Nf=2): Braun et.al. PRL 106 (201 1)
DSE: Bernhardt, CF EPJA 59 (2023) 8, 181

location of CEP

FRG: Fu, Rennecke, Pawlowski, PRD 101 (2020)
FRG/DSE: Gao, Pawlowski, PLB 820 (2021)
DSE: Gunkel, CF, PRD 104 (2021)
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Ni=2+1, u=0, physical point
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e Lattice QCD

— Quark Condensate
— dressed Polyakov Loop

Lattice:

DSE:

200

T [MeV]

Borsanyi et al. [VWuppertal-Budapest], JHEP 1009(2010) 073
CF Luecker, PLB 718 (2013) 1036,
CF, Luecker, Welzbacher, PRD 90 (2014) 034022

FRG: similar results

Christian S. Fischer (University of Giel3en)

Y

Fu, Rennecke, Pawlowski, PRD 101 (2020)
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Ni=2+1, u=0, physical point
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Lattice: Aouane, et al.PRD D87 (2013), [arXiv:1212.1102]
Lattice: Borsanyi et al. [Wuppertal-Budapest], JHEP 1009(2010) 073 DSE:  CF Luecker, PLB 718 (2013) 1036, [arXiv:1206.5191]
DSE:  CF Luecker,PLB 718 (2013) 1036, CF, Luecker, Welzbacher, PRD 90 (2014) 034022

CF, Luecker, Welzbacher, PRD 90 (2014) 034022

® quantitative agreement: DSE prediction verified by lattice
FRG: Similar reSUItS Fu, Rennecke, Pawlowski, PRD 101 (2020)
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N=2+1, u=0
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Lattice: Aouane, et al.PRD D87 (2013), [arXiv:1212.1102]

CF, Luecker, PLB 718 (2013) 1036, [arXiv:1206.5191]
CF, Luecker,Welzbacher, PRD 90 (2014) 034022

® quantitative agreement: DSE prediction verified by lattice

FRG: similar results

Fu, Rennecke, Pawlowski, PRD 101 (2020)
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Extrapolation from imaginary chemical potential

Polynomial
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see also FRG (Nf=2): Braun et.al. PRL 106 (201 1) kY =0.0196, K5°Y =0.00015,
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Extrapolation from imaginary chemical potential

Polynomial
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Extrapolation from imaginary chemical potential

Polynomial
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® Extrapolation works very well! T 2\ T 7
see also FRG (Nf=2): Braun et.al. PRL 106 (201 1) kY =0.0196, K5°Y =0.00015,
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Location of CEP
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DSE/Lattice [Fischer et al., 2014]
FRG [Fu et al., 2019] }E_
DSE/FRG [Gao, Pawlowski, 2020]
DSE/FRG [Gao, Pawlowski, 2020]
DSE/Lattice [Gunkel, Fischer, 2021]
Lattice [Borsanyi et al., 2020]
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® how stable is this result ??
% crosscheck DSE-FRG v
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Location of CEP
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Lattice [Borsanyi et al., 2020]
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® how stable is this result ??

% crosscheck DSE-FRG v
¥ Nf=2+ 1|+ V4

CF, Luecker, Welzbacher, PRD 90 (2014) 034022
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Location of CEP
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FRG [Fu et al., 2019] }E_
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Lattice [Borsanyi et al., 2020]
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® how stable is this result ??

* crosscheck DSE-FRG
* N=2+ 1+
* baryon effects

CF, Luecker, Welzbacher, PRD 90 (2014) 034022

SN

Eichmann, CF Welzbacher, PRD93 (2016)
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Location of CEP
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® how stable is this result ??
% crosscheck DSE-FRG Vv
¥* Nf= 2+ |+ / CF, Luecker, Welzbacher, PRD 90 (2014) 034022
¥ ba ryon effects v Eichmann, CF, Welzbacher, PRD93 (2016)
¥ inhomo genuous p hases T.F Motta, . Bernhardt, M. Buballa and CF, PRD 108 (2023)
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Location of CEP

Bernhardt, CF, in preparatiop 200 : | , | . | — . | — . | |
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® how stable is this result ??
% crosscheck DSE-FRG Vv
¥* Nf= 2+ |+ / CF, Luecker, Welzbacher, PRD 90 (2014) 034022
¥ ba ryon effects v Eichmann, CF, Welzbacher, PRD93 (2016)
¥ inhomo genuous p hases T.F Motta, . Bernhardt, M. Buballa and CF, PRD 108 (2023)

* cross-check with lattice v
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® Quarks/meson wave functions do change !

| |
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1400

Meson propertles at finite chemical potential

Gunkel, CF, Isserstedt, EP] A 55 (2019) no.9, 169
Gunkel, CF, EP] A 57 (2021) no. 4, 147
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Meson propertles at finite chemical potential

200 T
Cro

150" T T T =—a |
= 7
) .
8 - B N
Z 100 —
<
g L
o L
]
o L
F .

50—
Nuclear Liquid-Gas Transition
ol 1 W | I R,
0 200 400 600 800 1000 1200 1400

Baryon chemical potential[MeV]

D-ILD

spinodals spinodals
250 A
1.25 - ]
= i
1.00 4. R Meson kind: é) 200 U S Meson kind:
; R RIOUE SR -= als ~—~, | = g
Toml L " R L e e | (R -
o - e == ps S S S .
% —_—— 2 adls
S 050 B A | K (&\Q 100 —- \ : K
T 4_‘:; ] T
0.25 A 50 ]
000 —— o b ) A S—
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
g [GeV] p [GeV]
& I | Gunkel, CE Isserstedt, EP| A 55 (2019) no.9, 169
Quarks/meson wave functions do change ! gu Coiseseactn ass @019 nos. 6o
& BUt Silver blaze Satisﬁed T.D. Cohen, PRL 91 ,222001 (2003)

Christian S. Fischer (University of Giel3en)

QCD phase diagram with functional methods



Summary: QCD with functional methods

Main goals:

® one framework for all areas of hadron physics:
mesons, baryons, ‘exotic states’, form factors,
hadronic contributions to precision observables (g-2)
® same framework for QCD phase diagram

Main results:

200 //’| ' | /,”| I |
’ =2 2 MB/ T=3
> .
2 100 , . Y S _
— -+« + Lattice [Bellwied et al., 2015] % ®
- ¢ freezeout points [various sources] Y |
@® DSE/Lattice [Fischer et al., 2014] @4
50H @ FRG [Fu et al., 2019] a
©® DSE/FRG [Gao, Pawlowski, 2020]
® DSE/FRG [Gao, Pawlowski, 2020]
@® DSE/Lattice [Gunkel, Fischer, 2021]
0 v 1 | 1 | 1 | 1 | 1 | 1 | 1 | 1
0 100 200 300 400 500 600 700 800
u, [MeV]
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Results for fluctuations: FRG of effective theory

3.5 T L L I T L AL T
fRG (CE), freezeout: Andronic et al. 250 - | - | : - -

3.0F Iy e fRG (CE), freezeout: STAR Fit | - -
= == fRG (CE), freezeout: STAR Fit Il freezeout: Andronic et al.

25| fRG (GCE), freezeout: Andronic et al. 1 R B S —— freezeout: STAR Fit |

=1 7 | =e——— fRG (GCE), freezeout: STAR Fit | 200 . . .
——— fRG (GCE), freezeout: STAR Fit Il 42 = === freezeout: STAR Fit I
& 2.0f ¥  STAR collider (0-5%) . @ CEP
mm i  STAR fixed-target (0-5%)

0 100 200 300 400 500 600 700 800
pp [MeV]

® |ocation of peak: sensitive to
details of freeze-out

® height of peak: sensitive to
location of CEP!

Fu, Luo, Pawlowski, Rennecke,Yin, arXiv: 2308.15508
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Order parameters from (DSE+FRG)

_ 1 d’
[Chiral order parameter:] (VW) = ZeNTrp Ew:/ (27:;3 S(p,w)
spatially homogenuous ) )

S_l(wpaﬁ) = Z.I’;A(wpaﬁ) + ’574%0(%717) + B(wlhm

[Deconﬁnement:]

® Polyakov loop potential

Braun, Gies, Pawlowski, PLB 684, 262 (2010)

Braun, Haas, Marhauser, Pawlowski, PRL 106 (201 I)
Fister, Pawlowski, PRD 88 045010 (2013)

CF, Fister, Luecker, Pawlowski, PLB 732 (2013)
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Modeling and eff. theories: not adequate...

Models/approximations:

1) NJL model (DSE,FRG): ® —

) PQM model (FRG): o -

- — A
lll) Rainbow-ladder (DSE): o = - . & stz

— valuable for exploratory studies
— not good enough for quantitative
and/or systematic studies at finite T,

necessary: solve tower of FRGs/DSEs

CF.PPNP 105 (2019) [1810.12938]
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QCD with FRG

| Pl effective action I

/,—®\\
1 1
kOkT[®] = 2 - ! b= +5
‘/ k: regulator scale

field derivatives f —
v
s—o—-a(_£r + Lo\ )
- 1 O
O O
o .. »

0, =@=""

—
o H. Gies, Lect. Notes Phys. 852 (2012),287-348
A + . °
‘ 2

Fu, Rennecke, Pawlowski, PRD 101 (2020)
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Critical line/surface for heavy quarks

m=320MeV —— '
m =363 MeV -------
Polyakov Loop: os} m =400 MeV e -
m PR
2 order 06T
% )
2" ordelk N I
. \ e 2 0.4
physical my g s -
. 0.2 F
¢ m{
Cross over
0
200
1st
orde
Mud ]
® Deconfinement transition in
agreement with lattice QCD
® Correct tricritical scaling
® Roberge-Weiss-transition seen
Lattice: % Myd
Fromm, Langelage, Lottini, Philipsen, JHEP 1201 (2012) 042 CF, Luecker, Pawlowski, PRD 91 (2015) |
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Critical line/surface for heavy quarks

Polyakov Loop: *°[ /*__,_---——}—/—;‘f:’,‘;:,',f',:jx,. -
" PURE 2+ * ¥ e .
) 2™ order GAUGE = X
2 orih g O ]
. OTOER . DSE, N=1  +
. Tricr. scaling, N¢=1 ]
physical my g s DSE, Ni=2  x
_ 05 | Tricr. scaling, Ny=2 - _
& my DSE,N=3  x
Cross over o L | | | Trilcr. scalling, NT=3 o
4 05 0 05 1 15 2 25 3
1C)Strde
mu,d‘
® Deconfinement transition in
agreement with lattice QCD
® Correct tricritical scaling
® Roberge-Weiss-transition seen
Lattice: 0 My
Fromm, Langelage, Lottini, Philipsen, JHEP 1201 (2012) 042 CF, Luecker, Pawlowski, PRD 91 (2015) |
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Towards the chiral limit... (FRG+DSE)

4 - fQCD: HotQCD:
m. = 140 MeV —§— m, =140 MeV
PURE my =110 MeV 483 x 12
GAUGE m, = 80 MeV N ~§~ mx =110 MeV
2 order 1 Ty | T e ,{'/ i\\ 0 x12
order e o . - ™ - 8102 e
2 order = / | E mooauey
ﬁ . g ) | /:}3 7 TN \\ - f:,, : 5152MeV
physical myds Ja Z . 'l\ 56° x 8
e mly 55 2 Sl \\ -
Cross over g P N
1st 130 140 150 160 170 180
orde T[MeV]
My d i HotQCD: Ding et al. PRL 123,062002 (2019)
’ FRG: Braun et al, PRD 102 (2020) 5,056010
FRG/DSE: Gao and Pawlowski PRD 105(2022) 094020
DSE: Bernhardt and CF, PRD 108 (2023) 114018
My [MeV] 0 55 80 110 140
DSE 146.7| 149.9 151.6 154.0 156.7
FRG [63] 142 | 148.0 150.5 153.6 156.3
T. [MeV] FRG-DSE [96] 141.3| 146.5 149.1 152.1 155.4
HotQCD (N, = 12) [95]| - - |149.71931155.6196 | 158.2105
HotQCD (N, =8) [95] | - [150.97941153.919:3(157.979-31161.019 1
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At the chiral limit...

. 0
$ — 40.73/2
- v PURE
S GAUGE
2rorder 1st T
order ~
-~
2rorder = _1-
o 4
phySIOa| Mud,s ;2;0 M [MeV]
| ¢ 1077 4 10°
¢ mli ® 20.56 * o0
Cross over v 10°
-2 . .
-3 -2 -1
1¢t log(t)
orde ;
Mud
Cuteri, Philipsen and Sciarra, JHEP 11 (2021), 141
Bernhardt and CF PRD 108 (2023) no.11, 114018
DSE: Bernhardt and CF, PRD 108 (2023) 114018

Dini, et al, PRD 105 (2022) no.3,034510
Ding et al. PRL 123,062002 (2019)
Bornyakov et al. PRD 82,014504 (2010)

Lattice:
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At the chiral limit...

; 0
$ . t0'73/2
- Y PURE
S GAUGE
2" order 1 >
order ~
-~
2" order = _1-
o 4
physical my ds & ms [MeV]
® 107° A 10°
® 20.56 * o
Cross over v 10°
-2 ! !
-3 -2 -1 0
log(?)
Mud 210 - : —
Cuteri, Philipsen and Sciarra, JHEP 11 (2021), 141 i ///’
Bernhardt and CF PRD 108 (2023) no.11, 114018 1 i /
180 - *
— : /
z o
= 150 - R
R %
120 - |
DSE: Bernhardt and CF, PRD 108 (2023) 114018 — — — * i
Lattice:  Dini, et al, PRD 105 (2022) no.3,034510 i
Ding et al. PRL 123, 062002 (2019) 90 - . — .
Bornyakov et al. PRD 82, 014504 (2010) 1073 101 10! 103 10°
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At the chiral limit...

. 0
$ __ 40.73/2
m - PURE
S GAUGE
2" order 1st >
order P
Ond ArAar ff a
o Ao me [MeV]
2 yd YT =~ ® 107° 4 10°
IU’B /// /rk\:: o) 20356 * o0
2 A /// P ~ ; / v 10
(B0 MeV)2p- ~ / LI;77 1 0
yp |
// ********** /\:\— - *) ;(t>
0 - R

/// ) P e i ) -
;Iute:, F;hlllp /// e mS i ///
ernhardt an| - 1
2 L~ - | / *
—(30 MeV)2F - -
mU./d L
.
EL() - ’/*
120 - |
DSE: Bernhardt and CF, PRD 108 (2023) 114018 — — — * i
Lattice: Dini, et al, PRD 105 (2022) no.3,034510 i E
Ding et al. PRL 123, 062002 (2019) ) ¢ 90 . — 1
Bornyakov et al. PRD 82,014504 (2010) ke 1073 101 10! 103 10°
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Evolution of CEP with my/4

700
_ a %EI#MO%\!ARY
_ e DSE
% 600 -
=
=
om 500 A
3.
400 | | | |
0 50 100 150
my |MeV]

® ‘large’ pion masses: linear
® close to chiral limit: non-linear...

Christian S. Fischer (University of Giel3en)

Bernhardt, CF in preparation
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Dynamical mass generation (T=0)

[ T T T T T T T T | T T T T | T T T T
4 .
0 -\E = Lattice: quenched
N o Lattice: unquenched (Nf=2+1)
- — - DSE: quenched
_ 0.3 B — DSE: unquenched (Nf=2)
> n
v i
o |
@ 0.2 B
E i
0.1
000 1.0 2.0 3.0 4.0

O

|
\/

)
J

DSE: CF, Nickel,Williams, EP] C 60 (2009) 47
Lattice: P. O. Bowman, et al PRD 71 (2005) 054507

10

- Lattice: quenched

» Lattice: unquenched (N.=2+1)
— - DSE: quenched

— DSE: unquenched (N=2)

|

N T
20 3.0 40
p [GeV]
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Dynamical mass generation (T=0)

04 -\E = Lattice: quenched
™~ o Lattice: unquenched (N =2+1)

— - DSE: quenched

— DSE: unquenched (N =2)

<
w

M(p) [GeV]
o
(\]

NS

e
[E—

4.0

<
@ T T T T

O

|
\/

)
J

DSE: CF, Nickel,Williams, EP] C 60 (2009) 47
Lattice: P. O. Bowman, et al PRD 71 (2005) 054507

10

Lattice: quenched
«» Lattice: unquenched (N =2+1)
— - DSE: quenched

— DSE: unquenched (N=2)

|

A T
20 30 40
p [GeV]

‘constituent quark’: large mass - very composite
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Dynamical mass generation (T=0)

)
N

Zf (p ) DSE: CF, Nickel,Williams, EP] C 60 (2009) 47

Lattice: P. O. Bowman, et al PRD 71 (2005) 054507

|
N\
=
N—"
Q
n
\
|

‘current quark’: small mass; non-composite

| T T T T | T T T T 4 1 1 ] 1 I T 1 Ll T I T 1 L 1 I b \

0.4 .
- = Lattice: quenched

o Lattice: unquenched (N =2+1)
— - DSE: quenched

10

_ 0.3 — DSE: unquenched (N =2) 0.9
>
i< 7~
< &
=202 N 08
= Lattice: quenched
07 «» Lattice: unquenched (N f=2+1) N
0.1 =3 -
I — - DSE: quenched
I — DSE: unquenched (N=2)
ool % .o 0.6 o
9. 1.0 2.0 30 20
p [GeV]

‘constituent quark’: large mass - very composite
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200 T

—_
wn
S

100

Temperature [MeV]

wn
(=)
L B

Nuclear Liquid-Gas Transition %

00 200

400 600 800 1000

Baryon chemical potential[MeV]

® Quarks/meson wave functions do change !

| |
1200

1400

Meson propertles at finite chemical potential

Gunkel, CF, Isserstedt, EP] A 55 (2019) no.9, 169
Gunkel, CF, EP] A 57 (2021) no. 4, 147
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Meson propertles at finite chemical potential

200 T
Cro

150" T T T =—a |
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Z 100 —
<
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50—
Nuclear Liquid-Gas Transition
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effects on the CEP - results (Nf—2)

b
— 0.6 -
04 —— No Baryons |
--- Baryons included
0.2+ =
O | | | | | | | | | | | | | | | | | | |
0 50 100 150 200

!‘Lq [M@V] Eichmann, CF, Welzbacher, PRD93 (2016) [1509.02082]

® Small chemical potential: no effect
® almost no effect on location of CEP

Christian S. Fischer (University of Giel3en) QCD phase diagram with functional methods



effects on the CEP - results (Nf—2)

=
= 0.6 ~

04+ —— No Baryons |

--- Baryons included
02 ----- Baryons included with p-dep. prefactor  _
0 | | | | | | | | | | | | | | | | | | |
0 50 100 150 200
““q [MGV] Eichmann, CF, Welzbacher, PRD93 (2016) [1509.02082]

® Small chemical potential: no effect

® almost no effect on location of CEP
® But: strong |1-dependence of baryon wave function
may change situation...
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a
— 0 @ @ C @
200
Crossover
150~ T T T _
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3 100
fas]
5)
o
£
()
=
50 —
Nuclear Liquid-Gas Transitio
0 . | | R R | %\ . |
0 200 400 600 800 108Q . 1400

Baryon chemical potential [Me

EoS from microscopic QCD (functional approach):

® chirally broken phase
* quarks, mesons
* baryons

® superconducting phase(s)

V our work

work in progress (DFG-ind.)

¢/ Buballa et al.

Muller, Buballa, Wambach, arXiv:1603.02865

® inhomogenuous broken (‘cristaline’) phase(s) workin progress (CRC,A03)

Motta, Bernhardt, Buballa, CF, arXiv:2306.09749
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Meson effects at finite T and L

Wadq

Wadq

L /s

Dr(p) = p4 252 + ma (T, 1)%) U = ﬁ Son, Stephanov, PRD 66 (2002) 7
> = K > ----- [(Pyq) = v E(P,q,T, 1) +
B
chiral limit: I’ V5 —
Jt
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