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Large-momentum effective theory

_ + Ji, PRL110 (2013);
e Quasi-PDF: . Ji, SCPMAS57 (2014).
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PDF ¢(x) : Quasi-PDF g(x, P°):
Cannot be calculated on the lattice Directly calculable on the lattice
2
dy X U M? Aoep
Q(X,PZ,IM) = “_C< ’ >Q(y9//t)+0 ’

|yl \y yP* PZ " x°P;

» Xiong, Ji, Zhang and Y.Z., PRD90 (2014);
* Y.-Q. Ma and J. Qiu, PRD98 (2018), PRL 120 (2018);

* T. lzubuchi, X. Ji, L. Jin, |. Stewart, and Y.Z., PRD98 (2018).
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Large-momentum effective theory

_ + Ji, PRL110 (2013);
e Quasi-PDF: . Ji, SCPMAS57 (2014).

s 1 2 !

Related by Lo;entz boost

v S

~ ¥ z
PDF ((x) : “ Quasi-PDF §(x, P?):
Cannot be calculated on the lattice Directly calculable on the lattice
2
dy . (x pu M* Agep
Q(X,PZ,IM) = “_C< 9 >Q(}’aﬂ)+0 ’
|yl \y yP* Pz x*P;

» Xiong, Ji, Zhang and Y.Z., PRD90 (2014);
* Y.-Q. Ma and J. Qiu, PRD98 (2018), PRL 120 (2018);

* T. lzubuchi, X. Ji, L. Jin, |. Stewart, and Y.Z., PRD98 (2018).
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Quasi-TMDPDF

* Ji, Sun, Xiong and Yuan, PRD91 (2015);
* Ji, Jin, Yuan, Zhang and Y.Z., PRD99 (2019);

. - M. Ebert, I. Stewart, Y.Z., PRD99 (2019);
* Definition: * M. Ebert, I. Stewart, Y.Z., JHEP09(2019)037.
~ — de 7.7 7\ o~ N Bq(bza E>Ta a, La PZ)
ngD(X, b s 1 PZ) — [Tﬂelb (xP >Z/(bz,ﬂ,M)ZUV(bZ,M, Cl) =
. z \/ S, (b, a, L)
B (x, b r,€,7,xP7) P B (b% b ,a,L, PY)

€ : UV regulator

T : rapidity regulator

PZ

Lorentz boost and L N 00
¢
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Quasi-TMDPDF

* Ji, Sun, Xiong and Yuan, PRD91 (2015);
* Ji, Jin, Yuan, Zhang and Y.Z., PRD99 (2019);

. * M. Ebert, |. Stewart, Y.Z., PRD99 (2019);
. | |
Definition: * M. Ebert, I. Stewart, Y.Z., JHEP09(2019)037.

“TMD/.. 7. db* ib*(xP?) 51/ 1.2 N z Bq(bz, ?T, a, L, PZ)
fq (X, b T U PZ) — 2—72_6 V4 (b ,,u,,u)ZUV(b , U, a) =
NOXR
S4(br. €,7) Naive S, (by,a, L)

e

Cannot be related by
Lorentz boost

X
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Quasi-TMDPDF

* Ji, Sun, Xiong and Yuan, PRD91 (2015);
* Ji, Jin, Yuan, Zhang and Y.Z., PRD99 (2019);

. - * M. Ebert, |. Stewart, Y.Z., PRD99 (2019);
' | |
Definition: * M. Ebert, I. Stewart, Y.Z., JHEP09(2019)037.

~ - de 7.7 7\ o~ N B (bz,?T,Cl,L,PZ)
ngD(-xa b T M, PZ) = “ elb P )Z/(bza H, /’t)ZUV(bZ, H, Cl) d —
\/Sq(bTa a, L)

27

* Relationship to the physical TMDPDF-:

* M. Ebert, I. Stewart, Y.Z., JHEP09(2019)037.

— 1 (2xP%)*
Fas 2(x, by, p, PY) = go(br, i) exp [Eyg’(ﬂ, br)n ]
1 — bT 1 1
b~ — < by <L X fus (X, bT,u,(:)+@< ,—, ) =
IE% L brP: P:L /\
Perturbative matching coefficient E\Ii\
Nonperturbative function for |
S ]
(br> p) large br, depending on the \7
choice of the quasi-soft factor g3(br ) = 1 + 6(a2)
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Collins-Soper kernel of TMDPDF from
lattice QCD

* M. Ebert, |. Stewart, Y.Z., PRD99 (2019);
* M. Ebert, |. Stewart, Y.Z., JHEP09(2019)037;
* M. Ebert, |. Stewart, Y.Z., in progress.

q - : .
Y (,u, b ) — Quasi beam function
4 d hl(P f / Pf) (or unsubtracted quasi-TMD) ?

CIVISMD(ﬂa -XPS) :de eibzxpf Z/(bza H, ﬂ)ZUV(bza ﬂa a)gns(bza ?Ta a, La Pf)
CIMD(y1, xP?) [db? ebF5 Z/(b%, p, i) Zyyy(b% fi, @)B,y(b% b 1. a, L, P5)

X In

The idea of forming ratios to cancel the soft function has been used in the
calculation of x-moments of TMDPDFs by

Hagler, Musch, Engelhardt, Yoon, et al., EPL88 (2009), PRD83 (2011), PRD85 (2012),
PRD93 (2016), arXiv:1601.05717, PRD96 (2017)
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Collins-Soper kernel of TMDPDF from
lattice QCD A

* M. Ebert, |. Stewart, Y.Z., PRD99 (2019);
* M. Ebert, |. Stewart, Y.Z., JHEP09(2019)037;
* M. Ebert, |. Stewart, Y.Z., in progress.

}’g(//t, bT) = In( P/ P? Quasi beam function
Il( 1 2) (or unsubtracted quasi-TMD) T
CTMD (. xP3) [db® e™Fi Z/(b, u, §)Ziy(b% 3, a)B, (b% b 1, a, L, PY)

X In -
CITSMD(//ta xPlz) dbz einXP5 Z’(bz, H, ﬂ)ZUV(bza /Z’ a)an(bZ’ b T> 4, L’ Pf)

Collins-Soper (CS) kernel does not depend on the external hadron state, which means that one can
calculate it with a pion state including heavier than physical valence quarks.

work in progress with

Phiala Shanahan (MIT) and Michael Wagman (MIT).

Yong Zhao, TMD Collaboration Meeting 2019 8



Procedure of lattice calculation

e 1. Lattice simulation of the bare quasi-beam function

B (b% b a, L, PY)

1 L
b~ — K by < g < =2

b
i)y
Pz 2
- ’]7=L
|
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Procedure of lattice calculation

e 2. Renormalization and conversion to the MSbar scheme

7'(b%, u, )2y (b5 i, )B.(b%, B 7 @, L, PY)

Nonperturbative Renormalization: ZUV(bZ, [i,a)

Conversion to MSbar scheme: Z’(bz, U, i)
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Procedure of lattice calculation

e 3. Fourier transform and calculate the ratio at different Pz

9. by) =
t (- Or) In(P3/P3)

dbz einfo Z/(bza H, ﬂ)ZUV(bzv ﬂ’ a)an(bZ9 ?T’ da, L’ Pf)
[dbs e3P Z(b%, . i) Ziyy (b i @)Byo(b%, b 1., L, P5)

* Independent of the choice of x!

X In

* Independent of P?!

 One may still seek alternatives to Fourier transforms that can be done
directly in coordinate space.

—

. 1 [db* C,(, y — b*P, PY)f (b, b 1, 1, PY)
0D = iy e < POF (b7, byt P3
iP5  [dbz Co(u,y — b2P5, P3)fou(b%, b 1. 1, P3)

* M. Ebert, I. Stewart, Y.Z., in progress. C, (4, b*P%, P?) = de e O F) [CHS(M,XPZ)]
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Renormalizability

 Renormalization in the continuum theory:
I
Op(b*, L) = Go(b*)W;— Wy W] g, (0)
. B I
=7, w o Om(LA|L=b%|+br) <q(bﬂ)W25WTWg q(0)>

R
. I’
= Zo( a0 W W, Wiq(0)

R

Can be proved using the auxiliary field formalism.

Oy (b*, L) = {qo(b"TO,(b") 0, (00, by)05(0, by)
X )0,.0,.0,

e X.Ji, J.-H. Zhang, and Y.Z., PRL120 (2018);
* J. Green et al., PRL121 (2018);

Yong Zhao, TMD Collaboration Meeting 2019
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Operator mixing

 Renormalization on the lattice (with broken chiral
symmetry):

 For the quasi-PDF, which corresponds to a straight Wilson line,
S miXing with 1 at O(ao); * Constantinou and Panagopoulos, PRD96 (2017);

o yt , NO mixing at O(aO)_ * J. Green et al., PRL121 (2018);
e Chen et al, arXiv:1710.01089.

* For the quasi beam function, according to one-loop lattice
perturbation theory, for b2=0, . M. Constantinou et al., PRD99 (2019)

 Nevertheless, based on the symmetry of lattice and the staple-shaped
operator, one still cannot rule out mixings such as yzand 1, ytand o, etc;

* At finite bz, the mixing pattern is more complicated.

Yong Zhao, TMD Collaboration Meeting 2019
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RI’/MOM Renormalization

. I
Green’s function: G(b,p) = Z (7587(p, b+ x)ysUb + x, X)ES(p, X))

Amputated Green’s function _ ( 1 T) . L
(or vertex function): (b.p) s [S (p)] G(b,p)S(p)

RI’’MOM scheme: Zgl(b,Pg)Zq(PI%) G(b,p) = G"(b, pg) ,
p=p

e |. Stewart and Y.Z., PRD97 (2018); 1 ’

* Constantinou and Panagopoulos, PRD96 (2017); N -1 I

. M. Constantinou et al., PRD99 (2019). Z(pp) = 1Tr [S (p)S' ee(p)]

P=PRr
Parametrization of the amputated Green’s function:
. bf p'p
Nz, p) = i =pNg o+ F Tb_T 0 F P p2  Chiral symmetry preserving

Yong Zhao, TMD Collaboration Meeting 2019 14



Lattice renormalization

e Lattice setup:
generated by Michael Endres

 Quenched Wilson gauge configurations;

B alfm] L°xT  q )
6.1005 0.08 24° x 48 7,911
6.3017 0.06 32° x 64 10,12,14
6.5977 0.04 48° x 96 15,18,21

 Probe valence pion with m_~ 1.2 GeV

¢ chg=30.

Yong Zhao, TMD Collaboration Meeting 2019 15



Lattice renormalization

* Choice of lattice momenta:

n,  |\/P? [GeV] p. [GeV] p¥/(p*)?

P 2.4 1.3 0.27 4
(2,2,2,4) 2.7 1.3 0.25 plH = Zp/j
(2,2,2,6) 3.1 1.3 0.31

(3332) 35 1.9 0.30 =l
(3,3,3,4) 3.7 1.9 0.26

(3,3,3,6)] 4.0 1.9 0.25

(3,3,3,8)| 4.3 1.9 0.28

(4,4,44)] 4.7 2.6 0.28

(4,4,46) 4.9 2.6 0.26

(4,4,4,8) 5.2 2.6 0.25
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Lattice renormalization

* For simplicity, we parameterize the amputated Green’s

function as: 16
Ar(ZaP) = Z Crr’Arf(Z,P)

["=1

 And obtain the 16 by 16 mixing matrix.

* Considering that the mixings are all UV finite, we
diagonalize the mixing matrix and renormalize the

operator as 07 (pg) = (Z@RI’(pR)_l)FF, af

Yong Zhao, TMD Collaboration Meeting 2019
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Numerical results

e RI’’/MOM renormalization factors:

5'. )
| on="Ta
P = A=0 | °
a4l ® e =9a
[ )
—_— | o l
a =0.08 fm - ' 1 Each color with two
3 e = . 1 bt orientations.
bT — 261 e ® .
| ° ®
2| o .
| * e ® o o o o O U
0 1 :-
gl T
-0.6 -04 -0.2 0.0 0.2 0.4 0.6
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* P. Shanahan, M. Wagman, Y.Z., in progress.
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Numerical results

e RI’’/MOM renormalization factors:

| gﬁ
| &
| ¥
a = 0.08 fm 60}
® ®
b* = —8a B
40}
' o
20} . . .
ol R o ¢ 8
06 -04 -02 00 02 04 06
bT [fm]

on="Ta

e =9a

| Each color with two
1 br orientations.

 P. Shanahan, M. Wagman, Y.Z., in progress.
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Quasi-PDF:

Max{Zrr}
Tr[Z]/16

@ all momentum
choices.

“0” stands for
predicted mixing.

Lattice results

a =008 fm,L =24a.

{n=11br=0,0" =11}
1 ,yl 72 0_12 73 0_13 23 AO ,YO 0_01 02 A?) 0_03 AQ Al ,)/5

Yong Zhao, TMD Collaboration Meeting 2019
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Lattice results

a =008 fm,L =24a.

* Quasi beam function (bz=0):

{n=11br = 11,57 = 0

2 12 3 13 23

1 ' 9 oy

o AO ,YO 0_01 0_02 AS 0_03 A2 Al ,}/5

Max{Zer N
rr o]
Tr[Z]/16 n Em
@ all momentum ()
choices. 0;

AL
“0” stands for Oz -

predicted mixing.

Yong Zhao, TMD Collaboration Meeting 2019
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Lattice results

a=0.08 fm,L  =24a.
* Quasi beam function (bz£0):

{n=110r =117 = 7}

1 ,yl 72 0_12 73 0_13 0_23 AO ,_}/O O_Ol 0_02 A3 0_03 AQ Al ,y5

L
Max{Zrr} ey |
Tr[Z]/16
@ all momentum ©) W (051)
choices. 7 m (0.1,0.5]
52 M (0.06,0.1]
AL (0.03,0.06]
W (0.01,0.03]
W (0,0.01]
“0” stands for |
predicted mixing. yal
A% L
Al
75
T
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Conversion to the MSbar scheme

OYS(1) = Rrr . pp) (ZR (pp) ™) . OB

A — —1
TN (b, Lot pe) = (ZSe.)) 288, Loy ©)

At one-loop order in continuum perturbation theory, the conversion factor
has been calculated for:

e I'=T"= {1,757, 7sy*, 6%} at b==0; - M. Constantinou et al., PRD99 (2019)

« T =y, T" = {1ys, 7", ysr", 0"} for all bz.
* M. Ebent, |I. Stewart, Y.Z., in progress.
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Conversion to the MSbar scheme

o One'IOOp calculation: M. Ebert, I. Stewart, Y.Z., in progress.

1 In the limit of L > b, at most

0 b @b |ogarithmically dependent on
+ : o
k k A the linear combinations of
P P P L, by, b*
(a) Vertex diagram (b) Sail topology
N
b* b* L L L — b? L — b?
G 1 > —2— arctan — + 2— arctan — + 2 arctan
W br b b bp by br
p Tr In the limit of L > b, linearly dependent on L/br.
This will lead to a significant one-loop correction.

(c) Wilson line self energy

Yong Zhao, TMD Collaboration Meeting 2019 25



Conversion to the MSbar scheme

* Inclusion of the quasi soft factor:
FRMS(b, L, u, pp)
\/ S, 1)

« The quasi soft factor does not depend on p, or b*, thus not affecting the
ratio;

‘%/I\Ts(ba La /’tapR) : ‘%M_S(ba La //tapR)AS(bTa K, L) =

 The quasi soft factor cancels the linearly divergent L/b; terms in the limit
of L> by;

 The implementation of the one-loop quasi soft factor is not unique:

aCr = a,C G
<1 +S—F%MS(”> X (1 +— FS’“”) + 0(a?)

4r 4r
aCr 1 aCpr. .\
14+ —="GgMD ) x [ 14+=—"8D) + 06?2
A 2 4r
aCr — 1 a.Cr -
1+S_F<%MS(1) X 1] —— S FSq(l) _l_@(aSZ)
A 2 4r
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Numerical results

e Parameters:

a=0.06fm,L, =32a,u=3.0GeV,au)=02492.

2
pr=(333,6) = (p',p% p*, p*) = —— ~ (1.9,1.9,1.9,3.9) GeV

lat

2 2
pi=63(——) ~ (5.1 GeV)?

lat

Yong Zhao, TMD Collaboration Meeting 2019
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Numerical results

e
=)

MS — ) = MS _ Zpi
. FMS ys. b, p=1=0,3 A=
2.0_ \ I I I I I | I I I | [ [ [ |(1)| [ 1| | 2,0_\| | | | | | | | | | | | | | |(1)| | 1| ]
| 2 1& — _| L 4 1 & — _|
1.8 - \\ D A% s (1 _I_ ESbent) ] 1.8 __\\ U A%’ — (]‘ —I_ ESbent) _
<~ F ~ ~(1) \—1/2 1 R" [ ~ ~(1) \—1/2
21.6_— ' - Ay = (14 840 2516_—‘\ = A= (14 50) T
E Ra _ 4 _ 150 g : K D ]
_21 1.4 \\\ """ Ag =1 = 55 ., ,? 1.4 N T As=1— 35 =
= n S - - — c O N
-y I — = — — — — — — Ry 3 o ~ A
‘?1 1.25 ________________________________________________ ] 4 C
N 1.0 or C =
N——" | 7"' — L —
é 08;— pR:{6339333}32a—; ;_ . _;
0.6 |b =l - L=10a,p=3 GeV - 0.6 "|b =3a - L=10a,u=3 GeV -
0 2 4 6 8 10 0 2 4 6 8
bT/CL bT/a

* M. Ebent, |I. Stewart, Y.Z., in progress.
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Numerical results

o[ T 7 |~| — 5
E A Re(ZIOO) ]

't ---Re(Z%) T
NN 500\ Q)
EENEEN. e 100 Tm (Z"°) - :
s 100Im(Z"*) 4"

- O
- 295 N — <
\"3 B L_]-O a, /-1/—3GeV . T : i
’é - bz:O PrR = {67 37 37 3}_2—(1,: I@QC’J
N OIS . <
S _ z\N
0_ ----------- = [

-1 C oo b e T
e 2 4 6 8 10
bT/CL

* M. Ebent, |I. Stewart, Y.Z., in progress.
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1.0

0.5

0.0

-0.5

p=1=0,3 RV =7p

I I I I I | I I I | I I I | I | I
| 27T |
i =16,3,3,3}—
; Pr { 9 D9 Dy }32a -
[ —— Re(Z'") ]
i L=10a ,u=3GeV _ __ Re(Z'33) 1
- 5°=0 . 100 Im(Z"°) -
[ rmemac o i R 100 Im(Z"3) -
i | | | | | | | | | | | | | | | | | | i
0 2 4 6 8 10
bT/CL
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Numerical results

5 I B B B |~| I —

E . Re(ZIOO) E
4:_ . Re(Z/33) —: )
a0 10Im(Z2®) 44 3
T 3C ) E
S 10 Im(Z"%), 7 <
- E )
- O N = <
:?/ - L=10a ’ M—SGeV . 27 - il
’é. " b*=3a PR = {6937373}%: lﬁ*t’l

N 5 3

. _ l\N
o N

_1 B | | | | | | | | | | | | | | | | | | | ]

* M. Ebent, |I. Stewart, Y.Z., in progress.
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1.5

1.0

0.5

0.0

-0.5

p=1=0,3 RV =7p

I I I I I | I I I | I I | I I I
- 27
i PR = {67 3, 3, 3}32—0, i
E/, R Re(Z,OO) E
- -—- Re(Z’33) 5
- L=10a,u=3GeV  ----. 10 Im(Z'%°) ]
- b*=3a 10 Im(Z7%%) -
B | | I | | | I | | | I | | | | | | i
0 2 4 6 8 10
bT/a
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Numerical results

o« GBMS s b?

p=1=0,3 RV =7p

2.5 T T L N I B B B L B
2.01 B -
T 1.5F Re(%’oo) ----- 10 Im(g'OO) *
g - ---Re(Z2") 10 Im(Z"33) g
e 1.0F ‘
< E 27
,g/ 0.55_ PRrR — {6, 3, 3, 3}55 _E
N Q.0 ——————— :
- L=10a, u=3GeV ) _;
~-1.0—+—— T S N I N NN S S N RN Vil

0 2 4 6 8

b*/a

e
o

[Z, pAA%} (b7 PR, .u')

* M. Ebent, |I. Stewart, Y.Z., in progress.
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1.5

1.0

0.5

0.0

-0.5

10

- — Re(Z27%) ... 10 Im\:
- ——-Re(Z2™) 10 Im(Z"%3) |
E Pr = {67 3, 3, 3}— E
- L=10a, u=3GeV ]
i bT:5C|L | | | N
0 2 4 6 8

b*/a
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Numerical results

MS g MS _ S
e AR v.s.pl,ze p=1=0,3 FW=7
1.5_ I I I I I I I I I I I I\ I I I I I I_
T 1.01
< [ ]
= : Re(ZIOO) br=>5a, b=3a ]
S 0.50 i Liat=10a .
% [ ---100Im(Z") N
< L Fr = (9 E) )
N, 0.0 —=—==——— -
_0.5_ | | | | | | | | | | | | n
0 2 4 6 8
p* 27T
Llat

* M. Ebent, |I. Stewart, Y.Z., in progress.

Yong Zhao, TMD Collaboration Meeting 2019



1.90¢

Zs4(br=0.12 fm, b,=-0.06 fm)

1.75}

Numerical re

sults

ZFMS(u, pr) = R, pp) (ZX (pp) ™)
— :ZOMS(IM)‘FClﬁZ + 02152 + C3ﬁi

Fitting the lattice artifacts:

=[4]

-
oo
Ol

RN
oo
o

p=4A=0 +c4p~—2 + csp* In(po)+—+...
P
............................. . 5, = sin(ap,)
o Corrected MS MS RI-MOM
| e ZR(pp
gy ¢ { { ‘}{ }+ + + + *'_ o Z7(u,pr)
{ { | ®  ZMS(, p.) — lattice artifacts
'- ZMS(u)
¢ ¢ |
; } i ¢ ¢
5 9
6 8 10 12 14 16 18
p? [GeV?] * P. Shanahan, M. Wagman, Y.Z., in progress.
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A first look at the CS kernel

Caveat: low stats and mixing not considered.

}’é(ﬂa br) = — 2[

0.0}

2 GeV, br)
S
@)

Vel (u

U

/b, M

dp’ / i

a, running with Nf=0.

r
1
1
1
I

I
RN
o L

I
RN
€))

br [fm]
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1 -------- 1 loop
X A 2 loop
* ; —— 3 loop
- x=0.4 i {
x=0.45 l [ 1
x=0.5 1
- x=0.55 S
- x=0.6
0.2 04 0.6 0.8

a = 0.06 fm

| P2=1.3GeV, P:=19 GeV

 P. Shanahan, M. Wagman, Y.Z., in progress.
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Conclusion

The RI’/MOM renormalization of the quasi beam function has been
implemented nonperturbatively on the lattice;

In addition to the operator mixings predicted by one-loop lattice
perturbation theory for the Wilson fermions, we have also observed
other sizable mixings;

The one-loop MSbar conversion factor has been calculated for the quasi
beam function, and the inclusion of quasi soft factor significantly
reduces the perturbative correction;

The final MSbar renormalization factors can be well fitted with lattice
artifacts;

Future work will improve statistics and mixing analysis to determine the
CS kernel from the lattice.
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