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Motivation and Fundamentals
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BELFEM: Motivation and Project Goals

[Source: 10.1088/1361-6668/abb8c0]

CORC®
[Source: 10.1088/0953-2048/28/6/065007]

VIPER

• quasi-magnetodynamic modeling 
• understand electromagnetic behavior of cables 

• coupled thermal modeling 
• thermal behavior and physical coupling with EM 
• quench behavior 

• other phenomena 
• current sharing 
• …

want ability to model: 
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Recap: Maxwell in FEM

Faraday’s law Ampére’s law

1

1

1

Lagrange Elements 
(ϕ formulation)

Nédélec Elements 
(h-formulation)

Air / Vacuum Conductor Ferromagnetic Alloy

Governing
Equation

Transport
Law

Degree of
Freedom

Comment

Faraday’s LawAmpére-MaxwellAmpére-Maxwell

Magnetic
Vector Potential

Magnetic LawOhm’s Law

Magnetic FieldMagnetic
Scalar Potential

none

minimal number of dofs need edge elements
simple material law 

implementation

FEM Weak forms are based on different laws 
•  h-formulation is based on Faraday’s law 
•  a-formulation is based on Ampéré’s law 
•  ϕ-formulation can be based on either Faraday or Gauß 

Mixed formulations: 
•  there is no “universally best” formulation 
•  mixed formulations aim to combine benefits of individual 
formulations
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Goals and Challenges

Modeling Challenges as learned last year:  

• integral current boundary conditions (→ cohomologies) 

-  “thin cuts vs thick cuts” 

• h-ɸ domain interfaces  

-  Lagrange Multipliers vs. Static Condensation 

• ɸ-a domain interfaces 

- handling of strong nonlinearities  (→ XFEM)

Modeling Goals: Make the code ready for 3D!

• fast implementation 

- require low/moderate conditioning of system matrix 

• stable implementation 

- robust timestepping (including higher order) 

- handling numerical noise  (→ e.g. “bleeding”) 

“ no cutting corners!”



Current Status and Lessons Learned
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Thin Shell Formulation: 2D Results 2023

Published Paper in SuST 2023  
• Christian Messe, Berkeley Lab 
• Nico Riva, MIT 
• Sofia Viarengo, Politechnico di Torino 
• Gregory Giard & Frédéric Sirois, Polytechnique Montreal

• validated against analytical methods + COMSOL / GetDP 
• first research promises faster and more detailed results than 

other established methods such as t-a 
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Thin Shell Formulation: 2D Results 2023
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Lagrange Multipliers:  Basic Concept

Lagrangian Multipliers:

•  well known from “contact problems” 
•  used for h-ɸ by Arsenault 2020 [10.1109/tasc.2020.3033998] 
• “pointwise constraint” in COMSOL

 potential

 first variation

 rewrite in matrix form

Pro:

•  easy implementation

Con:

•  poor conditioning 
•  zeros on main diagonal 
⇒ approach not feasible for large 3D problems!

Solution:

•  use static condensation instead!
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Static Condensation: Basic Concept

• Node 4 is “hanging” → dof 4 is expressed as linear combination  of dof 3 and 5 

• Change of basis us performed using T-Matrix

• Method can be used for both domain interfaces and domain cuts
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Lessons Learned

“Bleeding”

• caused by abrupt change of 𝜇 along 𝜙-a interface 

• documented in Dular 2021 [10.1109/TASC.2021.3098724]

Solution:

• stabilize interpolation on 𝜙-side using enriched shape functions

• this XFEM approach is well known in other physical domains

https://doi.org/10.1109/TASC.2021.3098724


Homologies and Cohomologies
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H-ɸ formulation: Homologies and Cohomologies

Boundary Conditions 
 current is applied over Ampere’s circuital law: 

•  homologies represent the loops that can be drawn 
around the conducting regions that fulfill Ampere’s law 

•  only integral current I needs to be known 

• cohomologies are cuts in the domain over which jumps 
in the magnetic potential ɸ are imposed so that Δɸ=I. 

➡ very elegant mathematics! 
➡ homology definition not user friendly 
➡ difficult to implement in commercial codes 

Ampére’s circuital law

dipole

+ -



￼14

H-ɸ formulation: Homologies and Cohomologies

Boundary Conditions 
 current is applied over Ampere’s circuital law: 

•  homologies represent the loops that can be drawn 
around the conducting regions that fulfill Ampere’s law 

•  only integral current I needs to be known 

• cohomologies are cuts in the domain over which jumps 
in the magnetic potential ɸ are imposed so that Δɸ=I. 

➡ very elegant mathematics! 
➡ homology definition not user friendly 
➡ difficult to implement in commercial codes 

Ampére’s circuital law

dipole

Homology 1

+ -



￼14

H-ɸ formulation: Homologies and Cohomologies

Boundary Conditions 
 current is applied over Ampere’s circuital law: 

•  homologies represent the loops that can be drawn 
around the conducting regions that fulfill Ampere’s law 

•  only integral current I needs to be known 

• cohomologies are cuts in the domain over which jumps 
in the magnetic potential ɸ are imposed so that Δɸ=I. 

➡ very elegant mathematics! 
➡ homology definition not user friendly 
➡ difficult to implement in commercial codes 

Ampére’s circuital law

dipole

Homology 1 Homology 2

+ -



￼14

H-ɸ formulation: Homologies and Cohomologies

Boundary Conditions 
 current is applied over Ampere’s circuital law: 

•  homologies represent the loops that can be drawn 
around the conducting regions that fulfill Ampere’s law 

•  only integral current I needs to be known 

• cohomologies are cuts in the domain over which jumps 
in the magnetic potential ɸ are imposed so that Δɸ=I. 

➡ very elegant mathematics! 
➡ homology definition not user friendly 
➡ difficult to implement in commercial codes 

Ampére’s circuital law

dipole

Homology 1 Homology 2

Homology 3

+ -



￼14

H-ɸ formulation: Homologies and Cohomologies

Boundary Conditions 
 current is applied over Ampere’s circuital law: 
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Ampére’s circuital law

dipole

Homology 1 Homology 2

Homology 3

Cohomology
+ -
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H-ɸ formulation: Homologies and Cohomologies
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H-ɸ formulation: Thin vs. Thick cuts

Thin Cut

• jump of potential is between elements 
• nodes and degrees of freedom at cut are duplicated 
• implemented using Lagrange Multipliers or Condensation

Thick Cut

✂︎

✂︎

• jump of potential is along element 
• interpolation function needs to be enriched 
• implemented using XFEM

•  Literature does not say which is faster or more stable! 
•  User can not be expected to define cuts themselves 

➡ need robust algorithm with minimal user interference
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Cohomologies: Work in Progress

PhD Student Gregory Giard (Polytechnique Montreal): 

• visiting scholar at LBL from 01/23-06/23 

• contribution to adaptive time stepping method 
• development of 3D thermal conduction model 

• implementing automated cohomology computation in 3D 

• automated identification of cut orientations based on user 
provided currents (“the user shall not worry about cohomologies”) 

• clean formulation of “thin” and “thick” cuts using “static 
condensation” for the former and XFEM for the latter.



Next Steps
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Current Efforts

Goal: 

• model a thin shell tapes tack in 3D after Alves et Al, 2022 

• extend model to encompass solder and thermal model 

• be able to do the coupled EM-Thermal quenching model by end of the year

[ Alves et al, 10.1109/TASC.2022.3143076 ]

Roadmap: 

• overhaul data structure for simplified programming of weak governing equations 

• improve degree of freedom management system to support static condensation 

• first benchmark with 3D tapestack 

• implement solder and thermal model 

• benchmark involving quench 

• address contact sharing (Spring 2025)

air or
vacuum

air or
vacuum

sheet thickness
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Tentative Timelime

Jul Aug Sept Oct Nov Dec

Visit 
Polytechnique 

Montreal

ASC 2024

Have new 
2D cuts 
running

Have new 
3D cuts 
running

First Tape in 3D Thermal Coupling
Iron Interface 
XFEM

Implement Solder

Goals 
•  Demonstrate Quench Propagation in Winter 
•  Begin Intertape Current Sharing in Early 2025


