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Gluons offer a new window on nuclear structure

Gluon structure

Past 60+ years: detailed view  
of quark structure of nucleons

Gluon structure also important
Unpolarised gluon PDF dominant  
at small longitudinal momentum 
fraction

Other aspects of gluon 
structure relatively unexplored

Longitudinal momentum fraction 
carried by parton

Parton distributions in the proton



• Gluon helicity much less well 
constrained

• Major focus of RHIC-spin program

• Asymmetries in polarised  
pp→ πX, DX, BX, jets

• Orbital angular momentum of gluons 
even less understood

• Gluon TMDs

• Further major motivation for EIC

Gluon angular momentum

Toward solving nucleon spin:  
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ΔΣ                                         ΔG              LQ,G = ½ - (ΔΣ + ΔG) 

7/19/16 EIC Lecture 3 at NNPSS 2016 at MIT   

But, theory & experimental techniques have also evolved, now so we can do 
better than this…. 
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How much do gluons contribute to the proton’s

Mass
D-term

Momentum 
Spin

Gluon structure

Gluon ‘radius/
radii’

PDFs, GPDs, TMDs
Pressure, Shear

What are the gluon distributions in a proton

Gluon ‘EMC’ effect

How is the gluon structure of a proton modified  
in a nucleus

Exotic glue



Gluon structure

Motivation

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 2 / 15

Electron Ion Collider:
The Next QCD Frontier

Understanding the glue 
that binds us all

Cover image from EIC whitepaper arXiv::1212.1701

First-principles QCD calculations 
         QCD benchmarks and predictions ahead of experiment



X

a=q,g

Aa(0) = 1
<latexit sha1_base64="AdVoSLEHOyIrLv4ktLkDEbPW8mI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVJCSiKCbQtWNywr2AW0Ik+mkHTqTxJmJUGIX/oobF4q49Tfc+TdOHwutHrhwOOde7r0nSDhT2nG+rNzC4tLySn61sLa+sbllb+80VJxKQusk5rFsBVhRziJa10xz2kokxSLgtBkMrsZ+855KxeLoVg8T6gnci1jICNZG8u29jkqFn+HK3XFvdOHjknOEKsj17aJTdiZAf4k7I0WYoebbn51uTFJBI004VqrtOon2Miw1I5yOCp1U0QSTAe7RtqERFlR52eT+ETo0SheFsTQVaTRRf05kWCg1FIHpFFj31bw3Fv/z2qkOz72MRUmqaUSmi8KUIx2jcRioyyQlmg8NwUQycysifSwx0SayggnBnX/5L2mclF2n7N6cFquXszjysA8HUAIXzqAK11CDOhB4gCd4gVfr0Xq23qz3aWvOms3swi9YH99o4JRh</latexit><latexit sha1_base64="AdVoSLEHOyIrLv4ktLkDEbPW8mI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVJCSiKCbQtWNywr2AW0Ik+mkHTqTxJmJUGIX/oobF4q49Tfc+TdOHwutHrhwOOde7r0nSDhT2nG+rNzC4tLySn61sLa+sbllb+80VJxKQusk5rFsBVhRziJa10xz2kokxSLgtBkMrsZ+855KxeLoVg8T6gnci1jICNZG8u29jkqFn+HK3XFvdOHjknOEKsj17aJTdiZAf4k7I0WYoebbn51uTFJBI004VqrtOon2Miw1I5yOCp1U0QSTAe7RtqERFlR52eT+ETo0SheFsTQVaTRRf05kWCg1FIHpFFj31bw3Fv/z2qkOz72MRUmqaUSmi8KUIx2jcRioyyQlmg8NwUQycysifSwx0SayggnBnX/5L2mclF2n7N6cFquXszjysA8HUAIXzqAK11CDOhB4gCd4gVfr0Xq23qz3aWvOms3swi9YH99o4JRh</latexit><latexit sha1_base64="AdVoSLEHOyIrLv4ktLkDEbPW8mI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVJCSiKCbQtWNywr2AW0Ik+mkHTqTxJmJUGIX/oobF4q49Tfc+TdOHwutHrhwOOde7r0nSDhT2nG+rNzC4tLySn61sLa+sbllb+80VJxKQusk5rFsBVhRziJa10xz2kokxSLgtBkMrsZ+855KxeLoVg8T6gnci1jICNZG8u29jkqFn+HK3XFvdOHjknOEKsj17aJTdiZAf4k7I0WYoebbn51uTFJBI004VqrtOon2Miw1I5yOCp1U0QSTAe7RtqERFlR52eT+ETo0SheFsTQVaTRRf05kWCg1FIHpFFj31bw3Fv/z2qkOz72MRUmqaUSmi8KUIx2jcRioyyQlmg8NwUQycysifSwx0SayggnBnX/5L2mclF2n7N6cFquXszjysA8HUAIXzqAK11CDOhB4gCd4gVfr0Xq23qz3aWvOms3swi9YH99o4JRh</latexit><latexit sha1_base64="AdVoSLEHOyIrLv4ktLkDEbPW8mI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVJCSiKCbQtWNywr2AW0Ik+mkHTqTxJmJUGIX/oobF4q49Tfc+TdOHwutHrhwOOde7r0nSDhT2nG+rNzC4tLySn61sLa+sbllb+80VJxKQusk5rFsBVhRziJa10xz2kokxSLgtBkMrsZ+855KxeLoVg8T6gnci1jICNZG8u29jkqFn+HK3XFvdOHjknOEKsj17aJTdiZAf4k7I0WYoebbn51uTFJBI004VqrtOon2Miw1I5yOCp1U0QSTAe7RtqERFlR52eT+ETo0SheFsTQVaTRRf05kWCg1FIHpFFj31bw3Fv/z2qkOz72MRUmqaUSmi8KUIx2jcRioyyQlmg8NwUQycysifSwx0SayggnBnX/5L2mclF2n7N6cFquXszjysA8HUAIXzqAK11CDOhB4gCd4gVfr0Xq23qz3aWvOms3swi9YH99o4JRh</latexit> X

a=q,g

Ja(0) =
1

2
<latexit sha1_base64="A98sutZjKwWMWZrzMkWLqD+uOyU=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVpCRF0E2h6EZcVbAPaEqYTCft0JlJnJkIJWTrxl9x40IRt/6BO//GaZuFth64cDjnXu69J4gZVdpxvq2l5ZXVtfXCRnFza3tn197bb6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuBSEUjcafHMelxNBA0pBhpI/k29FTC/RTV7k8H2Y2Pys4JrEEvlAinbpZWM98uORVnCrhI3JyUQI6Gb395/QgnnAiNGVKq6zqx7qVIaooZyYpeokiM8AgNSNdQgThRvXT6SQaPjdKHYSRNCQ2n6u+JFHGlxjwwnRzpoZr3JuJ/XjfR4UUvpSJONBF4tihMGNQRnMQC+1QSrNnYEIQlNbdCPEQmBW3CK5oQ3PmXF0mrWnGdint7Vqpf5nEUwCE4AmXggnNQB9egAZoAg0fwDF7Bm/VkvVjv1sesdcnKZw7AH1ifP3tGmOg=</latexit><latexit sha1_base64="A98sutZjKwWMWZrzMkWLqD+uOyU=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVpCRF0E2h6EZcVbAPaEqYTCft0JlJnJkIJWTrxl9x40IRt/6BO//GaZuFth64cDjnXu69J4gZVdpxvq2l5ZXVtfXCRnFza3tn197bb6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuBSEUjcafHMelxNBA0pBhpI/k29FTC/RTV7k8H2Y2Pys4JrEEvlAinbpZWM98uORVnCrhI3JyUQI6Gb395/QgnnAiNGVKq6zqx7qVIaooZyYpeokiM8AgNSNdQgThRvXT6SQaPjdKHYSRNCQ2n6u+JFHGlxjwwnRzpoZr3JuJ/XjfR4UUvpSJONBF4tihMGNQRnMQC+1QSrNnYEIQlNbdCPEQmBW3CK5oQ3PmXF0mrWnGdint7Vqpf5nEUwCE4AmXggnNQB9egAZoAg0fwDF7Bm/VkvVjv1sesdcnKZw7AH1ifP3tGmOg=</latexit><latexit sha1_base64="A98sutZjKwWMWZrzMkWLqD+uOyU=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVpCRF0E2h6EZcVbAPaEqYTCft0JlJnJkIJWTrxl9x40IRt/6BO//GaZuFth64cDjnXu69J4gZVdpxvq2l5ZXVtfXCRnFza3tn197bb6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuBSEUjcafHMelxNBA0pBhpI/k29FTC/RTV7k8H2Y2Pys4JrEEvlAinbpZWM98uORVnCrhI3JyUQI6Gb395/QgnnAiNGVKq6zqx7qVIaooZyYpeokiM8AgNSNdQgThRvXT6SQaPjdKHYSRNCQ2n6u+JFHGlxjwwnRzpoZr3JuJ/XjfR4UUvpSJONBF4tihMGNQRnMQC+1QSrNnYEIQlNbdCPEQmBW3CK5oQ3PmXF0mrWnGdint7Vqpf5nEUwCE4AmXggnNQB9egAZoAg0fwDF7Bm/VkvVjv1sesdcnKZw7AH1ifP3tGmOg=</latexit><latexit sha1_base64="A98sutZjKwWMWZrzMkWLqD+uOyU=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVpCRF0E2h6EZcVbAPaEqYTCft0JlJnJkIJWTrxl9x40IRt/6BO//GaZuFth64cDjnXu69J4gZVdpxvq2l5ZXVtfXCRnFza3tn197bb6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuBSEUjcafHMelxNBA0pBhpI/k29FTC/RTV7k8H2Y2Pys4JrEEvlAinbpZWM98uORVnCrhI3JyUQI6Gb395/QgnnAiNGVKq6zqx7qVIaooZyYpeokiM8AgNSNdQgThRvXT6SQaPjdKHYSRNCQ2n6u+JFHGlxjwwnRzpoZr3JuJ/XjfR4UUvpSJONBF4tihMGNQRnMQC+1QSrNnYEIQlNbdCPEQmBW3CK5oQ3PmXF0mrWnGdint7Vqpf5nEUwCE4AmXggnNQB9egAZoAg0fwDF7Bm/VkvVjv1sesdcnKZw7AH1ifP3tGmOg=</latexit>

• Momentum fraction

• Spin

• D-terms            unknown but equally fundamental!

Many of these properties derived from Energy-Momentum Tensor  
(conserved Noether current associated with Lorentz translations)

Matrix elements of traceless gluon EMT for spin-half nucleon:

Three generalised gluon form factors
Sum rules with quark pieces in forward limit

Energy-momentum tensor
3

where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:

Z
1

�1

d�

2⇡
ei�xhp0| ̄q(�

�

2
n)�µU[��

2 n,�2 n] q(
�

2
n)|pi = 2PµH(⇡)

q (x, ⇠, t) + . . . (9)

for q = {u, d, . . .}, and
Z

1

�1

d�

2⇡
ei�xhp0|G{µ↵

a (�
�

2
n)


U

(A)

[��
2 n,�2 n]

�

ab

G ⌫}
b↵ (

�

2
n)|pi = P {µP ⌫}H(⇡)

g (x, ⇠, t) + . . . , (10)

where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].

Aa(0) = hxia
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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the t-dependence of the form factor. The tripole form
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based on lattice Quantum Chromodynamics (LQCD)
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quark EMT:
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D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
✓
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where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]
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respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-

sq,g(r)
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GFFs correspond to lowest moments of GPDs:  

Quark GPDs: constraints from JLab, HERA, COMPASS, by DVCS, DVMP, 
future improvements from JLab 12GeV

Gluon GPDs: almost unknown from experiment, future constraints are a 
central goal of EIC

Generalised parton distributions

Leading twist nucleon gluon GPDs:
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
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contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
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sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
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elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
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P
{µ
i�

⌫}↵�↵

2M
U(p, s)

◆
+ ... ,

<latexit sha1_base64="v3hhfLHtAn0uALTPimP1wuBq6gw="></latexit><latexit sha1_base64="v3hhfLHtAn0uALTPimP1wuBq6gw="></latexit><latexit sha1_base64="v3hhfLHtAn0uALTPimP1wuBq6gw="></latexit><latexit sha1_base64="v3hhfLHtAn0uALTPimP1wuBq6gw="></latexit>

MIT-CTP/5071

The pressure and shear forces inside the proton

P. E. Shanahan1, 2 and W. Detmold1

1
Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, U.S.A.

2
Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2L 2Y5, Canada

The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,
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depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

GPDs(Bjorken x, skewness, mom transfer)

n2 = 0
<latexit sha1_base64="9Wz44x/hsX8J+hHDpPjtPoRAJ5o=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmutFNsejGZQV7gbaWTJppYzPJkGSEMhR8BDcuFHHro7h359uYabvQ1h8CH/9/DjnnBDFn2njet5NbWV1b38hvulvbO7t7hf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02Ywusry5gNVmklxa8Yx7UZ4IFjICDbWaoi7csVze4WiV/KmQsvgz6F48elWHgGg1it8dfqSJBEVhnCsddv3YtNNsTKMcDpxO4mmMSYjPKBtiwJHVHfT6bQTdGKdPgqlsk8YNHV/d6Q40nocBbYywmaoF7PM/C9rJyY876ZMxImhgsw+ChOOjETZ6qjPFCWGjy1gopidFZEhVpgYe6DsCP7iysvQKJd8r+Tf+MXqJcyUhyM4hlPw4QyqcA01qAOBe3iCF3h1pPPsvDnvs9KcM+85hD9yPn4AkYiP9Q==</latexit><latexit sha1_base64="SQzO6jFwskJkIWuo9Aq3wFr6UZU=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNoEgzaWEcwFkhhmJ7PJmNmZZWZWCEvewcZCERsLH8XeRnwbZ5MUGv1h4OP/z2HOOUHMmTae9+XklpZXVtfy6+7G5tb2TmF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZjC6yvHlHlWZSXJtxTLsRHggWMoKNtRriplzx3F6h6JW8qdBf8OdQPHt3K/Hrp1vrFT46fUmSiApDONa67Xux6aZYGUY4nbidRNMYkxEe0LZFgSOqu+l02gk6sk4fhVLZJwyauj87UhxpPY4CWxlhM9SLWWb+l7UTE552UybixFBBZh+FCUdGomx11GeKEsPHFjBRzM6KyBArTIw9UHYEf3Hlv9Aol3yv5F/5xeo5zJSHAziEY/DhBKpwCTWoA4FbuIdHeHKk8+A8Oy+z0pwz79mHX3LevgGDF5Fp</latexit><latexit sha1_base64="SQzO6jFwskJkIWuo9Aq3wFr6UZU=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNoEgzaWEcwFkhhmJ7PJmNmZZWZWCEvewcZCERsLH8XeRnwbZ5MUGv1h4OP/z2HOOUHMmTae9+XklpZXVtfy6+7G5tb2TmF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZjC6yvHlHlWZSXJtxTLsRHggWMoKNtRriplzx3F6h6JW8qdBf8OdQPHt3K/Hrp1vrFT46fUmSiApDONa67Xux6aZYGUY4nbidRNMYkxEe0LZFgSOqu+l02gk6sk4fhVLZJwyauj87UhxpPY4CWxlhM9SLWWb+l7UTE552UybixFBBZh+FCUdGomx11GeKEsPHFjBRzM6KyBArTIw9UHYEf3Hlv9Aol3yv5F/5xeo5zJSHAziEY/DhBKpwCTWoA4FbuIdHeHKk8+A8Oy+z0pwz79mHX3LevgGDF5Fp</latexit><latexit sha1_base64="6ZAFibRj2iI+EbbQhpbn5eqYE7g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60YtQ9OKxgv2ANpbNdtOu3eyG3Y0QQv+DFw+KePX/ePPfuGlz0NYHA4/3ZpiZF8ScaeO6305pbX1jc6u8XdnZ3ds/qB4edbRMFKFtIrlUvQBrypmgbcMMp71YURwFnHaD6U3ud5+o0kyKe5PG1I/wWLCQEWys1BEPjSu3MqzW3Lo7B1olXkFqUKA1rH4NRpIkERWGcKx133Nj42dYGUY4nVUGiaYxJlM8pn1LBY6o9rP5tTN0ZpURCqWyJQyaq78nMhxpnUaB7YywmehlLxf/8/qJCS/9jIk4MVSQxaIw4chIlL+ORkxRYnhqCSaK2VsRmWCFibEB5SF4yy+vkk6j7rl1786rNa+LOMpwAqdwDh5cQBNuoQVtIPAIz/AKb450Xpx352PRWnKKmWP4A+fzByJQjig=</latexit>

3

where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:
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for q = {u, d, . . .}, and
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where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].
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consistent with the ordering of the nucleon and pion charge radii (defined from the electric form factors) determined
experimentally.

In the following section, the quark and gluon GPDs and GFFs of the nucleon and pion are defined. Section III
details the LQCD calculations that are performed to extract the gluon GFFs, while the results of those calculations
are presented in Section IV. The extracted gluon GFFs are compared with the corresponding quark GFFs, which
have been previously calculated using similar lattice discretisations at quark masses corresponding to a similar value
of the pion mass. Earlier LQCD results for the gluon momentum fractions of the nucleon and pion, defined as the
forward limits of the appropriate GFFs, are also collated for comparison. Finally, Sec. V highlights the conclusions
that can be drawn from this study.

II. GLUON GPDS AND GFFS

A. Nucleon

GPDs encode the three-dimensional distribution of quarks and gluons in the nucleon [1–6]. In the deep inelastic
regime, the leading contributions arise from the lowest-twist operators. For the nucleon, the leading spin-independent
quark and gluon distributions are twist-two [32–34], and, following the conventions of Ref. [5], can be expressed in
terms of matrix elements of non-local light-ray operators as:
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ei�xhp0, s0| ̄q(�
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2M
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2
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2M
U(p, s)

◆
+ ... , (2)

where  q is a quark field of flavour q, Ga
µ⌫ = (@µAa

⌫ �@⌫A
a
µ+ gfabcAb

µA
c
⌫) is the gluon field strength tensor built from

the gluon field Aa
µ, and the ellipses denote structures with twist greater than two. Here, nµ is a light-like vector with

n2 = 0, the momenta and spins of the initial and final nucleons are (p, s) and (p0, s0) respectively, and it is convenient
to define P = 1

2
(p0+p), � = p0�p, t = �2, Bjorken x = 1

2
�2/p ·�, and skewness ⇠ = �

1

2
n ·�/n ·P . The path-ordered

gauge links in the fundamental and adjoint representations are

U[z2,z1] = Pexp
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ig

Z z2
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bc
= Pexp
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Z z2
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d�0nµAa
µ(�

0n)

�
, (3)

where ta are SU(3) generators in the fundamental representation and fabc are the structure constants defining the
adjoint representation. The inclusion of the gauge links in Eqs. (1) and (2) ensures the gauge-invariance of these
expressions (in the case of the gluon operator, alternate gauge link choices are also possible [35]). Braces denote
symmetrisation and trace-subtraction in the free indices, i.e., a{µb⌫} = 1

2
(aµb⌫ + a⌫bµ) �

1

4
gµ⌫a↵b↵, and the co-

variant normalisation of states hp0, s0| p, si = 2p0 (2⇡)3�s0s�(3)(p0
� p) is used along with the spinor normalisation

Ū(p, s)U(p, s) = 2MN . In the forward limit, the distributions Ha(x, 0, 0), for a = {u, d, . . . , g}, define the familiar
unpolarised quark and gluon PDFs, i.e., Hq(x, 0, 0) = q(x) and Hg(x, 0, 0) = xg(x).

The operator product expansion (OPE) relates the Bjorken-x (Mellin) moments of the GPDs Ha(x, ⇠, t) and
Ea(x, ⇠, t) to matrix elements of local twist-two operators. The focus of this work is on the lowest moments of
the spin-independent gluon GPDs, which are related to the nucleon matrix element of the gluon contribution to the
(traceless, symmetric) energy-momentum tensor (EMT)1, and are encoded in three scalar GFFs that are functions of
t [9]:

hp0, s0|Ga
{µ↵G

a↵
⌫}|p, si = Ū(p0, s0)Fµ⌫ [Ag, Bg, Dg]U(p, s), (4)

1 The gluon contribution to the EMT can be determined from a canonically normalised action though the Belinfante procedure [36].
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quark EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
✓
Du+d(t, µ)
Dg(t, µ)

◆
=

✓
Zqq(

µ
µ0 ) Zqg(

µ
µ0 )

Zgq(
µ
µ0 ) Zgg(

µ
µ0 )

◆✓
Du+d(t, µ0)
Dg(t, µ0)

◆
,(3)

where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]

s(r) = �r

2

d

dr

1

r

d

dr
eD(r), p(r) =

1

3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-
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given as one standard deviation. The negative sign of d1(0) found in this 
analysis seems deeply rooted in the spontaneous breakdown of chiral 
symmetry25, which is a consequence of the transition of the micro-
second-old Universe from a state of de-confined quarks and gluons 
to a state of confined quarks in stable protons. It is thus intimately 
connected with the stability of the proton24 and of the visible Universe.

We can relate d1(t) to the pressure distribution via the spherical 
Bessel integral:

∫∝
−

d t
j r t

t
p r r( )

( )
2

( )d1
0 3

where j0 is the first spherical Bessel function. Our results of the quark 
pressure distribution in the proton are illustrated in Fig. 1. The thick 
black line corresponds to the pressure distribution r2p(r), as extracted 
from the D-term parameters that are fitted to the published data22 
acquired at 6 GeV. The estimated uncertainties are displayed as the 
light-green shaded area. The red-shaded area represents projected 
results from future experiments at higher energy. The distribution has 
a positive core and a negative tail of the r2p(r) distribution as a function 
of r, with a zero crossing near r = 0.6 fm. The regions where repulsive 
and binding pressures dominate are separated in radial space, with 
the repulsive distribution peaking near r = 0.25 fm, and the maximum 
of the negative pressure that is responsible for the binding occurring 
near r = 0.8 fm.

The outer, blue-shaded area in Fig. 1 corresponds to the D-term 
uncertainties obtained in the global fit results from previous 
research10,11. This area has a shape similar to the light-green area, con-
firming the robustness of the analysis procedure used to extract the 
D-term. The pressure p(r) must satisfy the stability condition:

∫ =
∞

r p r r( )d 0
0

2

which is satisfied within the uncertainties of our analysis. The shape of 
the radial pressure distribution resembles closely that obtained using 

the chiral quark–soliton model24, in which the proton is modelled as a 
chiral soliton whose constituent quarks are bound by a self-consistent 
pion field. This agreement suggests that the pion field is appropriate for 
the description of the proton as a bound state of quarks.

Other applications of the GFFs of the energy–momentum tensor 
include the description of nucleons in the nuclear medium23,26,27, 
excited baryon states (such as the ∆(1232) resonance28) and point-
like and composed spin-0 particles29.

Future precision experiments are expected to provide substantially 
more DVCS data30 and enable the mapping of d1(t) in much finer steps 
and in a much larger −t range, which will reduce the systematic uncer-
tainties, as indicated by the red-shaded area in Fig. 1. We also expect 
that this work will motivate new theoretical efforts to understand the 
fundamental characteristics of the stability of the proton from first  
principles. Our results may serve as a benchmark for the assessment 
of theo retical models, including lattice quantum chromodynamics 
models.
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mined from LQCD is approximately 1.7⇥ smaller in mag-
nitude than the BEG GFF, albeit with significant uncer-
tainties, and has a similar dependence on the momentum
transfer t. The LQCD determination of the gluon D-
term form factor is noticeably larger in magnitude than
the BEG result. It also favours a more general functional
form in t than the tripole assumed in BEG, although it is
not inconsistent with a tripole ansatz within uncertain-
ties.

The BEG analysis assumes that Dg(t, µ) = Dq(t, µ)
as there is no information on the gluon D-term from ex-
periment. This is in mild tension with the LQCD re-
sults, and, moreover, given the scale evolution, Eq. (3),
can only possibly hold at one scale. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-
tor quark contributions to the Dq(t, µ) form factor van-
ish, i.e., Du(t, µ) = Dd(t, µ). The LQCD finding that
Du�d(t, µ) ⇠ 0 provides compelling motivation for this
assumption (large Nc arguments [20] also support this).
The left panel of Fig. 4 shows the pressure distribution
of the proton computed from the BEG quark D-term
GFF and the LQCD gluon GFF, both parametrised us-
ing a tripole form and assuming that the quark-mass de-
pendence of the latter is negligible in comparison with
the statistical uncertainties. This pressure distribution
is consistent within uncertainties with the determination
using only LQCD data. The pressure obtained under
the assumptions of BEG (i.e., Dg(t, µ) = Du+d(t, µ)) is
also displayed. In comparison with the BEG assumption,
the inclusion of the LQCD gluon contribution shifts the
peaks of the pressure distribution outwards and extends
the region over which the pressure is non-zero.

As discussed above, the tripole form assumed for
Dq(t, µ) in BEG introduces significant model-dependence
into the pressure extraction. With the limited kinematic
range of the CLAS data this is particularly problematic;
the LQCD calculations show that the quark and gluonD-
term GFFs have significant support up to |t| ⇠ 2 GeV2

(assuming weak quark-mass dependence), which is far be-
yond the range of the experimental data. Fig. 1 shows the
result of a modified z-expansion fit to the BEG D-term
form factor; outside the data range, the parametrisation
is very poorly constrained. As shown in the right panel
of Fig. 4, this more general fit leads to a pressure distri-
bution that is consistent with zero everywhere, demon-
strating that experimental data over a larger kinematic
range is needed before a model-independent extraction of
the pressure is possible.

In order to investigate the range of t required for a
model-independent pressure extraction from experiment,
fake data for the quark D-term GFF are generated in
intervals of �t = 0.1 GeV2 extending the experimental
data along the tripole fit, assuming uncertainties of the

of Dq(t, µ) have been included in quadrature.
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FIG. 4: Left) Pressure distribution of the proton determined

from tripole parametrisations of the BEG quark GFF and

the LQCD gluon GFF. The red band corresponds to the to-

tal pressure distribution, while the dark blue dotted and green

dashed bands denote to the (ill-defined) quark and gluon con-

tributions to the total. The pressure under the BEG assump-

tion that that Dg(t, µ) = Dq(t, µ) is shown as the blue solid

band. Right) The same totals computed based on modified z-
expansion fits to the GFFs. Also shown is the result obtained

using only LQCD data, parametrised using the modified z-
expansion (orange dashed band).

same size as the average uncertainty in the BEG GFF
determination. The consistency of the LQCD data with
a tripole form gives confidence that such an extension is
justified. These fake data are then used to constrain a
modified z-expansion fit and calculate the corresponding
pressure distribution. For a determination of the pres-
sure distribution that is distinct from zero at 2 standard
deviations at the maximum of the first peak, the range
of the experimental data must be extended in this
manner to at least |t| ⇠ 1.0 GeV2. Future experiments,
such as those using the CLAS12 detector at JLab and a
future EIC, should seek to extend the kinematic reach to
address this deficiency, even at the expense of precision
in individual t bins. With the EIC’s potential [21, 22] to
determine the gluon GPDs that are necessary in defining
the pressure, similar kinematic coverage should be the
goal of EIC experiments. Finally, the flavour separation
necessary for a complete determination of the pressure
distribution can be enabled by studies of deeply-virtual
meson production and DVCS on deuterons [21, 22].

Summary: The shear and pressure distributions of
the proton are determined from LQCD calculations for
the first time. The results indicate that gluons play an
important role in the internal dynamics of the proton,
distinct from that of quarks. In particular, the gluon
contributions to the D-term form factor, from which the
pressure and shear distributions are defined, dominate
the quark terms at the scale µ = 2 GeV in the MS
scheme. These calculations are undertaken at heavier-
than-physical quark masses corresponding to a pion mass
roughly three times the physical value. LQCD calcula-
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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the t-dependence of the form factor. The tripole form
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is also explored. While the calculations provide some
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where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
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2
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B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
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where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
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� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and
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Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
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The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].
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where again the representation and subscript labels {R, i} correspond to the operators defined in Eqs. (17) and (18),
as discussed for the nucleon. For both the nucleon and the pion, three-point functions are constructed with all possible
sink three-momenta that satisfy |~p |2  5(2⇡/L)2, with operator three-momenta |~�|

2
 18(2⇡/L)2.

The two- and three-point correlation functions are evaluated on an average of Nsrc = 203 randomly placed sources
on each of the Ncfg = 2821 configurations of the ensemble detailed in Table I. At the first stage of analysis, results
on each configuration are averaged (after translation such that all sources coincide at the origin). In the discussion of
further analysis, the x0 and t0 labels are thus omitted. A bootstrap resampling procedure over the Ncfg independent
samples is used to propagate the statistical uncertainties of the two- and three- point functions. In this procedure,
Nboot = 200 bootstrap ensembles each with Ncfg elements are randomly drawn (allowing replacement). Repeating
the analysis with Nboot = 100 or 1000 yields consistent values and uncertainties. To test the assumption that the
configurations, each separated by 10 hybrid Monte-Carlo trajectories, are independent, the analysis is also undertaken
with correlation functions calculated on sets of Nblock = 10 successive configurations (still spaced by 10 hybrid Monte-
Carlo trajectories) averaged before bootstrap resampling. This blocking process does not modify the results at a
statistically significant level.

To extract the GFFs, ratios of the nucleon and pion three-point and two-point functions are formed for each of the
Nboot bootstrap resamplings:
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where the nucleon and pion energies are constructed as E(N/⇡)
~p =

q
M2

N/⇡ + |~p |2, rather than determined from the

two-point functions at each three-momentum. In these ratios, the exponential time-dependence and overlap factors
cancel for the ground state contribution for 0 ⌧ ⌧ ⌧ tf .7 The decompositions of the nucleon and pion matrix elements
in Eqs. (4) and (11) thus allow the ratios in this limit to be constructed in terms of only the unknown GFFs, which
are functions of the squared momentum transfer t = (p0 � p)2, and known kinematic factors. At each value of the
squared momentum transfer t, the various consistent choices of ~p, ~p 0, and operator index i for a given representation
R (and spin s for the nucleon) thus provide a system of equations that can be solved to isolate the GFFs at that t.
Of the large number of t values accessible using the three-momenta considered here, many are very close together (in
comparison with the overall scale of momenta). To provide the best determination of the GFFs, nearby t values are
thus binned as illustrated graphically in Fig. 4, and their constraints are treated as a single system of equations at

7 For ratios constructed from the SP correlators, the cancellation of overlap factors is not exact, but in the momentum averaged ratios
discussed below, the residual dependence cancels.
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further analysis, the x0 and t0 labels are thus omitted. A bootstrap resampling procedure over the Ncfg independent
samples is used to propagate the statistical uncertainties of the two- and three- point functions. In this procedure,
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the analysis with Nboot = 100 or 1000 yields consistent values and uncertainties. To test the assumption that the
configurations, each separated by 10 hybrid Monte-Carlo trajectories, are independent, the analysis is also undertaken
with correlation functions calculated on sets of Nblock = 10 successive configurations (still spaced by 10 hybrid Monte-
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where the nucleon and pion energies are constructed as E(N/⇡)
~p =
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two-point functions at each three-momentum. In these ratios, the exponential time-dependence and overlap factors
cancel for the ground state contribution for 0 ⌧ ⌧ ⌧ tf .7 The decompositions of the nucleon and pion matrix elements
in Eqs. (4) and (11) thus allow the ratios in this limit to be constructed in terms of only the unknown GFFs, which
are functions of the squared momentum transfer t = (p0 � p)2, and known kinematic factors. At each value of the
squared momentum transfer t, the various consistent choices of ~p, ~p 0, and operator index i for a given representation
R (and spin s for the nucleon) thus provide a system of equations that can be solved to isolate the GFFs at that t.
Of the large number of t values accessible using the three-momenta considered here, many are very close together (in
comparison with the overall scale of momenta). To provide the best determination of the GFFs, nearby t values are
thus binned as illustrated graphically in Fig. 4, and their constraints are treated as a single system of equations at

7 For ratios constructed from the SP correlators, the cancellation of overlap factors is not exact, but in the momentum averaged ratios
discussed below, the residual dependence cancels.
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The two- and three-point correlation functions are evaluated on an average of Nsrc = 203 randomly placed sources
on each of the Ncfg = 2821 configurations of the ensemble detailed in Table I. At the first stage of analysis, results
on each configuration are averaged (after translation such that all sources coincide at the origin). In the discussion of
further analysis, the x0 and t0 labels are thus omitted. A bootstrap resampling procedure over the Ncfg independent
samples is used to propagate the statistical uncertainties of the two- and three- point functions. In this procedure,
Nboot = 200 bootstrap ensembles each with Ncfg elements are randomly drawn (allowing replacement). Repeating
the analysis with Nboot = 100 or 1000 yields consistent values and uncertainties. To test the assumption that the
configurations, each separated by 10 hybrid Monte-Carlo trajectories, are independent, the analysis is also undertaken
with correlation functions calculated on sets of Nblock = 10 successive configurations (still spaced by 10 hybrid Monte-
Carlo trajectories) averaged before bootstrap resampling. This blocking process does not modify the results at a
statistically significant level.

To extract the GFFs, ratios of the nucleon and pion three-point and two-point functions are formed for each of the
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where the nucleon and pion energies are constructed as E(N/⇡)
~p =
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N/⇡ + |~p |2, rather than determined from the

two-point functions at each three-momentum. In these ratios, the exponential time-dependence and overlap factors
cancel for the ground state contribution for 0 ⌧ ⌧ ⌧ tf .7 The decompositions of the nucleon and pion matrix elements
in Eqs. (4) and (11) thus allow the ratios in this limit to be constructed in terms of only the unknown GFFs, which
are functions of the squared momentum transfer t = (p0 � p)2, and known kinematic factors. At each value of the
squared momentum transfer t, the various consistent choices of ~p, ~p 0, and operator index i for a given representation
R (and spin s for the nucleon) thus provide a system of equations that can be solved to isolate the GFFs at that t.
Of the large number of t values accessible using the three-momenta considered here, many are very close together (in
comparison with the overall scale of momenta). To provide the best determination of the GFFs, nearby t values are
thus binned as illustrated graphically in Fig. 4, and their constraints are treated as a single system of equations at

7 For ratios constructed from the SP correlators, the cancellation of overlap factors is not exact, but in the momentum averaged ratios
discussed below, the residual dependence cancels.
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where the nucleon and pion energies are constructed as E(N/⇡)
~p =

q
M2

N/⇡ + |~p |2, rather than determined from the

two-point functions at each three-momentum. In these ratios, the exponential time-dependence and overlap factors
cancel for the ground state contribution for 0 ⌧ ⌧ ⌧ tf .7 The decompositions of the nucleon and pion matrix elements
in Eqs. (4) and (11) thus allow the ratios in this limit to be constructed in terms of only the unknown GFFs, which
are functions of the squared momentum transfer t = (p0 � p)2, and known kinematic factors. At each value of the
squared momentum transfer t, the various consistent choices of ~p, ~p 0, and operator index i for a given representation
R (and spin s for the nucleon) thus provide a system of equations that can be solved to isolate the GFFs at that t.
Of the large number of t values accessible using the three-momenta considered here, many are very close together (in
comparison with the overall scale of momenta). To provide the best determination of the GFFs, nearby t values are
thus binned as illustrated graphically in Fig. 4, and their constraints are treated as a single system of equations at

7 For ratios constructed from the SP correlators, the cancellation of overlap factors is not exact, but in the momentum averaged ratios
discussed below, the residual dependence cancels.

4

L/a T/a � aml ams a (fm) L (fm) T (fm) m⇡ (MeV) mK (MeV) m⇡L m⇡T Ncfg Nmeas

32 96 6.1 -0.2800 -0.2450 0.1167(16) 3.7 11.2 450(5) 596(6) 8.5 25.6 2821 203

TABLE I: LQCD simulation details. The gauge configurations have dimensions L3 ⇥ T , lattice spacing a, and bare quark
masses amq (in lattice units). An average of Nmeas light-quark sources were used to perform measurements on each of Ncfg

configurations, generated in two streams with samples separated by 10 hybrid Monte-Carlo trajectories in each stream.

III. LATTICE QCD CALCULATION

In this work, a single ensemble of isotropic gauge-field configurations is used to determine the matrix elements
corresponding to the gravitational form factors of the nucleon and pion, Eqs. (4) and (11), respectively. Simulations
are performed with Nf = 2 + 1 flavours of quarks, with quark masses chosen such that m⇡ ⇠ 450(5) MeV. A clover-
improved quark action [37] and Lüscher-Weisz gauge action [38] are used, with the clover coe�cient set equal to
its tree-level tadpole-improved value. The configurations have dimensions L3

⇥ T = 323 ⇥ 96, with lattice spacing
a = 0.1167(16) fm [39]. Details of this ensemble are given in Table I and in Ref. [40]. Subsections IIIA, III B and
III C define the Euclidean-space gluon operators studied here, detail the renormalisation prescription, and outline the
extraction of the gluon GFFs from Euclidean correlation functions, respectively.

A. Operators

To determine the spin-independent gluon GFFs, matrix elements of the gluon operators2
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a ↵
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2
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4
gµ⌫a↵b↵. In Euclidean space, the unrenormalised gluon operators are defined using the clover

definition of the discretised Euclidean-space field-strength tensor

G(E)

µ⌫ (x) =
1

8

�
Pµ⌫(x)� P †

µ⌫(x)
�
, (15)

derived from the combination of plaquettes

Pµ⌫(x) =Uµ(x)U⌫(x+ µ)U†

µ(x+ ⌫)U†

⌫ (x)

+ U⌫(x)U
†

µ(x� µ+ ⌫)U†

⌫ (x� µ)Uµ(x� µ)

+ U†

µ(x� µ)U†

⌫ (x� µ� ⌫)Uµ(x� µ� ⌫)U⌫(x� ⌫)

+ U†

⌫ (x� ⌫)Uµ(x� ⌫)U⌫(x� ⌫ + µ)U†

µ(x), (16)

which are in turn built from gauge link fields that have been subject to Wilson flow to flow-time t = 1.0 [41] in order
to increase the signal-to-noise ratio of the calculation. In a previous study of these operators in a � meson [42, 43],
the e↵ects of di↵erent flow times and di↵erent choices of smearing prescription on the bare matrix elements have been
found to be mild. Since a non-perturbative renormalisation procedure is used here (discussed in the next section), the
di↵erences between bare matrix elements calculated with di↵erent smearing prescriptions will be compensated for by
di↵erences in the renormalisation.

Because of the reduced symmetry of the lattice geometry, the discretised operators transform in particular repre-
sentations of the hypercubic group H(4). Specifically, the operators in Eq. (14) subduce into traceless, symmetric

representations of H(4), two of which do not mix with same or lower-dimension operators (labelled ⌧ (3)
1

and ⌧ (6)
3

in

the notation of Refs. [44, 45]). In Minkowski space3, a basis of operators in the three-dimensional ⌧ (3)
1

representation
is

O
⌧ (3)
1

1
=

1

2
(O11 +O22 �O33 +O00) , O

⌧ (3)
1

2
=

1
p
2
(O33 +O00) , O

⌧ (3)
1

3
=

1
p
2
(O11 �O22) , (17)

2 Since the Lüscher-Weisz gauge action is used in this work, the Belinfante procedure [36] produces a gluon EMT that has an additional
contribution that is higher-order in a. This term is neglected in the present work.

3 The Euclidean operators are related to these by G
(E)
ij = Gij for i, j 2 {1, 2, 3}, and G

(E)
4j = (�i)G0j .
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while a basis for the six-dimensional ⌧ (6)
3

representation is:

O
⌧ (6)
3

i={1,...,6} =

⇢
(�i)�⌫0

p
2

(Oµ⌫ +O⌫µ) , 0  µ < ⌫  3

�
. (18)

All basis operators in each of these two representations are studied here. Within each representation, the renor-
malisation of the di↵erent operators are related by symmetries, while the renormalisations of operators in the two
di↵erent representations are only constrained to be the same in the continuum limit. Studying both representations
thus permits a test of the discretisation artefacts in this calculation.

B. Renormalisation

The unrenormalised operators in Eq. (14) mix with the flavour-singlet quark operators Qµ⌫ =
P

q2{u,d,s}  q�{µi
$

D⌫} q such that the renormalised gluon operator O
ren.
µ⌫ (in any particular scheme) is described

by O
ren.
µ⌫ = Zgg

Oµ⌫ +Zgq
Qµ⌫ . It was shown in Ref. [31] that the mixing of the quark operator into the gluon operator

is a few-percent e↵ect, using a one-loop perturbative renormalisation procedure and a similar action to the one used
here. Consequently, this mixing is assumed to be negligible relative to the statistical uncertainties of this calculation
and is neglected here.

The bare lattice operators described in the previous section are renormalised via a non-perturbative RI-MOM
prescription [30, 46], similar to that recently investigated for gluon operators in Refs. [47, 48]. A perturbative matching
is used to relate the renormalised operators to the MS scheme. A bare lattice operator Olatt is thus renormalised as4:

O
MS(µ2) = ZMS

O
(µ2)Olatt = R

MS(µ2, µ2

R)Z
RI-MOM

O
(µ2

R)O
latt. (19)

The conversion factor R
MS(µ2, µ2

R) from the RI-MOM scheme to MS is calculated in continuum perturbation the-
ory [49], while the RI-MOM renormalisation constant ZRI-MOM

O
(µ2

R) is determined non-perturbatively by imposing
the condition

Zg(p
2)ZRI-MOM

O
(p2)⇤bare

O
(p)

�
⇤tree

O
(p)

��1

����
p2=µ2

R

= 1, (20)

which relates the bare and tree-level amputated Green’s functions ⇤bare/tree

O
(p) for the operator O in a Landau-gauge–

fixed gluon state of momentum p2 = µ2

R. Here, Z
1/2
g (p2) denotes the gluon field renormalisation.

For the particular operator of interest, Oµ⌫ , the tree-level amputated Green’s function can be expressed as [50]:

⇤tree

O
(p) = hOµ⌫Tr[A�(p)A⌧ (�p)]itree

amp.
=

N2
c � 1

2
(2pµp⌫g�⌧ � p⌧p⌫g�µ � p⌧pµg�⌫ � p�p⌫g⌧µ

� p�pµg⌧⌫ + p�p⌧gµ⌫ � p2(g�⌧gµ⌫ � g�µg⌧⌫ � g�⌫g⌧µ)). (21)

As discussed in Ref. [50], and also noted in Ref. [47], only the first structure in this expression is protected from mixing
with the gauge-variant parts of the energy-momentum tensor. Consequently, choosing renormalisation conditions
that only involve this term allows a purely multiplicative renormalisation procedure even for gauge-fixed states. The
operators in Eqs. (17) and (18) can be arranged into the forms5

Ô
R
↵� =

1
p
2

8
<

:
(O↵↵ + g��O��) R = ⌧ (3)

1
,

(�i)�⌫4(O↵� +O�↵) R = ⌧ (6)
3

,
(22)

4 In the general case this is a matrix equation that accounts for mixing among a set of bare operators O
latt
i .

5 For the operators in representation R = ⌧
(3)
1 , defined in Eq. (17), O

⌧
(3)
1

2 , O
⌧
(3)
1

3 , and the combination (1/
p
2)O

⌧
(3)
1

1 +

(1/2)

✓
O

⌧
(3)
1

2 +O
⌧
(3)
1

3

◆
take this form.
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where F
R
i for i = {1, 2, 3} denotes the linear combination of Fµ⌫ (defined in Eq. (5)) with indices matching the

structure of the corresponding operator O
R
i . Similarly, the three-point correlation functions of the pion are defined

by

C3pt

(⇡);R,i(~p, ~p
0 = ~p+ ~�, tf , ⌧ ; ~x0, t0) =

X

~x,~y

e�i~p 0
·~xei

~�·~y
h0|�(⇡)(~x, tf )O

R
i (~y, ⌧)�†

(⇡)(~x0, t0)|0i

tf�⌧�t0
�!

q
Z⇤
⇡(p)Z̃⇡(p0)

4E(⇡)
~p 0 E

(⇡)
~p

e�E(⇡)

~p 0 (tf�⌧)e�E(⇡)
~p (⌧�t0)

K
R
i [A(⇡)

g , D(⇡)
g ] + . . . , (37)

where again the representation and subscript labels {R, i} correspond to the operators defined in Eqs. (17) and (18),
as discussed for the nucleon. For both the nucleon and the pion, three-point functions are constructed with all possible
sink three-momenta that satisfy |~p |2  5(2⇡/L)2, with operator three-momenta |~�|

2
 18(2⇡/L)2.

The two- and three-point correlation functions are evaluated on an average of Nsrc = 203 randomly placed sources
on each of the Ncfg = 2821 configurations of the ensemble detailed in Table I. At the first stage of analysis, results
on each configuration are averaged (after translation such that all sources coincide at the origin). In the discussion of
further analysis, the x0 and t0 labels are thus omitted. A bootstrap resampling procedure over the Ncfg independent
samples is used to propagate the statistical uncertainties of the two- and three- point functions. In this procedure,
Nboot = 200 bootstrap ensembles each with Ncfg elements are randomly drawn (allowing replacement). Repeating
the analysis with Nboot = 100 or 1000 yields consistent values and uncertainties. To test the assumption that the
configurations, each separated by 10 hybrid Monte-Carlo trajectories, are independent, the analysis is also undertaken
with correlation functions calculated on sets of Nblock = 10 successive configurations (still spaced by 10 hybrid Monte-
Carlo trajectories) averaged before bootstrap resampling. This blocking process does not modify the results at a
statistically significant level.

To extract the GFFs, ratios of the nucleon and pion three-point and two-point functions are formed for each of the
Nboot bootstrap resamplings:

Rs;R,i(~p, ~p
0, tf , ⌧) =

C3pt

s;R,i(~p, ~p
0, tf , ⌧)

C2pt
s (~p 0, tf )

s
C2pt

s (~p, tf � ⌧)C2pt
s (~p 0, tf )C

2pt
s (~p 0, ⌧)

C2pt
s (~p 0, tf � ⌧)C2pt

s (~p, tf )C
2pt
s (~p, ⌧)

tf�⌧�0

�!
Tr [�s(p/ 0 +MN )Fi[Ag, Bg, Dg](p/+MN )]

8
q

E(N)

~p E(N)

~p 0 (E(N)

~p +MN )(E(N)

~p0 +MN )
+ . . . , (38)

R(⇡)
R,i(~p, ~p

0, tf , ⌧) =
C3pt

(⇡);R,i(~p, ~p
0, tf , ⌧)

C2pt

(⇡) (~p
0, tf )

vuutC2pt

(⇡) (~p, tf � ⌧)C2pt

(⇡) (~p
0, tf )C

2pt

(⇡) (~p
0, ⌧)

C2pt

(⇡) (~p
0, tf � ⌧)C2pt

(⇡) (~p, tf )C
2pt

(⇡) (~p, ⌧)

tf�⌧�0

�!
Ki[A

(⇡)
g , D(⇡)

g ]

2
q

E(⇡)
~p E(⇡)

~p 0

+ . . . , (39)

where the nucleon and pion energies are constructed as E(N/⇡)
~p =

q
M2

N/⇡ + |~p |2, rather than determined from the

two-point functions at each three-momentum. In these ratios, the exponential time-dependence and overlap factors
cancel for the ground state contribution for 0 ⌧ ⌧ ⌧ tf .7 The decompositions of the nucleon and pion matrix elements
in Eqs. (4) and (11) thus allow the ratios in this limit to be constructed in terms of only the unknown GFFs, which
are functions of the squared momentum transfer t = (p0 � p)2, and known kinematic factors. At each value of the
squared momentum transfer t, the various consistent choices of ~p, ~p 0, and operator index i for a given representation
R (and spin s for the nucleon) thus provide a system of equations that can be solved to isolate the GFFs at that t.
Of the large number of t values accessible using the three-momenta considered here, many are very close together (in
comparison with the overall scale of momenta). To provide the best determination of the GFFs, nearby t values are
thus binned as illustrated graphically in Fig. 4, and their constraints are treated as a single system of equations at

7 For ratios constructed from the SP correlators, the cancellation of overlap factors is not exact, but in the momentum averaged ratios
discussed below, the residual dependence cancels.

Nucleon spin up/down: 

Sink and operator momenta:
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(a)Pion (b)Nucleon

FIG. 4: Accessible t = (p0 � p)2 values using all possible sink three-momenta ~p 0 with |~p0 |2  5(2⇡/L)2, and all operator

momenta with |~�|2  18(2⇡/L)2, for both the nucleon and pion. Each colour denotes t values corresponding to a single choice

of squared three-momentum transfer ~�2 = (~p 0 � ~p)2. The size of each point is proportional to the square root of the number
of three-momenta at that t. The grey vertical bands highlight the range of each binning; data at t-values within each bin are
analysed as a single system.

each average t. The bins are defined such that no adjacent accessible t values that di↵er by 0.03 GeV2 or more will
be in the same bin.

To reduce the dimensionality of the highly overdetermined systems of equations that must be solved to isolate the
GFFs for each momentum transfer bin, ratios that give the same linear combination of GFFs (up to a sign) in the

limit 0 ⌧ ⌧ ⌧ tf are averaged (including the appropriate signs). The averaged ratios are denoted R
(⇡/N)

R;k (tf , ⌧),
where the subscript k now enumerates the di↵erent averaged ratios, rather than indexing specific operators. This
averaging is performed separately for ratios constructed with SS and SP correlation functions, and separately for
each representation R. For the nucleon there are between 4 and 101 averaged ratios for each smearing at di↵erent
momenta, and for the pion there are between 2 and 48. Subsequently, constant fits to the tf and ⌧ dependence of the
averaged ratios are performed to extract the ground state contribution. For each averaged ratio, fits are performed
over windows of timeslices in the two-dimensional {tf , ⌧} plane with tmin

f < tf < tmax

f and �⌧ < ⌧ < (tf ��⌧ + 1).

Fit windows are constrained to have the earliest sink time tmin

f no earlier than the time at which the hadron two-point
functions are consistent with a single state. This constraint is imposed despite the fact that the ratios are typically
noisier than the two-point functions and are consistent with a single state considerably earlier than the two-point
correlators. For a given tmin

f , the maximum sink time tmax

f in the window is constrained to be at least 4 timeslices
larger, and no later than than the latest time at which the hadron two-point functions are consistent with a single
state (under correlated fits). The gap �⌧ is also chosen to be at least 4. Subject to these constraints, all possible
constant fits are performed to a given average ratio by minimizing the total �2 function including both SS and SP
ratios for {tf , ⌧} pairs in each window. The mean of the bootstrap results for the best fit is taken as the central
value, while the uncertainty is formed by taking half of the variation in central values of all fits with �2/d.o.f.  1
in quadrature with the standard deviation of the bootstrap results for the best fit. For the pion ratios, the variation
over acceptable fits is typically small compared with the statistical uncertainty, while for the nucleon, whose signal
degenerates more quickly with sink time tf , this systematic uncertainty dominates. An alternative approach to the
analysis using the summation method [56] yields fits for each averaged ratio that are consistent within uncertainties.

The GFFs Ag(t), Bg(t), and Dg(t) for the nucleon, and A(⇡)
g (t) and D(⇡)

g (t) for the pion, are determined at
each binned value of the momentum transfer t by solving the overdetermined system of equations defined by fits to
the averaged ratios at that t. The averaged ratios are first renormalised with the appropriate ZMS

R (µ = 2 GeV),
allowing results from both representations to be combined in a simultaneous fit. To propagate the uncertainties
on the renormalisation, this fit is performed Nsample = 250 times at each t, sampling from the distributions of

ZMS

R (µ = 2 GeV) in Eqs. (31) and (32) for the two representations R. The standard deviation of the variation of the
best fit values over the samplings is taken in quadrature with the statistical uncertainty of the fit with the central
values of the renormalisation constants to define the total uncertainty of the GFFs at that t. Choices of Nsample

between 150 and 1000 give consistent uncertainty determinations.
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To reduce the dimensionality of the highly overdetermined systems of equations that must be solved to isolate the
GFFs for each momentum transfer bin, ratios that give the same linear combination of GFFs (up to a sign) in the

limit 0 ⌧ ⌧ ⌧ tf are averaged (including the appropriate signs). The averaged ratios are denoted R
(⇡/N)

R;k (tf , ⌧),
where the subscript k now enumerates the di↵erent averaged ratios, rather than indexing specific operators. This
averaging is performed separately for ratios constructed with SS and SP correlation functions, and separately for
each representation R. For the nucleon there are between 4 and 101 averaged ratios for each smearing at di↵erent
momenta, and for the pion there are between 2 and 48. Subsequently, constant fits to the tf and ⌧ dependence of the
averaged ratios are performed to extract the ground state contribution. For each averaged ratio, fits are performed
over windows of timeslices in the two-dimensional {tf , ⌧} plane with tmin

f < tf < tmax

f and �⌧ < ⌧ < (tf ��⌧ + 1).

Fit windows are constrained to have the earliest sink time tmin

f no earlier than the time at which the hadron two-point
functions are consistent with a single state. This constraint is imposed despite the fact that the ratios are typically
noisier than the two-point functions and are consistent with a single state considerably earlier than the two-point
correlators. For a given tmin

f , the maximum sink time tmax

f in the window is constrained to be at least 4 timeslices
larger, and no later than than the latest time at which the hadron two-point functions are consistent with a single
state (under correlated fits). The gap �⌧ is also chosen to be at least 4. Subject to these constraints, all possible
constant fits are performed to a given average ratio by minimizing the total �2 function including both SS and SP
ratios for {tf , ⌧} pairs in each window. The mean of the bootstrap results for the best fit is taken as the central
value, while the uncertainty is formed by taking half of the variation in central values of all fits with �2/d.o.f.  1
in quadrature with the standard deviation of the bootstrap results for the best fit. For the pion ratios, the variation
over acceptable fits is typically small compared with the statistical uncertainty, while for the nucleon, whose signal
degenerates more quickly with sink time tf , this systematic uncertainty dominates. An alternative approach to the
analysis using the summation method [56] yields fits for each averaged ratio that are consistent within uncertainties.

The GFFs Ag(t), Bg(t), and Dg(t) for the nucleon, and A(⇡)
g (t) and D(⇡)

g (t) for the pion, are determined at
each binned value of the momentum transfer t by solving the overdetermined system of equations defined by fits to
the averaged ratios at that t. The averaged ratios are first renormalised with the appropriate ZMS

R (µ = 2 GeV),
allowing results from both representations to be combined in a simultaneous fit. To propagate the uncertainties
on the renormalisation, this fit is performed Nsample = 250 times at each t, sampling from the distributions of
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R (µ = 2 GeV) in Eqs. (31) and (32) for the two representations R. The standard deviation of the variation of the
best fit values over the samplings is taken in quadrature with the statistical uncertainty of the fit with the central
values of the renormalisation constants to define the total uncertainty of the GFFs at that t. Choices of Nsample

between 150 and 1000 give consistent uncertainty determinations.



Clean plateaus in effective masses for

Gluon GFFs from LQCD

4

L/a T/a � aml ams a (fm) L (fm) T (fm) m⇡ (MeV) mK (MeV) m⇡L m⇡T Ncfg Nmeas

32 96 6.1 -0.2800 -0.2450 0.1167(16) 3.7 11.2 450(5) 596(6) 8.5 25.6 2821 203

TABLE I: LQCD simulation details. The gauge configurations have dimensions L3 ⇥ T , lattice spacing a, and bare quark
masses amq (in lattice units). An average of Nmeas light-quark sources were used to perform measurements on each of Ncfg

configurations, generated in two streams with samples separated by 10 hybrid Monte-Carlo trajectories in each stream.

III. LATTICE QCD CALCULATION

In this work, a single ensemble of isotropic gauge-field configurations is used to determine the matrix elements
corresponding to the gravitational form factors of the nucleon and pion, Eqs. (4) and (11), respectively. Simulations
are performed with Nf = 2 + 1 flavours of quarks, with quark masses chosen such that m⇡ ⇠ 450(5) MeV. A clover-
improved quark action [37] and Lüscher-Weisz gauge action [38] are used, with the clover coe�cient set equal to
its tree-level tadpole-improved value. The configurations have dimensions L3

⇥ T = 323 ⇥ 96, with lattice spacing
a = 0.1167(16) fm [39]. Details of this ensemble are given in Table I and in Ref. [40]. Subsections IIIA, III B and
III C define the Euclidean-space gluon operators studied here, detail the renormalisation prescription, and outline the
extraction of the gluon GFFs from Euclidean correlation functions, respectively.

A. Operators

To determine the spin-independent gluon GFFs, matrix elements of the gluon operators2

Oµ⌫ = Ga
↵{µG

a ↵
⌫} , (14)

are constructed, where the brackets denote symmetrisation and tracelessness in the µ and ⌫ indices by a{µb⌫} =
1

2
(aµb⌫ + a⌫bµ) �

1

4
gµ⌫a↵b↵. In Euclidean space, the unrenormalised gluon operators are defined using the clover

definition of the discretised Euclidean-space field-strength tensor

G(E)

µ⌫ (x) =
1

8

�
Pµ⌫(x)� P †

µ⌫(x)
�
, (15)

derived from the combination of plaquettes

Pµ⌫(x) =Uµ(x)U⌫(x+ µ)U†

µ(x+ ⌫)U†

⌫ (x)

+ U⌫(x)U
†

µ(x� µ+ ⌫)U†

⌫ (x� µ)Uµ(x� µ)

+ U†

µ(x� µ)U†

⌫ (x� µ� ⌫)Uµ(x� µ� ⌫)U⌫(x� ⌫)

+ U†

⌫ (x� ⌫)Uµ(x� ⌫)U⌫(x� ⌫ + µ)U†

µ(x), (16)

which are in turn built from gauge link fields that have been subject to Wilson flow to flow-time t = 1.0 [41] in order
to increase the signal-to-noise ratio of the calculation. In a previous study of these operators in a � meson [42, 43],
the e↵ects of di↵erent flow times and di↵erent choices of smearing prescription on the bare matrix elements have been
found to be mild. Since a non-perturbative renormalisation procedure is used here (discussed in the next section), the
di↵erences between bare matrix elements calculated with di↵erent smearing prescriptions will be compensated for by
di↵erences in the renormalisation.

Because of the reduced symmetry of the lattice geometry, the discretised operators transform in particular repre-
sentations of the hypercubic group H(4). Specifically, the operators in Eq. (14) subduce into traceless, symmetric

representations of H(4), two of which do not mix with same or lower-dimension operators (labelled ⌧ (3)
1

and ⌧ (6)
3

in

the notation of Refs. [44, 45]). In Minkowski space3, a basis of operators in the three-dimensional ⌧ (3)
1

representation
is

O
⌧ (3)
1

1
=

1

2
(O11 +O22 �O33 +O00) , O

⌧ (3)
1

2
=

1
p
2
(O33 +O00) , O

⌧ (3)
1

3
=

1
p
2
(O11 �O22) , (17)

2 Since the Lüscher-Weisz gauge action is used in this work, the Belinfante procedure [36] produces a gluon EMT that has an additional
contribution that is higher-order in a. This term is neglected in the present work.

3 The Euclidean operators are related to these by G
(E)
ij = Gij for i, j 2 {1, 2, 3}, and G

(E)
4j = (�i)G0j .
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(a)Pion (b)Nucleon

FIG. 4: Accessible t = (p0 � p)2 values using all possible sink three-momenta ~p 0 with |~p0 |2  5(2⇡/L)2, and all operator

momenta with |~�|2  18(2⇡/L)2, for both the nucleon and pion. Each colour denotes t values corresponding to a single choice

of squared three-momentum transfer ~�2 = (~p 0 � ~p)2. The size of each point is proportional to the square root of the number
of three-momenta at that t. The grey vertical bands highlight the range of each binning; data at t-values within each bin are
analysed as a single system.

each average t. The bins are defined such that no adjacent accessible t values that di↵er by 0.03 GeV2 or more will
be in the same bin.

To reduce the dimensionality of the highly overdetermined systems of equations that must be solved to isolate the
GFFs for each momentum transfer bin, ratios that give the same linear combination of GFFs (up to a sign) in the

limit 0 ⌧ ⌧ ⌧ tf are averaged (including the appropriate signs). The averaged ratios are denoted R
(⇡/N)

R;k (tf , ⌧),
where the subscript k now enumerates the di↵erent averaged ratios, rather than indexing specific operators. This
averaging is performed separately for ratios constructed with SS and SP correlation functions, and separately for
each representation R. For the nucleon there are between 4 and 101 averaged ratios for each smearing at di↵erent
momenta, and for the pion there are between 2 and 48. Subsequently, constant fits to the tf and ⌧ dependence of the
averaged ratios are performed to extract the ground state contribution. For each averaged ratio, fits are performed
over windows of timeslices in the two-dimensional {tf , ⌧} plane with tmin

f < tf < tmax

f and �⌧ < ⌧ < (tf ��⌧ + 1).

Fit windows are constrained to have the earliest sink time tmin

f no earlier than the time at which the hadron two-point
functions are consistent with a single state. This constraint is imposed despite the fact that the ratios are typically
noisier than the two-point functions and are consistent with a single state considerably earlier than the two-point
correlators. For a given tmin

f , the maximum sink time tmax

f in the window is constrained to be at least 4 timeslices
larger, and no later than than the latest time at which the hadron two-point functions are consistent with a single
state (under correlated fits). The gap �⌧ is also chosen to be at least 4. Subject to these constraints, all possible
constant fits are performed to a given average ratio by minimizing the total �2 function including both SS and SP
ratios for {tf , ⌧} pairs in each window. The mean of the bootstrap results for the best fit is taken as the central
value, while the uncertainty is formed by taking half of the variation in central values of all fits with �2/d.o.f.  1
in quadrature with the standard deviation of the bootstrap results for the best fit. For the pion ratios, the variation
over acceptable fits is typically small compared with the statistical uncertainty, while for the nucleon, whose signal
degenerates more quickly with sink time tf , this systematic uncertainty dominates. An alternative approach to the
analysis using the summation method [56] yields fits for each averaged ratio that are consistent within uncertainties.

The GFFs Ag(t), Bg(t), and Dg(t) for the nucleon, and A(⇡)
g (t) and D(⇡)

g (t) for the pion, are determined at
each binned value of the momentum transfer t by solving the overdetermined system of equations defined by fits to
the averaged ratios at that t. The averaged ratios are first renormalised with the appropriate ZMS

R (µ = 2 GeV),
allowing results from both representations to be combined in a simultaneous fit. To propagate the uncertainties
on the renormalisation, this fit is performed Nsample = 250 times at each t, sampling from the distributions of

ZMS

R (µ = 2 GeV) in Eqs. (31) and (32) for the two representations R. The standard deviation of the variation of the
best fit values over the samplings is taken in quadrature with the statistical uncertainty of the fit with the central
values of the renormalisation constants to define the total uncertainty of the GFFs at that t. Choices of Nsample

between 150 and 1000 give consistent uncertainty determinations.
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FIG. 2: E↵ective mass plots (Eq. (35)) formed from SP correlation functions for the pion and nucleon. The shaded bands show
constant fits to the data for each |~p |2  5(2⇡/L)2, as described in the text. The e↵ective masses generated with SS correlation
functions are similar and result in energy extractions that are consistent with those shown for the SP case within uncertainties.

(a)Pion (b)Nucleon

FIG. 3: The speed of light c2(N/⇡)(~p ) = (E(N/⇡)2
~p �M2

(N/⇡))/~p
2) entering the dispersion relation for the pion and nucleon as a

function of the squared momentum of the hadron. The blue circles and orange diamonds show results obtained using SP and
SS correlation functions respectively (the SS results are slightly o↵set on the horizontal axis for clarity).

constructed from the two-point functions of the nucleon (averaged over spins) and pion, are shown in Fig. 2 for the
SP correlators. As the momentum increases, the signal quality degrades for both the nucleon and pion. Energies are
extracted from constant fits to the e↵ective masses over the longest time region with �2/d.o.f  1, accounting for the
correlations in the data. These time windows define the range of sink times tf where excited state contamination is
small in comparison with the statistical uncertainties of the data. The energies extracted as a function of momentum
using both SS and SP two-point correlators are used to construct the e↵ective speed of light (in units of c) shown
for both hadrons in Fig. 3; comparison of these quantities to unity provides a measure of discretisation errors in this
calculation. On this ensemble, discretisation e↵ects on the speed of light are at the percent level for all momenta
considered. Consistent values for c2

(N/⇡) were found on this ensemble in Ref. [40].

For the gluon operators OR
i defined in Eqs. (17) and (18), nucleon three-point correlation functions are defined by

C3pt

s;R,i(~p, ~p
0 = ~p+ ~�, tf , ⌧ ; ~x0, t0) =

X

~x,~y

e�i~p 0
·~xei

~�·~y(�s)↵�h0|��(~x, tf )O
R
i (~y, ⌧)�↵(~x0, t0)|0i

tf�⌧�t0
�!

q
Z⇤(p)Z̃(p0)

4E(N)

~p 0 E(N)

~p

e�E(N)

~p 0 (tf�⌧)e�E(N)
~p (⌧�t0)

⇥Tr
⇥
�s(p/

0 +MN )FR
i [Ag, Bg, Dg](p/+MN )

⇤
+ . . . , (36)

Pion Nucleon

One ensemble, m𝞹 ~450 MeV
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FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).

24

(a)tf = 13 (dark points), tf=18 (pale points)
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FIG. 17: As in Fig. 15, for a di↵erent value of the squared momentum transfer t.
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FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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(a)tf = 12 (dark points), tf=14 (pale points)

(b)⌧ = 4 (dark points), ⌧=6 (pale points)

FIG. 11: Examples of the raw lattice data for averaged ratios of three and two point functions R
(N)
R;k(tf , ⌧) for the nucleon formed

from SP (blue circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence
(green bands). The red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected
back to the linear combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows

examples of ratios determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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FIG. 11: Examples of the raw lattice data for averaged ratios of three and two point functions R
(N)
R;k(tf , ⌧) for the nucleon formed

from SP (blue circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence
(green bands). The red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected
back to the linear combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows

examples of ratios determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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(a)tf = 13 (dark points), tf=18 (pale points)

(b)⌧ = 5 (dark points), ⌧=7 (pale points)

FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
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FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)
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FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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(a)tf = 12 (dark points), tf=14 (pale points)

(b)⌧ = 4 (dark points), ⌧=6 (pale points)

FIG. 11: Examples of the raw lattice data for averaged ratios of three and two point functions R
(N)
R;k(tf , ⌧) for the nucleon formed

from SP (blue circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence
(green bands). The red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected
back to the linear combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows

examples of ratios determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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FIG. 11: Examples of the raw lattice data for averaged ratios of three and two point functions R
(N)
R;k(tf , ⌧) for the nucleon formed

from SP (blue circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence
(green bands). The red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected
back to the linear combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows

examples of ratios determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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(a)tf = 13 (dark points), tf=18 (pale points)

(b)⌧ = 5 (dark points), ⌧=7 (pale points)

FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios
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FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)
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(a)tf = 13 (dark points), tf=18 (pale points)

(b)⌧ = 5 (dark points), ⌧=7 (pale points)

FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).

Gluon GFFs from LQCD



11

●● ●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●
●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●●●

●●

●●

●●
●● ●● ●●●● ●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●● ●●

●●

●●

●●

●● ●● ●●

0.0 0.5 1.0 1.5 2.0

(a)Pion

●● ●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●
●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●
●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●
●●

●●
●●

●●

●●

●●

●●

●●

●●

●●

●● ●●

●●

●●
●●

●● ●● ●●●● ●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●●

●● ●●

●●

●●

●●

●● ●● ●●

0.0 0.5 1.0 1.5 2.0

(b)Nucleon

FIG. 4: Accessible t = (p0 � p)2 values using all possible sink three-momenta ~p 0 with |~p0 |2  5(2⇡/L)2, and all operator

momenta with |~�|2  18(2⇡/L)2, for both the nucleon and pion. Each colour denotes t values corresponding to a single choice

of squared three-momentum transfer ~�2 = (~p 0 � ~p)2. The size of each point is proportional to the square root of the number
of three-momenta at that t. The grey vertical bands highlight the range of each binning; data at t-values within each bin are
analysed as a single system.

each average t. The bins are defined such that no adjacent accessible t values that di↵er by 0.03 GeV2 or more will
be in the same bin.

To reduce the dimensionality of the highly overdetermined systems of equations that must be solved to isolate the
GFFs for each momentum transfer bin, ratios that give the same linear combination of GFFs (up to a sign) in the

limit 0 ⌧ ⌧ ⌧ tf are averaged (including the appropriate signs). The averaged ratios are denoted R
(⇡/N)

R;k (tf , ⌧),
where the subscript k now enumerates the di↵erent averaged ratios, rather than indexing specific operators. This
averaging is performed separately for ratios constructed with SS and SP correlation functions, and separately for
each representation R. For the nucleon there are between 4 and 101 averaged ratios for each smearing at di↵erent
momenta, and for the pion there are between 2 and 48. Subsequently, constant fits to the tf and ⌧ dependence of the
averaged ratios are performed to extract the ground state contribution. For each averaged ratio, fits are performed
over windows of timeslices in the two-dimensional {tf , ⌧} plane with tmin

f < tf < tmax

f and �⌧ < ⌧ < (tf ��⌧ + 1).

Fit windows are constrained to have the earliest sink time tmin

f no earlier than the time at which the hadron two-point
functions are consistent with a single state. This constraint is imposed despite the fact that the ratios are typically
noisier than the two-point functions and are consistent with a single state considerably earlier than the two-point
correlators. For a given tmin

f , the maximum sink time tmax

f in the window is constrained to be at least 4 timeslices
larger, and no later than than the latest time at which the hadron two-point functions are consistent with a single
state (under correlated fits). The gap �⌧ is also chosen to be at least 4. Subject to these constraints, all possible
constant fits are performed to a given average ratio by minimizing the total �2 function including both SS and SP
ratios for {tf , ⌧} pairs in each window. The mean of the bootstrap results for the best fit is taken as the central
value, while the uncertainty is formed by taking half of the variation in central values of all fits with �2/d.o.f.  1
in quadrature with the standard deviation of the bootstrap results for the best fit. For the pion ratios, the variation
over acceptable fits is typically small compared with the statistical uncertainty, while for the nucleon, whose signal
degenerates more quickly with sink time tf , this systematic uncertainty dominates. An alternative approach to the
analysis using the summation method [56] yields fits for each averaged ratio that are consistent within uncertainties.

The GFFs Ag(t), Bg(t), and Dg(t) for the nucleon, and A(⇡)
g (t) and D(⇡)

g (t) for the pion, are determined at
each binned value of the momentum transfer t by solving the overdetermined system of equations defined by fits to
the averaged ratios at that t. The averaged ratios are first renormalised with the appropriate ZMS

R (µ = 2 GeV),
allowing results from both representations to be combined in a simultaneous fit. To propagate the uncertainties
on the renormalisation, this fit is performed Nsample = 250 times at each t, sampling from the distributions of

ZMS

R (µ = 2 GeV) in Eqs. (31) and (32) for the two representations R. The standard deviation of the variation of the
best fit values over the samplings is taken in quadrature with the statistical uncertainty of the fit with the central
values of the renormalisation constants to define the total uncertainty of the GFFs at that t. Choices of Nsample

between 150 and 1000 give consistent uncertainty determinations.
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of squared three-momentum transfer ~�2 = (~p 0 � ~p)2. The size of each point is proportional to the square root of the number
of three-momenta at that t. The grey vertical bands highlight the range of each binning; data at t-values within each bin are
analysed as a single system.
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be in the same bin.

To reduce the dimensionality of the highly overdetermined systems of equations that must be solved to isolate the
GFFs for each momentum transfer bin, ratios that give the same linear combination of GFFs (up to a sign) in the

limit 0 ⌧ ⌧ ⌧ tf are averaged (including the appropriate signs). The averaged ratios are denoted R
(⇡/N)

R;k (tf , ⌧),
where the subscript k now enumerates the di↵erent averaged ratios, rather than indexing specific operators. This
averaging is performed separately for ratios constructed with SS and SP correlation functions, and separately for
each representation R. For the nucleon there are between 4 and 101 averaged ratios for each smearing at di↵erent
momenta, and for the pion there are between 2 and 48. Subsequently, constant fits to the tf and ⌧ dependence of the
averaged ratios are performed to extract the ground state contribution. For each averaged ratio, fits are performed
over windows of timeslices in the two-dimensional {tf , ⌧} plane with tmin

f < tf < tmax

f and �⌧ < ⌧ < (tf ��⌧ + 1).

Fit windows are constrained to have the earliest sink time tmin

f no earlier than the time at which the hadron two-point
functions are consistent with a single state. This constraint is imposed despite the fact that the ratios are typically
noisier than the two-point functions and are consistent with a single state considerably earlier than the two-point
correlators. For a given tmin

f , the maximum sink time tmax

f in the window is constrained to be at least 4 timeslices
larger, and no later than than the latest time at which the hadron two-point functions are consistent with a single
state (under correlated fits). The gap �⌧ is also chosen to be at least 4. Subject to these constraints, all possible
constant fits are performed to a given average ratio by minimizing the total �2 function including both SS and SP
ratios for {tf , ⌧} pairs in each window. The mean of the bootstrap results for the best fit is taken as the central
value, while the uncertainty is formed by taking half of the variation in central values of all fits with �2/d.o.f.  1
in quadrature with the standard deviation of the bootstrap results for the best fit. For the pion ratios, the variation
over acceptable fits is typically small compared with the statistical uncertainty, while for the nucleon, whose signal
degenerates more quickly with sink time tf , this systematic uncertainty dominates. An alternative approach to the
analysis using the summation method [56] yields fits for each averaged ratio that are consistent within uncertainties.

The GFFs Ag(t), Bg(t), and Dg(t) for the nucleon, and A(⇡)
g (t) and D(⇡)

g (t) for the pion, are determined at
each binned value of the momentum transfer t by solving the overdetermined system of equations defined by fits to
the averaged ratios at that t. The averaged ratios are first renormalised with the appropriate ZMS

R (µ = 2 GeV),
allowing results from both representations to be combined in a simultaneous fit. To propagate the uncertainties
on the renormalisation, this fit is performed Nsample = 250 times at each t, sampling from the distributions of

ZMS

R (µ = 2 GeV) in Eqs. (31) and (32) for the two representations R. The standard deviation of the variation of the
best fit values over the samplings is taken in quadrature with the statistical uncertainty of the fit with the central
values of the renormalisation constants to define the total uncertainty of the GFFs at that t. Choices of Nsample

between 150 and 1000 give consistent uncertainty determinations.
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each average t. The bins are defined such that no adjacent accessible t values that di↵er by 0.03 GeV2 or more will
be in the same bin.

To reduce the dimensionality of the highly overdetermined systems of equations that must be solved to isolate the
GFFs for each momentum transfer bin, ratios that give the same linear combination of GFFs (up to a sign) in the

limit 0 ⌧ ⌧ ⌧ tf are averaged (including the appropriate signs). The averaged ratios are denoted R
(⇡/N)

R;k (tf , ⌧),
where the subscript k now enumerates the di↵erent averaged ratios, rather than indexing specific operators. This
averaging is performed separately for ratios constructed with SS and SP correlation functions, and separately for
each representation R. For the nucleon there are between 4 and 101 averaged ratios for each smearing at di↵erent
momenta, and for the pion there are between 2 and 48. Subsequently, constant fits to the tf and ⌧ dependence of the
averaged ratios are performed to extract the ground state contribution. For each averaged ratio, fits are performed
over windows of timeslices in the two-dimensional {tf , ⌧} plane with tmin

f < tf < tmax

f and �⌧ < ⌧ < (tf ��⌧ + 1).

Fit windows are constrained to have the earliest sink time tmin

f no earlier than the time at which the hadron two-point
functions are consistent with a single state. This constraint is imposed despite the fact that the ratios are typically
noisier than the two-point functions and are consistent with a single state considerably earlier than the two-point
correlators. For a given tmin

f , the maximum sink time tmax

f in the window is constrained to be at least 4 timeslices
larger, and no later than than the latest time at which the hadron two-point functions are consistent with a single
state (under correlated fits). The gap �⌧ is also chosen to be at least 4. Subject to these constraints, all possible
constant fits are performed to a given average ratio by minimizing the total �2 function including both SS and SP
ratios for {tf , ⌧} pairs in each window. The mean of the bootstrap results for the best fit is taken as the central
value, while the uncertainty is formed by taking half of the variation in central values of all fits with �2/d.o.f.  1
in quadrature with the standard deviation of the bootstrap results for the best fit. For the pion ratios, the variation
over acceptable fits is typically small compared with the statistical uncertainty, while for the nucleon, whose signal
degenerates more quickly with sink time tf , this systematic uncertainty dominates. An alternative approach to the
analysis using the summation method [56] yields fits for each averaged ratio that are consistent within uncertainties.

The GFFs Ag(t), Bg(t), and Dg(t) for the nucleon, and A(⇡)
g (t) and D(⇡)

g (t) for the pion, are determined at
each binned value of the momentum transfer t by solving the overdetermined system of equations defined by fits to
the averaged ratios at that t. The averaged ratios are first renormalised with the appropriate ZMS

R (µ = 2 GeV),
allowing results from both representations to be combined in a simultaneous fit. To propagate the uncertainties
on the renormalisation, this fit is performed Nsample = 250 times at each t, sampling from the distributions of
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R (µ = 2 GeV) in Eqs. (31) and (32) for the two representations R. The standard deviation of the variation of the
best fit values over the samplings is taken in quadrature with the statistical uncertainty of the fit with the central
values of the renormalisation constants to define the total uncertainty of the GFFs at that t. Choices of Nsample

between 150 and 1000 give consistent uncertainty determinations.
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limit 0 ⌧ ⌧ ⌧ tf are averaged (including the appropriate signs). The averaged ratios are denoted R
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where the subscript k now enumerates the di↵erent averaged ratios, rather than indexing specific operators. This
averaging is performed separately for ratios constructed with SS and SP correlation functions, and separately for
each representation R. For the nucleon there are between 4 and 101 averaged ratios for each smearing at di↵erent
momenta, and for the pion there are between 2 and 48. Subsequently, constant fits to the tf and ⌧ dependence of the
averaged ratios are performed to extract the ground state contribution. For each averaged ratio, fits are performed
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Fit windows are constrained to have the earliest sink time tmin

f no earlier than the time at which the hadron two-point
functions are consistent with a single state. This constraint is imposed despite the fact that the ratios are typically
noisier than the two-point functions and are consistent with a single state considerably earlier than the two-point
correlators. For a given tmin

f , the maximum sink time tmax

f in the window is constrained to be at least 4 timeslices
larger, and no later than than the latest time at which the hadron two-point functions are consistent with a single
state (under correlated fits). The gap �⌧ is also chosen to be at least 4. Subject to these constraints, all possible
constant fits are performed to a given average ratio by minimizing the total �2 function including both SS and SP
ratios for {tf , ⌧} pairs in each window. The mean of the bootstrap results for the best fit is taken as the central
value, while the uncertainty is formed by taking half of the variation in central values of all fits with �2/d.o.f.  1
in quadrature with the standard deviation of the bootstrap results for the best fit. For the pion ratios, the variation
over acceptable fits is typically small compared with the statistical uncertainty, while for the nucleon, whose signal
degenerates more quickly with sink time tf , this systematic uncertainty dominates. An alternative approach to the
analysis using the summation method [56] yields fits for each averaged ratio that are consistent within uncertainties.

The GFFs Ag(t), Bg(t), and Dg(t) for the nucleon, and A(⇡)
g (t) and D(⇡)

g (t) for the pion, are determined at
each binned value of the momentum transfer t by solving the overdetermined system of equations defined by fits to
the averaged ratios at that t. The averaged ratios are first renormalised with the appropriate ZMS

R (µ = 2 GeV),
allowing results from both representations to be combined in a simultaneous fit. To propagate the uncertainties
on the renormalisation, this fit is performed Nsample = 250 times at each t, sampling from the distributions of

ZMS

R (µ = 2 GeV) in Eqs. (31) and (32) for the two representations R. The standard deviation of the variation of the
best fit values over the samplings is taken in quadrature with the statistical uncertainty of the fit with the central
values of the renormalisation constants to define the total uncertainty of the GFFs at that t. Choices of Nsample

between 150 and 1000 give consistent uncertainty determinations.
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(a)Pion (b)Nucleon

FIG. 4: Accessible t = (p0 � p)2 values using all possible sink three-momenta ~p 0 with |~p0 |2  5(2⇡/L)2, and all operator

momenta with |~�|2  18(2⇡/L)2, for both the nucleon and pion. Each colour denotes t values corresponding to a single choice

of squared three-momentum transfer ~�2 = (~p 0 � ~p)2. The size of each point is proportional to the square root of the number
of three-momenta at that t. The grey vertical bands highlight the range of each binning; data at t-values within each bin are
analysed as a single system.

each average t. The bins are defined such that no adjacent accessible t values that di↵er by 0.03 GeV2 or more will
be in the same bin.

To reduce the dimensionality of the highly overdetermined systems of equations that must be solved to isolate the
GFFs for each momentum transfer bin, ratios that give the same linear combination of GFFs (up to a sign) in the

limit 0 ⌧ ⌧ ⌧ tf are averaged (including the appropriate signs). The averaged ratios are denoted R
(⇡/N)

R;k (tf , ⌧),
where the subscript k now enumerates the di↵erent averaged ratios, rather than indexing specific operators. This
averaging is performed separately for ratios constructed with SS and SP correlation functions, and separately for
each representation R. For the nucleon there are between 4 and 101 averaged ratios for each smearing at di↵erent
momenta, and for the pion there are between 2 and 48. Subsequently, constant fits to the tf and ⌧ dependence of the
averaged ratios are performed to extract the ground state contribution. For each averaged ratio, fits are performed
over windows of timeslices in the two-dimensional {tf , ⌧} plane with tmin

f < tf < tmax

f and �⌧ < ⌧ < (tf ��⌧ + 1).

Fit windows are constrained to have the earliest sink time tmin

f no earlier than the time at which the hadron two-point
functions are consistent with a single state. This constraint is imposed despite the fact that the ratios are typically
noisier than the two-point functions and are consistent with a single state considerably earlier than the two-point
correlators. For a given tmin

f , the maximum sink time tmax

f in the window is constrained to be at least 4 timeslices
larger, and no later than than the latest time at which the hadron two-point functions are consistent with a single
state (under correlated fits). The gap �⌧ is also chosen to be at least 4. Subject to these constraints, all possible
constant fits are performed to a given average ratio by minimizing the total �2 function including both SS and SP
ratios for {tf , ⌧} pairs in each window. The mean of the bootstrap results for the best fit is taken as the central
value, while the uncertainty is formed by taking half of the variation in central values of all fits with �2/d.o.f.  1
in quadrature with the standard deviation of the bootstrap results for the best fit. For the pion ratios, the variation
over acceptable fits is typically small compared with the statistical uncertainty, while for the nucleon, whose signal
degenerates more quickly with sink time tf , this systematic uncertainty dominates. An alternative approach to the
analysis using the summation method [56] yields fits for each averaged ratio that are consistent within uncertainties.

The GFFs Ag(t), Bg(t), and Dg(t) for the nucleon, and A(⇡)
g (t) and D(⇡)

g (t) for the pion, are determined at
each binned value of the momentum transfer t by solving the overdetermined system of equations defined by fits to
the averaged ratios at that t. The averaged ratios are first renormalised with the appropriate ZMS

R (µ = 2 GeV),
allowing results from both representations to be combined in a simultaneous fit. To propagate the uncertainties
on the renormalisation, this fit is performed Nsample = 250 times at each t, sampling from the distributions of

ZMS

R (µ = 2 GeV) in Eqs. (31) and (32) for the two representations R. The standard deviation of the variation of the
best fit values over the samplings is taken in quadrature with the statistical uncertainty of the fit with the central
values of the renormalisation constants to define the total uncertainty of the GFFs at that t. Choices of Nsample

between 150 and 1000 give consistent uncertainty determinations.

Gluon GFFs from LQCD



Non-perturbative RI-MOM renormalisation of gluon operator

Mixing with quark operator neglected 
Found to be small in lattice PT e.g., Alexandrou et al.,1611.06901 

One-loop perturbative matching to        scheme: Yang et al.,1612.02855 

Renormalisation

7

(a)

○ ○
○ ○○

○○
○○

○

○
○○

○

○

○
○

○ ○○ ○
○ ○○

○○
○○

○

○
○○

○

○

○
○

○ ○ ○○○ ○
○

○ ○ ○ ○ ○

○
○

○ ○ ○ ○ ○ ○ ○ ○○ ○ ○ ○○○ ○
○

○ ○ ○ ○ ○

○
○

0 1 2 3 4 5 6 7
0

1

2

3

4

5

6

(b)

FIG. 1: The MS renormalisation constant for gluon operators in the two irreducible representations of the hypercubic group
considered here, Eqs. (17) and (18), calculated on the ensemble detailed in Table II, with cuts on four-momenta such that
P

µ p̃4µ/
⇣P

µ p̃2µ
⌘2

< 0.5. The orange diamonds and blue circles denote results obtained using gauge fields with and without

Wilson flow in the construction of the two- and three-point gluon correlation functions. The corresponding orange and blue
shaded regions denote the fit ranges of the displayed fit bands to each dataset, which are quadratic (orange) and linear (blue)
in (ap̃)2, respectively. The red shaded area on each figure denotes the final value and uncertainty for each renormalisation
constant, which includes a systematic uncertainty arising from di↵erent choices of hypercubic cut and fit range in (ap̃)2, as
described in the text.

flow time t = 1.0) applied to the gluon fields; determinations of ZRI-MOM

Ô
(µ2

R) using flowed or unflowed fields in the
propagators will agree up to discretisation artefacts, and comparing the two determinations provides a measure of
such e↵ects. Gluon three-point functions hÔ↵�Tr[A⌧ (p)A⌧ (�p)]i are constructed on each configuration by correlating

the gluon two-point functions with the operators Ô↵� , computed as described in Section IIIA and projected to zero
four-momentum, and subtracting the vacuum contribution.

At each unique squared four-momentum p̃2, the right-hand side of Eq. (26) is computed for each corresponding

p̃, for all operators in a given representation R 2 {⌧ (3)
1

, ⌧ (6)
3

}, and for all allowed choices of the Lorentz index ⌧ of
the external gluon states. Fits to these results are performed in a correlated manner to determine the RI-MOM
renormalisation factor ZRI-MOM

R (p̃2) for that scale and representation. The correlations are propagated using the
bootstrap resampling procedure described in Sec. III C. Choices of the number of bootstraps Nboot from 200 to 1000
are tested and found to give consistent results and uncertainties. As discussed in Ref. [51], combining data from all
operators in a given irreducible representation of the hypercubic group, as is done here, in general reduces the amount
of O(4) violation and produces a smoother dependence of the common renormalisation factor on the scale p̃2 than
choosing a single operator.

In addition to the RI-MOM factors ZRI-MOM

R (p̃2) for the two representations, the complete multiplicative renor-

malisation constant ZMS

R (µ = 2 GeV) = R
MS(µ = 2 GeV, p̃2)ZRI-MOM

R (p̃2) includes a perturbative matching factor
which converts from the RI-MOM renormalisation at scale p̃2 to the MS scheme at µ = 2 GeV. In this work, the
1-loop expression for this matching, derived in Ref. [49], is used:

R
MS(µ2, µ2

R) = 1�
g2Nf

16⇡2

✓
2

3
log(µ2/µ2

R) +
10

9

◆
�

g2Nc

16⇡2

✓
4

3
� 2⇠ +

⇠2

4

◆
. (30)

For these calculations in the Landau gauge, ⇠ = 0, Nc = 3 = Nf , and g2 is defined by ↵(µ
MS

) evaluated to three
loops [52–54].

The extracted renormalisation constants ZMS

R (µ = 2 GeV), determined from the RI-MOM factors ZRI-MOM

R (p̃2)
at a range of scales (ap̃)2, are displayed in Fig. 1. In the absence of discretisation artefacts and in the perturbative
regime, each renormalisation constant would be independent of the intermediate scale (ap̃)2. It is apparent that the
results obtained using Wilson-flowed fields in the gluon two-point functions have smaller discretisation artefacts than
those with unflowed fields: while the former are consistent with a linear form in (ap̃)2 at large scales, the latter
display significant quadratic e↵ects. Nevertheless, in the limit a ! 0, the renormalisation constants constructed using

flowed and unflowed gauge fields in the gluon propagators agree for each representation R. The results for the ⌧ (3)
1

5

while a basis for the six-dimensional ⌧ (6)
3

representation is:

O
⌧ (6)
3

i={1,...,6} =

⇢
(�i)�⌫0

p
2

(Oµ⌫ +O⌫µ) , 0  µ < ⌫  3

�
. (18)

All basis operators in each of these two representations are studied here. Within each representation, the renor-
malisation of the di↵erent operators are related by symmetries, while the renormalisations of operators in the two
di↵erent representations are only constrained to be the same in the continuum limit. Studying both representations
thus permits a test of the discretisation artefacts in this calculation.

B. Renormalisation

The unrenormalised operators in Eq. (14) mix with the flavour-singlet quark operators Qµ⌫ =
P

q2{u,d,s}  q�{µi
$

D⌫} q such that the renormalised gluon operator O
ren.
µ⌫ (in any particular scheme) is described

by O
ren.
µ⌫ = Zgg

Oµ⌫ +Zgq
Qµ⌫ . It was shown in Ref. [31] that the mixing of the quark operator into the gluon operator

is a few-percent e↵ect, using a one-loop perturbative renormalisation procedure and a similar action to the one used
here. Consequently, this mixing is assumed to be negligible relative to the statistical uncertainties of this calculation
and is neglected here.

The bare lattice operators described in the previous section are renormalised via a non-perturbative RI-MOM
prescription [30, 46], similar to that recently investigated for gluon operators in Refs. [47, 48]. A perturbative matching
is used to relate the renormalised operators to the MS scheme. A bare lattice operator Olatt is thus renormalised as4:

O
MS(µ2) = ZMS

O
(µ2)Olatt = R

MS(µ2, µ2

R)Z
RI-MOM

O
(µ2

R)O
latt. (19)

The conversion factor R
MS(µ2, µ2

R) from the RI-MOM scheme to MS is calculated in continuum perturbation the-
ory [49], while the RI-MOM renormalisation constant ZRI-MOM

O
(µ2

R) is determined non-perturbatively by imposing
the condition

Zg(p
2)ZRI-MOM

O
(p2)⇤bare

O
(p)

�
⇤tree

O
(p)

��1

����
p2=µ2

R

= 1, (20)

which relates the bare and tree-level amputated Green’s functions ⇤bare/tree

O
(p) for the operator O in a Landau-gauge–

fixed gluon state of momentum p2 = µ2

R. Here, Z
1/2
g (p2) denotes the gluon field renormalisation.

For the particular operator of interest, Oµ⌫ , the tree-level amputated Green’s function can be expressed as [50]:

⇤tree

O
(p) = hOµ⌫Tr[A�(p)A⌧ (�p)]itree

amp.
=

N2
c � 1

2
(2pµp⌫g�⌧ � p⌧p⌫g�µ � p⌧pµg�⌫ � p�p⌫g⌧µ

� p�pµg⌧⌫ + p�p⌧gµ⌫ � p2(g�⌧gµ⌫ � g�µg⌧⌫ � g�⌫g⌧µ)). (21)

As discussed in Ref. [50], and also noted in Ref. [47], only the first structure in this expression is protected from mixing
with the gauge-variant parts of the energy-momentum tensor. Consequently, choosing renormalisation conditions
that only involve this term allows a purely multiplicative renormalisation procedure even for gauge-fixed states. The
operators in Eqs. (17) and (18) can be arranged into the forms5

Ô
R
↵� =

1
p
2

8
<

:
(O↵↵ + g��O��) R = ⌧ (3)

1
,

(�i)�⌫4(O↵� +O�↵) R = ⌧ (6)
3

,
(22)

4 In the general case this is a matrix equation that accounts for mixing among a set of bare operators O
latt
i .

5 For the operators in representation R = ⌧
(3)
1 , defined in Eq. (17), O

⌧
(3)
1

2 , O
⌧
(3)
1

3 , and the combination (1/
p
2)O

⌧
(3)
1

1 +

(1/2)

✓
O

⌧
(3)
1

2 +O
⌧
(3)
1

3

◆
take this form.
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L/a T/a � aml ams Ncfg

12 24 6.1 -0.2800 -0.2450 24600

TABLE II: Details of the gauge ensemble used to determine the non-perturbative operator renormalisation. Other than the
lattice volume L3 ⇥T , which is smaller, the parameters are the same as those of the ensemble (detailed in Table I) used for the
primary calculation. A total of Ncfg configurations are used, generated in 50 streams of configurations, with samples separated
by 10 hybrid Monte-Carlo trajectories in each stream.

with no summation over repeated indices implied. For these operators, the constraint � = ⌧ 6= ↵ 6= � is su�cient to
isolate the desired term in Eq. (21), leading to

⇤tree

Ô
(p) = hÔ

R
↵�Tr[A⌧ (p)A⌧ (�p)]itree

amp.

��
⌧ 6=↵ 6=�

=
N2

c � 1
p
2

g⌧⌧

8
<

:
(p2↵ + g��p2�) R = ⌧ (3)

1
,

2(�i)�⌫4 p↵p� R = ⌧ (6)
3

.
(23)

In general, the construction of the forward, amputated bare Green’s function ⇤bare

O
(p) will depend on the operator

O. For the operators Ô↵� considered here, with the same conditions on the external states as applied in Eq. (23), the
additional condition p⌧ = 0 (where ⌧ is the Lorentz index of the external gluon fields) permits a simple form:

⇤bare

Ô
(p) =

hÔ↵�Tr[A⌧ (p)A⌧ (�p)]i(N2
c � 1)2

4hTr[A⌧ (p)A⌧ (�p)]i2

����
p⌧=0,⌧ 6=↵ 6=�

=
p2hÔ↵�Tr[A⌧ (p)A⌧ (�p)]i(N2

c � 1)

2Zg(p2)hTr[A⌧ (p)A⌧ (�p)]i

����
p⌧=0,⌧ 6=↵ 6=�

, (24)

where no summation over repeated indices is implied, and where the second line follows by substitution of the trace
of the gluon propagator

Dµ⌫(p) = hTr[Aµ(p)A⌫(�p)]i = Zg(p
2)
N2

c � 1

2p2

✓
gµ⌫ �

pµp⌫
p2

◆
(25)

for one of the gluon terms in the denominator. The RI-MOM renormalisation constant ZRI-MOM

Ô
(p2) can thus be

determined by combining Eqs. (23) and (24) as prescribed by Eq. (20), and taking Nc = 3:

�
ZRI-MOM

Ô
(µ2

R)
��1

=
4p2hÔ↵�Tr[A⌧ (p)A⌧ (�p)]i

⇤tree

Ô
(p)hTr[A⌧ (p)A⌧ (�p)]i

����
p2=µ2

R,⌧ 6=↵ 6=�,p⌧=0

. (26)

The gluon three-point and two-point functions that appear in this expression are computed on the ensemble detailed
in Table II, which has the same bare parameters, but smaller lattice volume and an order of magnitude more configu-
rations, as the ensemble used for the main calculation. The gluon fields are computed from Landau-gauge–fixed links
(gauge-fixed using an iterative procedure with tolerance 10�5) Uµ(x):

Alatt

µ (x+ aêµ/2) =
1

2ig0

�
Uµ(x)� U†

µ(x)
�
�

1

Nc
Tr

�
Uµ(x)� U†

µ(x)
��

, (27)

which holds up to O(a2) corrections. Momentum-space lattice gluon fields are defined by the discrete Fourier trans-
form:

Alatt

µ (p) =
X

x

e�ip·(x+aêµ/2)Alatt

µ (x+ aêµ/2), with pµ =
2⇡nµ

aLµ
, nµ = {0, . . . , Lµ � 1}, (28)

where Lµ denotes the number of lattices sites in dimension µ and where the discretised momenta accessible on the
finite lattice volume are

p̃µ =
2

a
sin

⇣pµa
2

⌘
. (29)

Gluon two-point functions D⌧⌧ (p̃) = hTr[A⌧ (p)A⌧ (�p)]i are constructed for all four-momenta p̃µ corresponding
to pµ with

P
µ n

2
µ  36 (Eq. (28)). Correlation functions are calculated both with and without Wilson flow (to
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TABLE II: Details of the gauge ensemble used to determine the non-perturbative operator renormalisation. Other than the
lattice volume L3 ⇥T , which is smaller, the parameters are the same as those of the ensemble (detailed in Table I) used for the
primary calculation. A total of Ncfg configurations are used, generated in 50 streams of configurations, with samples separated
by 10 hybrid Monte-Carlo trajectories in each stream.

with no summation over repeated indices implied. For these operators, the constraint � = ⌧ 6= ↵ 6= � is su�cient to
isolate the desired term in Eq. (21), leading to
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In general, the construction of the forward, amputated bare Green’s function ⇤bare

O
(p) will depend on the operator

O. For the operators Ô↵� considered here, with the same conditions on the external states as applied in Eq. (23), the
additional condition p⌧ = 0 (where ⌧ is the Lorentz index of the external gluon fields) permits a simple form:

⇤bare
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(p) =

hÔ↵�Tr[A⌧ (p)A⌧ (�p)]i(N2
c � 1)2

4hTr[A⌧ (p)A⌧ (�p)]i2
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where no summation over repeated indices is implied, and where the second line follows by substitution of the trace
of the gluon propagator

Dµ⌫(p) = hTr[Aµ(p)A⌫(�p)]i = Zg(p
2)
N2

c � 1

2p2
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◆
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for one of the gluon terms in the denominator. The RI-MOM renormalisation constant ZRI-MOM

Ô
(p2) can thus be

determined by combining Eqs. (23) and (24) as prescribed by Eq. (20), and taking Nc = 3:

�
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��1

=
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. (26)

The gluon three-point and two-point functions that appear in this expression are computed on the ensemble detailed
in Table II, which has the same bare parameters, but smaller lattice volume and an order of magnitude more configu-
rations, as the ensemble used for the main calculation. The gluon fields are computed from Landau-gauge–fixed links
(gauge-fixed using an iterative procedure with tolerance 10�5) Uµ(x):

Alatt

µ (x+ aêµ/2) =
1

2ig0

�
Uµ(x)� U†

µ(x)
�
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Nc
Tr
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, (27)

which holds up to O(a2) corrections. Momentum-space lattice gluon fields are defined by the discrete Fourier trans-
form:

Alatt

µ (p) =
X

x

e�ip·(x+aêµ/2)Alatt

µ (x+ aêµ/2), with pµ =
2⇡nµ

aLµ
, nµ = {0, . . . , Lµ � 1}, (28)

where Lµ denotes the number of lattices sites in dimension µ and where the discretised momenta accessible on the
finite lattice volume are

p̃µ =
2

a
sin

⇣pµa
2

⌘
. (29)

Gluon two-point functions D⌧⌧ (p̃) = hTr[A⌧ (p)A⌧ (�p)]i are constructed for all four-momenta p̃µ corresponding
to pµ with

P
µ n

2
µ  36 (Eq. (28)). Correlation functions are calculated both with and without Wilson flow (to
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TABLE II: Details of the gauge ensemble used to determine the non-perturbative operator renormalisation. Other than the
lattice volume L3 ⇥T , which is smaller, the parameters are the same as those of the ensemble (detailed in Table I) used for the
primary calculation. A total of Ncfg configurations are used, generated in 50 streams of configurations, with samples separated
by 10 hybrid Monte-Carlo trajectories in each stream.

with no summation over repeated indices implied. For these operators, the constraint � = ⌧ 6= ↵ 6= � is su�cient to
isolate the desired term in Eq. (21), leading to
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In general, the construction of the forward, amputated bare Green’s function ⇤bare

O
(p) will depend on the operator

O. For the operators Ô↵� considered here, with the same conditions on the external states as applied in Eq. (23), the
additional condition p⌧ = 0 (where ⌧ is the Lorentz index of the external gluon fields) permits a simple form:
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, (24)

where no summation over repeated indices is implied, and where the second line follows by substitution of the trace
of the gluon propagator

Dµ⌫(p) = hTr[Aµ(p)A⌫(�p)]i = Zg(p
2)
N2
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for one of the gluon terms in the denominator. The RI-MOM renormalisation constant ZRI-MOM

Ô
(p2) can thus be

determined by combining Eqs. (23) and (24) as prescribed by Eq. (20), and taking Nc = 3:
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. (26)

The gluon three-point and two-point functions that appear in this expression are computed on the ensemble detailed
in Table II, which has the same bare parameters, but smaller lattice volume and an order of magnitude more configu-
rations, as the ensemble used for the main calculation. The gluon fields are computed from Landau-gauge–fixed links
(gauge-fixed using an iterative procedure with tolerance 10�5) Uµ(x):
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µ (x+ aêµ/2) =
1
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which holds up to O(a2) corrections. Momentum-space lattice gluon fields are defined by the discrete Fourier trans-
form:
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µ (p) =
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e�ip·(x+aêµ/2)Alatt

µ (x+ aêµ/2), with pµ =
2⇡nµ

aLµ
, nµ = {0, . . . , Lµ � 1}, (28)

where Lµ denotes the number of lattices sites in dimension µ and where the discretised momenta accessible on the
finite lattice volume are

p̃µ =
2

a
sin

⇣pµa
2

⌘
. (29)

Gluon two-point functions D⌧⌧ (p̃) = hTr[A⌧ (p)A⌧ (�p)]i are constructed for all four-momenta p̃µ corresponding
to pµ with

P
µ n

2
µ  36 (Eq. (28)). Correlation functions are calculated both with and without Wilson flow (to
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TABLE II: Details of the gauge ensemble used to determine the non-perturbative operator renormalisation. Other than the
lattice volume L3 ⇥T , which is smaller, the parameters are the same as those of the ensemble (detailed in Table I) used for the
primary calculation. A total of Ncfg configurations are used, generated in 50 streams of configurations, with samples separated
by 10 hybrid Monte-Carlo trajectories in each stream.

with no summation over repeated indices implied. For these operators, the constraint � = ⌧ 6= ↵ 6= � is su�cient to
isolate the desired term in Eq. (21), leading to
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In general, the construction of the forward, amputated bare Green’s function ⇤bare

O
(p) will depend on the operator

O. For the operators Ô↵� considered here, with the same conditions on the external states as applied in Eq. (23), the
additional condition p⌧ = 0 (where ⌧ is the Lorentz index of the external gluon fields) permits a simple form:

⇤bare

Ô
(p) =

hÔ↵�Tr[A⌧ (p)A⌧ (�p)]i(N2
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, (24)

where no summation over repeated indices is implied, and where the second line follows by substitution of the trace
of the gluon propagator

Dµ⌫(p) = hTr[Aµ(p)A⌫(�p)]i = Zg(p
2)
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for one of the gluon terms in the denominator. The RI-MOM renormalisation constant ZRI-MOM

Ô
(p2) can thus be

determined by combining Eqs. (23) and (24) as prescribed by Eq. (20), and taking Nc = 3:
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=
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The gluon three-point and two-point functions that appear in this expression are computed on the ensemble detailed
in Table II, which has the same bare parameters, but smaller lattice volume and an order of magnitude more configu-
rations, as the ensemble used for the main calculation. The gluon fields are computed from Landau-gauge–fixed links
(gauge-fixed using an iterative procedure with tolerance 10�5) Uµ(x):
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µ (x+ aêµ/2) =
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Uµ(x)� U†
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, (27)

which holds up to O(a2) corrections. Momentum-space lattice gluon fields are defined by the discrete Fourier trans-
form:
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µ (p) =
X
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e�ip·(x+aêµ/2)Alatt

µ (x+ aêµ/2), with pµ =
2⇡nµ

aLµ
, nµ = {0, . . . , Lµ � 1}, (28)

where Lµ denotes the number of lattices sites in dimension µ and where the discretised momenta accessible on the
finite lattice volume are

p̃µ =
2

a
sin

⇣pµa
2

⌘
. (29)

Gluon two-point functions D⌧⌧ (p̃) = hTr[A⌧ (p)A⌧ (�p)]i are constructed for all four-momenta p̃µ corresponding
to pµ with

P
µ n

2
µ  36 (Eq. (28)). Correlation functions are calculated both with and without Wilson flow (to

22

○

○

○
○○○○○○

○

○

○○
○○○○○○○○○○○○○○○○○

◇

◇

◇
◇◇◇◇◇◇◇

◇

◇◇
◇
◇◇◇◇◇◇◇◇◇◇

◇◇◇◇◇◇

○

○

○
○○○○○○○○○○○○

○

○

○
○○○○○○○○○○○○

◇

◇

◇
◇◇◇◇◇◇◇◇◇◇◇◇

◇

◇

◇◇
◇
◇◇

◇◇◇
◇◇◇◇◇

-0.2

-0.1

0.0

0.1

0.2

0.3

○

○

○
○○○○○○

○

○

○
○○○○○○○○○○○○○○○○○○

◇

◇

◇
◇◇◇◇◇◇

◇

◇

◇◇
◇
◇◇◇◇◇◇◇◇◇◇

◇◇◇◇◇◇

○

○

○
○○○○○○○○○○○○

○

○

○
○○

○○○○○○○○○○

◇

◇

◇
◇◇◇

◇◇◇◇◇◇◇◇◇
◇

◇

◇◇
◇
◇◇◇◇◇

◇◇◇◇◇

-0.2

-0.1

0.0

0.1

0.2

0.3

○

○

○
○○○○○○

○

○

○
○○○○○○○○○○○○○○○○○○

◇

◇

◇
◇◇◇◇◇◇

◇

◇

◇◇
◇
◇◇◇◇◇◇◇◇◇◇◇

◇◇◇◇◇

○

○

○
○○○○○○○○○○○○

○

○

○
○○○○○○○○○○○○

◇

◇

◇
◇◇◇◇◇◇◇◇◇◇◇◇◇

◇

◇◇
◇◇

◇◇◇◇
◇◇◇◇◇

-0.2

-0.1

0.0

0.1

0.2

0.3

○

○
○○○○○○○

○

○

○

○
○○○○○○○○○○○○○○○○○

◇

◇
◇◇◇◇◇◇◇◇

◇

◇

◇
◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇

○

○
○○○○○○○○○○○○○

○
○

○

○
○○○○○○○○○○○

◇

◇
◇◇◇◇◇◇◇◇◇◇◇◇◇◇

◇

◇

◇
◇◇◇◇◇◇◇◇◇◇◇

0 5 10 15 20 25 30
-0.05
0.00
0.05
0.10
0.15
0.20

○

○
○○○○○○○

○

○

○

○
○○○○○○○○○○○○○○○○○

◇

◇
◇◇◇◇◇◇◇◇

◇

◇

◇
◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇

○

○
○○○○○○○○○○○○○

○

○

○

○
○○○○○○○○○○○

◇

◇
◇◇◇◇◇◇◇◇◇◇◇◇◇◇

◇

◇

◇
◇◇◇◇◇◇◇◇◇◇◇

0 5 10 15 20 25 30
-0.05
0.00
0.05
0.10
0.15
0.20

○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇
○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

◇◇◇
◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇

0 5 10 15 20 25 30
-0.05
0.00
0.05
0.10
0.15
0.20

(a)tf = 13 (dark points), tf=18 (pale points)

(b)⌧ = 5 (dark points), ⌧=7 (pale points)

FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios

determined using operators in representation R = ⌧ (3)
1 (⌧ (6)

3 ).
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FIG. 15: As in Fig. 11, for averaged ratios of three and two point functions for the pion, R
(⇡)
R;k(tf , ⌧), formed from SP (blue

circles) and SS (orange diamonds) correlation functions, as well as plateau fits to their tf and ⌧ dependence (green bands). The
red dashed bands show the central value and uncertainty of the final fitted result for the GFFs projected back to the linear
combination of GFFs corresponding to each ratio. The upper (lower) row of figures in each panel shows examples of ratios
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Wilson-flowed gluon 2pts 
No flow in 2pts

Calculate RI-MOM coefficient 
using Landau-gauge fixed gluon 
2pt function

6

L/a T/a � aml ams Ncfg

12 24 6.1 -0.2800 -0.2450 24600

TABLE II: Details of the gauge ensemble used to determine the non-perturbative operator renormalisation. Other than the
lattice volume L3 ⇥T , which is smaller, the parameters are the same as those of the ensemble (detailed in Table I) used for the
primary calculation. A total of Ncfg configurations are used, generated in 50 streams of configurations, with samples separated
by 10 hybrid Monte-Carlo trajectories in each stream.

with no summation over repeated indices implied. For these operators, the constraint � = ⌧ 6= ↵ 6= � is su�cient to
isolate the desired term in Eq. (21), leading to

⇤tree

Ô
(p) = hÔ

R
↵�Tr[A⌧ (p)A⌧ (�p)]itree

amp.

��
⌧ 6=↵ 6=�

=
N2

c � 1
p
2

g⌧⌧

8
<

:
(p2↵ + g��p2�) R = ⌧ (3)

1
,

2(�i)�⌫4 p↵p� R = ⌧ (6)
3

.
(23)

In general, the construction of the forward, amputated bare Green’s function ⇤bare

O
(p) will depend on the operator

O. For the operators Ô↵� considered here, with the same conditions on the external states as applied in Eq. (23), the
additional condition p⌧ = 0 (where ⌧ is the Lorentz index of the external gluon fields) permits a simple form:

⇤bare

Ô
(p) =

hÔ↵�Tr[A⌧ (p)A⌧ (�p)]i(N2
c � 1)2

4hTr[A⌧ (p)A⌧ (�p)]i2

����
p⌧=0,⌧ 6=↵ 6=�

=
p2hÔ↵�Tr[A⌧ (p)A⌧ (�p)]i(N2

c � 1)

2Zg(p2)hTr[A⌧ (p)A⌧ (�p)]i

����
p⌧=0,⌧ 6=↵ 6=�

, (24)

where no summation over repeated indices is implied, and where the second line follows by substitution of the trace
of the gluon propagator

Dµ⌫(p) = hTr[Aµ(p)A⌫(�p)]i = Zg(p
2)
N2

c � 1

2p2

✓
gµ⌫ �

pµp⌫
p2

◆
(25)

for one of the gluon terms in the denominator. The RI-MOM renormalisation constant ZRI-MOM

Ô
(p2) can thus be

determined by combining Eqs. (23) and (24) as prescribed by Eq. (20), and taking Nc = 3:

�
ZRI-MOM

Ô
(µ2

R)
��1

=
4p2hÔ↵�Tr[A⌧ (p)A⌧ (�p)]i

⇤tree

Ô
(p)hTr[A⌧ (p)A⌧ (�p)]i

����
p2=µ2

R,⌧ 6=↵ 6=�,p⌧=0

. (26)

The gluon three-point and two-point functions that appear in this expression are computed on the ensemble detailed
in Table II, which has the same bare parameters, but smaller lattice volume and an order of magnitude more configu-
rations, as the ensemble used for the main calculation. The gluon fields are computed from Landau-gauge–fixed links
(gauge-fixed using an iterative procedure with tolerance 10�5) Uµ(x):

Alatt

µ (x+ aêµ/2) =
1

2ig0

�
Uµ(x)� U†

µ(x)
�
�

1

Nc
Tr

�
Uµ(x)� U†

µ(x)
��

, (27)

which holds up to O(a2) corrections. Momentum-space lattice gluon fields are defined by the discrete Fourier trans-
form:

Alatt

µ (p) =
X

x

e�ip·(x+aêµ/2)Alatt

µ (x+ aêµ/2), with pµ =
2⇡nµ

aLµ
, nµ = {0, . . . , Lµ � 1}, (28)

where Lµ denotes the number of lattices sites in dimension µ and where the discretised momenta accessible on the
finite lattice volume are

p̃µ =
2

a
sin

⇣pµa
2

⌘
. (29)

Gluon two-point functions D⌧⌧ (p̃) = hTr[A⌧ (p)A⌧ (�p)]i are constructed for all four-momenta p̃µ corresponding
to pµ with

P
µ n

2
µ  36 (Eq. (28)). Correlation functions are calculated both with and without Wilson flow (to
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FIG. 20: Constraints on the renormalised gluon GFFs of the pion at various values of the squared momentum transfer t, as in
Fig. 19 for the nucleon. All constraints are shown, however the uncertainties associated with the renormalisation constants are
not displayed. The red stars show the central values of the fits to the form factors at each t.

⌧ (6)3
<latexit sha1_base64="2x9lSsC04Ui4IjRI/6FQLZzwK5A=">AAAB83icdVDLSgNBEOyNrxhfUY9eBoMQL8usMRuDl6AXjxHMA5IYZyeTZMjsg5lZISz5Bm9ePCji1Z/x5t84SRRUtKChqOqmu8uLBFca43crtbC4tLySXs2srW9sbmW3d+oqjCVlNRqKUDY9opjgAatprgVrRpIR3xOs4Y3Op37jlknFw+BKjyPW8ckg4H1OiTZSu61J3C1cJ3n3cNLN5rBddLFbcBG23ZJTLpbRVCke4xJybDxDrpK7O70BgGo3+9buhTT2WaCpIEq1HBzpTkKk5lSwSaYdKxYROiID1jI0ID5TnWR28wQdGKWH+qE0FWg0U79PJMRXaux7ptMneqh+e1PxL68V6/5JJ+FBFGsW0PmifiyQDtE0ANTjklEtxoYQKrm5FdEhkYRqE1PGhPD1Kfqf1I9sB9vOpZOrnMEcadiDfciDAyWowAVUoQYUIriHR3iyYuvBerZe5q0p63NmF37Aev0AqKGS6w==</latexit><latexit sha1_base64="9DaF4oFOqNCUl5/YQ6UntV13e6c=">AAAB83icdVDLSgMxFM3UV62vqktdBItQN0PG2qnFTdGNywr2gZ2xZNK0Dc08SDJCGfoN7ty4UMSl/ow7/8ZMq6CiBy4czrmXe+/xIs6kQujdyMzNLywuZZdzK6tr6xv5za2mDGNBaIOEPBRtD0vKWUAbiilO25Gg2Pc4bXmjs9Rv3VAhWRhcqnFEXR8PAtZnBCstOY7Ccbd0nRTtg0k3X0Bm2UZ2yYbItCtWtVyFqVI+QhVomWiKQq1we9K72n2pd/NvTi8ksU8DRTiWsmOhSLkJFooRTic5J5Y0wmSEB7SjaYB9Kt1kevME7mulB/uh0BUoOFW/TyTYl3Lse7rTx2oof3up+JfXiVX/2E1YEMWKBmS2qB9zqEKYBgB7TFCi+FgTTATTt0IyxAITpWPK6RC+PoX/k+ahaSHTurAKtVMwQxbsgD1QBBaogBo4B3XQAARE4A48gEcjNu6NJ+N51poxPme2wQ8Yrx8xOZQR</latexit><latexit sha1_base64="9DaF4oFOqNCUl5/YQ6UntV13e6c=">AAAB83icdVDLSgMxFM3UV62vqktdBItQN0PG2qnFTdGNywr2gZ2xZNK0Dc08SDJCGfoN7ty4UMSl/ow7/8ZMq6CiBy4czrmXe+/xIs6kQujdyMzNLywuZZdzK6tr6xv5za2mDGNBaIOEPBRtD0vKWUAbiilO25Gg2Pc4bXmjs9Rv3VAhWRhcqnFEXR8PAtZnBCstOY7Ccbd0nRTtg0k3X0Bm2UZ2yYbItCtWtVyFqVI+QhVomWiKQq1we9K72n2pd/NvTi8ksU8DRTiWsmOhSLkJFooRTic5J5Y0wmSEB7SjaYB9Kt1kevME7mulB/uh0BUoOFW/TyTYl3Lse7rTx2oof3up+JfXiVX/2E1YEMWKBmS2qB9zqEKYBgB7TFCi+FgTTATTt0IyxAITpWPK6RC+PoX/k+ahaSHTurAKtVMwQxbsgD1QBBaogBo4B3XQAARE4A48gEcjNu6NJ+N51poxPme2wQ8Yrx8xOZQR</latexit><latexit sha1_base64="0ZkuGAUppqgQpazvj/LZ1LviqUs=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiDEy9BjzMTcgl48RjALZMbQ0+kkTXoWehHCkN/w4kERr/6MN//GniSCij4oeLxXRVW9IOFMKoQ+rNzK6tr6Rn6zsLW9s7tX3D9oy1gLQlsk5rHoBlhSziLaUkxx2k0ExWHAaSeYXGV+554KyeLoVk0T6od4FLEhI1gZyfMU1v3KXVp2T2f9YgnZVRe5FRci26059WodZkr1HNWgY6M5SmCJZr/47g1iokMaKcKxlD0HJcpPsVCMcDoreFrSBJMJHtGeoREOqfTT+c0zeGKUARzGwlSk4Fz9PpHiUMppGJjOEKux/O1l4l9eT6vhhZ+yKNGKRmSxaKg5VDHMAoADJihRfGoIJoKZWyEZY4GJMjEVTAhfn8L/SfvMdpDt3DilxuUyjjw4AsegDBxQAw1wDZqgBQhIwAN4As+Wth6tF+t10ZqzljOH4Aest0+QSZFe</latexit>

⌧ (3)1
<latexit sha1_base64="fq30xt3XzoAtXmTxF7bA7yCEQ1k=">AAAB83icdVDLSgNBEOz1GeMr6tHLYBDiZZlNzJrgJejFYwTzgCTG2ckkGTL7YGZWCEu+wZsXD4p49We8+TdOEgUVLWgoqrrp7vIiwZXG+N1aWFxaXllNraXXNza3tjM7u3UVxpKyGg1FKJseUUzwgNU014I1I8mI7wnW8EbnU79xy6TiYXClxxHr+GQQ8D6nRBup3dYk7jrXSa5wNOlmstgull23gBG2XSdfLrlT4uLjQhE5Np4hW8nend4AQLWbeWv3Qhr7LNBUEKVaDo50JyFScyrYJN2OFYsIHZEBaxkaEJ+pTjK7eYIOjdJD/VCaCjSaqd8nEuIrNfY90+kTPVS/van4l9eKdb/USXgQxZoFdL6oHwukQzQNAPW4ZFSLsSGESm5uRXRIJKHaxJQ2IXx9iv4n9bztYNu5dLKVM5gjBftwADlw4AQqcAFVqAGFCO7hEZ6s2Hqwnq2XeeuC9TmzBz9gvX4AmgaS4Q==</latexit><latexit sha1_base64="bmD6CQXLha5eqHFf6dhCHTHeqOw=">AAAB83icdVDLSgMxFM34rPVVdamLYBHqZsi0dmxxU3TjsoJ9YGcsmTRtQzMPkoxQhn6DOzcuFHGpP+POvzHTKqjogQuHc+7l3nu8iDOpEHo35uYXFpeWMyvZ1bX1jc3c1nZThrEgtEFCHoq2hyXlLKANxRSn7UhQ7HuctrzRWeq3bqiQLAwu1Tiiro8HAeszgpWWHEfhuGtdJ4XS4aSbyyOzXLXtEoLItK1itWKnxEZHpTK0TDRFvpa/Peld7b3Uu7k3pxeS2KeBIhxL2bFQpNwEC8UIp5OsE0saYTLCA9rRNMA+lW4yvXkCD7TSg/1Q6AoUnKrfJxLsSzn2Pd3pYzWUv71U/MvrxKpfcRMWRLGiAZkt6sccqhCmAcAeE5QoPtYEE8H0rZAMscBE6ZiyOoSvT+H/pFk0LWRaF1a+dgpmyIBdsA8KwALHoAbOQR00AAERuAMP4NGIjXvjyXietc4ZnzM74AeM1w8inpQH</latexit><latexit sha1_base64="bmD6CQXLha5eqHFf6dhCHTHeqOw=">AAAB83icdVDLSgMxFM34rPVVdamLYBHqZsi0dmxxU3TjsoJ9YGcsmTRtQzMPkoxQhn6DOzcuFHGpP+POvzHTKqjogQuHc+7l3nu8iDOpEHo35uYXFpeWMyvZ1bX1jc3c1nZThrEgtEFCHoq2hyXlLKANxRSn7UhQ7HuctrzRWeq3bqiQLAwu1Tiiro8HAeszgpWWHEfhuGtdJ4XS4aSbyyOzXLXtEoLItK1itWKnxEZHpTK0TDRFvpa/Peld7b3Uu7k3pxeS2KeBIhxL2bFQpNwEC8UIp5OsE0saYTLCA9rRNMA+lW4yvXkCD7TSg/1Q6AoUnKrfJxLsSzn2Pd3pYzWUv71U/MvrxKpfcRMWRLGiAZkt6sccqhCmAcAeE5QoPtYEE8H0rZAMscBE6ZiyOoSvT+H/pFk0LWRaF1a+dgpmyIBdsA8KwALHoAbOQR00AAERuAMP4NGIjXvjyXietc4ZnzM74AeM1w8inpQH</latexit><latexit sha1_base64="odSHN0WAKygtWF9sxnlYQxeZF1o=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GZLWju2u6MZlBfuAzlgyadqGZh4kGaEM/Q03LhRx68+482/MtBVU9MCFwzn3cu89fiy40gh9WCura+sbm7mt/PbO7t5+4eCwraJEUtaikYhk1yeKCR6yluZasG4sGQl8wTr+5CrzO/dMKh6Ft3oaMy8go5APOSXaSK6rSdLHd2mpcjbrF4rIrtYdp4Igsh1crtecjDjovFKF2EZzFMESzX7h3R1ENAlYqKkgSvUwirWXEqk5FWyWdxPFYkInZMR6hoYkYMpL5zfP4KlRBnAYSVOhhnP1+0RKAqWmgW86A6LH6reXiX95vUQPa17KwzjRLKSLRcNEQB3BLAA44JJRLaaGECq5uRXSMZGEahNT3oTw9Sn8n7TLNkY2vsHFxuUyjhw4BiegBDC4AA1wDZqgBSiIwQN4As9WYj1aL9bronXFWs4cgR+w3j4Bga6RVA==</latexit>

Uncertainties from renormalisation not shown
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FIG. 19: Constraints on the renormalised gluon GFFs of the nucleon at various values of the squared momentum transfer t.
The three columns show the projections onto the Ag(t)–Bg(t), Dg(t)–Bg(t) and Ag(t)–Dg(t)-planes, with the GFF not shown
in each projection taken to its central value. On each figure, every shaded band shows the 1-standard-deviation uncertainty
arising from the plateau fit to a single averaged ratio, described in Sec. III. Blue and green colours denote constraints from
operators in the ⌧ (3)

1 and ⌧ (6)
3 representations respectively. For clarity, only the 30 most important constraints (as defined by

their contribution to the fit �2) are shown, although all constraints are used in the analysis. Uncertainties associated with the
renormalisation constants are not shown. The stars correspond to the central value of the fits to the form factors at each t.
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Cross-sections: GFF not shown in each projection taken to its central value 
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FIG. 5: Gluon GFFs of the nucleon, renormalised in the MS scheme at a scale of µ = 2 GeV. The solid blue bands illustrate
z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data. Horizontal error bars
denoting the non-zero widths of the bins in t (described in the text) are omitted as they are comparable to the sizes of the
point markers, or smaller.
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FIG. 6: Gluon GFFs of the pion, renormalised in the MS scheme at a scale of µ = 2 GeV. As in Fig. 5 for the nucleon, the
solid blue bands illustrate z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data.
As in Fig. 5, horizontal error bars denoting the non-zero widths of the bins in t (described in the text) are omitted as they are
comparable to the sizes of the point markers, or smaller.
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FIG. 9: The renormalised gluon GFFs of the nucleon (blue circles) compared with the corresponding connected isoscalar quark
GFFs (orange triangles) from Ref. [23] that are calculated using a similar light quark mass (corresponding to m⇡ = 496 MeV).
Results are presented at a renormalisation scale of µ = 2 GeV in the MS scheme. For the Aa(t) and Da(t) form factors, the
shaded bands show z-expansion fits as described in the text.
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FIG. 10: The renormalised gluon GFFs of the pion (blue circles) compared with the corresponding connected contributions to
the quark GFFs (orange triangles) computed in Ref. [65] (taken from Fig. 7.6 in that reference) at a quark mass corresponding
to m⇡ = 842 MeV using non-perturbatively improved clover fermions. Results are presented at a renormalisation scale of
µ = 2 GeV in the MS scheme. The shaded bands show z-expansion fits as described in the text for the quark and gluon GFFs.
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LQCD Nucleon GFFs

Shanahan, Detmold, arXiv: PRD (2019) arXiv:1810.04626 

Nucleon gluon GFFs, m𝞹 ~450 MeV

Dipole-like fall-off with momentum transfer
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FIG. 5: Gluon GFFs of the nucleon, renormalised in the MS scheme at a scale of µ = 2 GeV. The solid blue bands illustrate
z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data. Horizontal error bars
denoting the non-zero widths of the bins in t (described in the text) are omitted as they are comparable to the sizes of the
point markers, or smaller.
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FIG. 6: Gluon GFFs of the pion, renormalised in the MS scheme at a scale of µ = 2 GeV. As in Fig. 5 for the nucleon, the
solid blue bands illustrate z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data.
As in Fig. 5, horizontal error bars denoting the non-zero widths of the bins in t (described in the text) are omitted as they are
comparable to the sizes of the point markers, or smaller.
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denoting the non-zero widths of the bins in t (described in the text) are omitted as they are comparable to the sizes of the
point markers, or smaller.
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FIG. 6: Gluon GFFs of the pion, renormalised in the MS scheme at a scale of µ = 2 GeV. As in Fig. 5 for the nucleon, the
solid blue bands illustrate z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data.
As in Fig. 5, horizontal error bars denoting the non-zero widths of the bins in t (described in the text) are omitted as they are
comparable to the sizes of the point markers, or smaller.
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FIG. 6: Gluon GFFs of the pion, renormalised in the MS scheme at a scale of µ = 2 GeV. As in Fig. 5 for the nucleon, the
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Gluon momentum fraction

Gluon momentum fraction Aa(0) = hxia
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FIG. 8: Comparison of the gluon momentum fractions of the nucleon and pion determined in this study, denoted by red circles
on each subfigure, to the results of previous calculations at di↵erent values of the pion mass. In subfigure (a) the blue squares
show data taken from Ref. [48] (�QCD collaboration) which were computed using various ensembles of domain wall fermion
configurations, and the green diamonds show results from Ref. [31] (ETM collaboration) obtained using twisted-mass fermions.
Results from quenched QCD are also shown: the purple inverted triangles show the results of Ref. [59] (�QCD collaboration)
determined using quenched QCD, the orange triangles show those from Ref. [60] (QCDSF collaboration), and the yellow filled
triangles denote those from Ref. [61] (QCDSF collaboration). The experimental value for the proton is shown as the red star
and is taken from the CT14 PDF parametrisation [62]. In subfigure (b), the blue squares show data from the quenched QCD
calculation reported in Ref. [63].

V. CONCLUSION

In this article, the first determination of the complete set of gluon generalised gravitational form factors of the
nucleon and pion from lattice QCD is presented. All GFFs are found to have dipole-like dependence on the squared
momentum transfer t, with the exception of the Bg(t) GFF of the nucleon that is consistent with zero over the
entire rage of t that is investigated. For the nucleon, the gluon GFFs fall o↵ faster in |t| and can be parametrised
with larger dipole masses than the corresponding quark GFFs computed using similar lattice discretisations and at
a similar value of the quark masses, indicating the gluon distributions have a smaller spatial size than those of the
quarks. In contrast, the quark and gluon GFFs of the pion have very similar t-dependences. For both the pion and
the nucleon, the gluon momentum fraction, corresponding to the forward limit of one of the GFFs, is found to be
approximately 0.5–0.6, somewhat larger the phenomenological value in both cases. The gluon contributions to the
nucleon momentum and angular momentum are of similar relative size.

All calculations presented here have been performed at a single lattice spacing and volume and at a single unphysical
value of the light quark masses, and mixing of the isoscalar quark GFFs with the gluon GFFs has been neglected based
on expectations from lattice perturbation theory [31] that these e↵ects are small. The as-yet-unquantified systematic
uncertainties that result from the lattice spacing and finite volume e↵ects are expected to be considerably smaller
than the uncertainties reported on the renormalised GFFs. Since the gluon GFFs are determined from purely gluonic
operators (up to e↵ects of mixing), the quark-mass–dependence is also expected to be mild, and extrapolation to
the physical quark masses will likely not shift the GFFs outside their uncertainties. Future calculations will control
these remaining systematic uncertainties and thereby allow more precise comparisons with phenomenology and also
controlled predictions for the gluon contributions to the shear and pressure distributions of the nucleon and pion that
are determined by the D-term GFFs [9, 66].
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FIG. 9: The renormalised gluon GFFs of the nucleon (blue circles) compared with the corresponding connected isoscalar quark
GFFs (orange triangles) from Ref. [23] that are calculated using a similar light quark mass (corresponding to m⇡ = 496 MeV).
Results are presented at a renormalisation scale of µ = 2 GeV in the MS scheme. For the Aa(t) and Da(t) form factors, the
shaded bands show z-expansion fits as described in the text.

(a) (b)

FIG. 10: The renormalised gluon GFFs of the pion (blue circles) compared with the corresponding connected contributions to
the quark GFFs (orange triangles) computed in Ref. [65] (taken from Fig. 7.6 in that reference) at a quark mass corresponding
to m⇡ = 842 MeV using non-perturbatively improved clover fermions. Results are presented at a renormalisation scale of
µ = 2 GeV in the MS scheme. The shaded bands show z-expansion fits as described in the text for the quark and gluon GFFs.
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Key assumptions in pressure 
extraction from DVCS 

Gluon D-term same as quark 
term in magnitude and shape

Factor of ~2 difference in 
magnitude, somewhat different t-
dependence 
Tripole form factor model

LQCD results consistent with 
ansatz, but more general form is 
less well constrained
Isovector quark D-term vanishes 
            ~0 from other LQCD 
studies

2

quark EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
✓
Du+d(t, µ)
Dg(t, µ)

◆
=

✓
Zqq(

µ
µ0 ) Zqg(

µ
µ0 )

Zgq(
µ
µ0 ) Zgg(

µ
µ0 )

◆✓
Du+d(t, µ0)
Dg(t, µ0)

◆
,(3)

where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]

s(r) = �r

2

d

dr

1

r

d

dr
eD(r), p(r) =

1

3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-
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the small-t behavior of D(t) [202–204]. The slope of D(t) at zero-momentum transfer diverges in the chiral limit as
D

0(0) ⇠ 1/m⇡. This behavior is reproduced also in chiral models [126, 180].
In Section XII the mechanical radius of a hadron was defined not in terms of the slope of D(t). Applying the

definition of the mechanical radius (41) to the nucleon case, one can see on general grounds that the corresponding
mechanical radius (in contrast to D

0(0) and to the charge radius of the nucleon) is finite in the chiral limit (m⇡ ! 0).
Therefore, one expects that the nucleon mechanical radius should be smaller than, say, the charge radius. Indeed, the
chiral quark soliton model predicts the mechanical radius of the proton to be about 25% smaller than its mean square
charge radius: hr2imech ⇡ 0.75 hr2icharge.
It is instructive to see details of the strong forces distribution inside the nucleon. The radial (normal) forces in

Eq. (43), are always “stretching” (directed outwards the nucleon centre) and monotonically decrease with distance from
the centre. The distribution of the tangential forces provides us with further fine details of how the strong forces keep
the nucleon together. From the stability condition (46) it is clear that the tangential force must at least once change
its direction. Studying these forces one can pose very intriguing questions about nature of strong forces – how many
times do the forces change from “stretching” to “squeezing”? What does this number mean? What does distinguish
the regions of “stretching” and “squeezing”? What do we learn about the confinement mechanism from this?
Presently we are not able to answer the above posed questions. Here we just report the results on the force

distribution in the nucleon from models. In Fig. (6) we plot the vector field of the �-component of the tangential force
(the 2D vector vector field 4⇡r2Tije

�
j ) inside the nucleon9 obtained from EMT densities from the chiral quark soliton

model [126].
One clearly sees that at a distance of r ⇡ 0.5 fm from the nucleon centre the tangential force changes its direction,

and turns from “stretching” to “squeezing”. Thus, we see that there are two qualitatively di↵erent regions inside the

Figure 6. Visualisation of the �-component of the tangential force (the 2D vector vector field 4⇡r2Tije
�
j ) distribution in the

nucleon from the chiral quark soliton model. The radius of the disc on the figure is 1.5 fm, the colour legend gives the absolute
value of the tangential force in GeV/fm.

9
See also recent lattice calculations of the spatial distribution of forces for the heavy quark Q̄Q pair in Ref. [205]. The formalism provided

here paves a way to perform analogous studies on the lattice for hadrons.
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LQCD calculations of proton and pion energy momentum tensor

Gluon and quark gravitational form factors

Shear and pressure distributions

Complements recent experimental studies 

Support analysis assumptions

Suggest target kinematics for future model independent 
extractions at JLab12 and EIC

Gluon structure from LQCD


