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Introduction 



−�q(x) =

−�g(x) =

• in QCD: �q(x, µ2), �g(x, µ2)

• DGLAP evolution: 
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in terms of helicity PDFs                                                    : �q(x,Q2), �q̄(x,Q2), �g(x,Q2)

from now on, consider only 1st moments 

Jaffe, Manohar; Ji, Hoodbhoy, Lu; Ji, Yuan;  
Wakamatsu; Chen et al.; Lorce et al.; 
Hatta 

(obvious connection to small-x) 



total orbital angular momentum: L ⌘ Lq + Lg
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evolution of individual        and        only known to LO Lq Lg

Hatta, Yoshida  JHEP 2012 
Hatta, Yao  arXiv:1906.07744 
Boussarie, Hatta, Yuan arXiv:1904.02693 
Courtoy,…,Rajan  PLB 2014 

general structure of properties of orbital part clarified in 



Evolution equations 



�Pab = as�P (0)
ab + a2s�P (1)

ab + a3s�P (2)
ab +O�

a4s
�

Ahmed,Ross 
Altarelli,Parisi 

Mertig, van Neerven 
WV Moch, Rogal,  

Vermaseren, Vogt 

d�a(Q2)

d lnQ2
=

X

b

�Pab

�
as(Q

2)
�
�b(Q2) as ⌘ ↵s

4⇡
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to disentangle evolution equations, introduce: 
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then: 
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�P+ = 0e.g.,                                        evolves with  �a3 ⌘ �u+ ��d+

Sµ �a3 = hP, S |
�
ū �µ�5 u� d̄ �µ�5 d

�
|P, Si

Bjorken; Kodaira et al. 



Singlet case 



from now on, focus on singlet: 
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Altarelli, Parisi;  
Mertig, van Neerven; WV; 
Moch, (Rogal),Vermaseren,Vogt 
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pattern: �PqG = 0 �PGG = ��(as)
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not really surprising: Altarelli, Lampe ‘90 
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recall 

d

d lnQ2

 
�⌃

�G

!
=

 
�P⌃⌃ 2Nf�PqG

�PGq �PGG

! 
�⌃

�G

!

) d

d lnQ2

⇣
�⌃(Q2) + 2Nfas(Q

2)�G(Q2)
⌘

=
⇣
�P⌃⌃ + 2Nfas �PGq

⌘
�⌃

+

✓
2Nf�PqG +�PGG +

�(as)

as

◆
2Nfas�G

thus �PqG = 0 �PGG = ��(as)

as

�P⌃⌃ = �2Nf as �PGq



� single anomalous dimension controls all evolution 

� straightforward to solve analytically 

evolution equation becomes: 
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�P⌃⌃ ⌘ �2Nf as �Pgq

from known             obtain  �P (2)
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see also   
Altenbuchinger,  
Hägler, Weise, Henley  
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gluon spin: 
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“fine-tuned” input  �G(Q2
0) ⇠ �0.1



Non-singlet case 
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generates strangeness asymmetry  
Catani, de Florian, Rodgrigo, WV 

PS
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qq̄ s 6= s̄
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total valence 




