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Behavior near a critical point

e Critical point (CP):
a single point in the phase diagram where change from an ordered to disordered phase occurs

e The endpoint of a 1st order phase transition

As systems approach the CP, latent heat decreases
= 1t costs little energy for components of one phase to form a local “bubble” of the other phase

= as CP is approached, correlation length & increases = large fluctuations (large bubbles)
= critical opalescence phenomenon:
— “bubbles” grow to sizes comparable with visible light wavelengths (& ~ 4)
— light can be scattered and a translucent system becomes cloudy (like fog)
= at CP, correlation length formally dlverges = :

system experiences correlations of all sizes

(proof: critical opalescence in
methanol+cyclohexane persists at CP

where ¢ ~ 1 cm)
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Universal behavior

Near CP:
t = L —1e Coo(ta O) ™~ ‘t‘_a foo(t,()) ™~ ‘t‘_y
te oo (t,0) ~ (=) oo (0,m) ~ |m| ™
N K — M .
e Noo(0,m) ~ m3s

X oo (ta O) ~ ‘t‘_w

CP: infinite volume concept
In real world £ does not go to infinity = thermodynamic functions do not exhibit singularities

¢ 1s bound by the size of the system L

It can be shown that

Xoo(t) ~ [t]77 ~ [€oo(t)]
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Universal behavior

Near CP:
t = L —1e Coo(ta O) ™~ ‘t‘_a goo(ta()) ™~ ‘t‘_y
Le floo(ty O) ™~ (_t)ﬁ goo(oam) ™~ ‘m‘_’/c
N K — M .
e Noo(0,m) ~ m3s

X oo (ta O) ~ ‘t‘_w

CP: infinite volume concept
In real world £ does not go to infinity = thermodynamic functions do not exhibit singularities

¢ 1s bound by the size of the system L one can find CP by plotting

It can be shown that / \

Xoo(t) ~ [t 77~ [€oa ()]
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Finite size vs. window size

2 1
Xp(tn) = L (¢L7)
Finite-size scaling (original): change the size of the system, calculate X, (#;), repeat

Changing SIZE is not always possible or doesn’t really probe the same system (bird flocks, heavy-ions)

Solution: study the dependence of X on the size of the subsystem that is considered

D. Martin, T. Ribeiro, S. Cannas, et al., Box scaling as a proxy of finite
size correlations, Sci Rep 11, 15937 (2021)
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_ y)
Xoo(tao)’\“‘t‘ K — = = ==X

Does 1t work??
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Motivation for VDF studies: cumulants in molecular dynamics

We will use some insights from VA. Kuznietsov, O. Savchuk, M.l. Gorenstein, V. Koch, V. Vovchenko,

: Phys. Rev. C 105 no.4, 044903 (2022), arXiv:2201.08486
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Finite-size scaling analysis of cumulants in a periodic box

VDF potentials in SMASH hadronic transport

AS and V. Koch, Phys. Rev. C 104, 3, 034904 (2021)
arXiv:2011.06635
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(good definition of probed L)
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Finite-size scaling analysis of cumulants in a periodic box

VDF potentials in SMASH hadronic transport

AS and V. Koch, Phys. Rev. C 104, 3, 034904 (2021) ‘ | * ‘ A * ‘ ®
arXiv:2011.06635
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Finite-size scaling analysis of cumulants in a periodic box

Lbox = 24 fm ® o x
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Finite-size scaling analysis of cumulants in a periodic box
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Thermal model

Cz(W, //tB,fO)
Tf30 WdeO/dy

XZ(Wa /’tf()) —

» We used published thermal model fits for 7, and g ¢,

e We parameterize dV;,/dy from several publications.
At lower energies, HBT and some fits give a much

smaller dV; /dy. We use the larger volume, lower
density solution. For 2.4 GeV, TEOVis highly
uncertain, ranging from 0.5 to 5

o Experiments can improve results by publishing
dVi,/dy, Ty, and pg ¢, from thermal model fits for
specific W
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Susceptibility

Cz(W, //tB,fO)
Tf30 WdeO/dy

)(Z(Wa /’tf()) —

e Grey band shows uncertainty from freezeout
ambiguities for the 2.4 GeV data.
Uncertainty precludes any conclusion about

observing a maximum in y,

e Data do indicate a change in slope at higher p,
and at small W
X, decreases with increasing W for 7.7-54.4 GeV

but changes slope at 2.4 GeV
(3.0 GeV is ~flat)
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Scaled susceptibility

(W, m) = Wd(mWw)
m = (ug — g ) g

e Good scaling for negative m

e Low energy points do not scale well

e Scaling function @ is well described by
a power law; consistent with

expectation for m —» — .

o This scaling neglects variation of
t=(I'—1T,/T,;notabad
approximation for 7.7 GeV and above,
but worse for 2.4 and 3.0 GeV.
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Scaled susceptibility: excluding widest bins

e QOur simulations showed that baryon number
conservation may spoil the scaling for larger
values of W

o Excluding W=0.8 and 1.0 reduces the u . (as was
expected from simulations)

e The fraction of measured baryons to total baryons
is likely well below 25% for all these points except
the 2.4 and 3.0 GeV data (not in the fit)
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Scaled susceptibility: pp/T fit

;.g 103 :_MBC/TC =4.45; y =1.237; v=0.630
e To explore factoring in the temperature x T ,p
dependence used (r — r.)/r. where r = u/T x| i
) 3
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Summary

o Simulations show that window-size analysis works: effects due to finite
time, baryon number conservation can be controlled by considering less
than ~25% of the total volume

» We observe finite-size scaling for y, extracted from 7.7-54.4 GeV data:
we obtain yp ~ 625 + 60 MeV and 7. = 140 £ 13 MeV

o We explored a variety of fit ansaetze: ug , ug/T , (ug, T'), different critical
exponents...
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Binder cumulants

K. Binder, Z. Phys. B 43,119 (1981).
_ 2
U, = — C,/(3C)

e Expectation: U, = 0 (Gaussian), 2/3
(bimodal), crosses at the critical point

U, ~ ¢; + c)(p — u )W

o Atlow up, U, follows Skellam with
Us(W=0.8)>U4(0.6)>U,4(0.4)

e At up>400, the ordering appears to
reverse

e Data are consistent with a critical point
between up of 400 and 800 MeV
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Different critical exponents
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