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Hadron as a many-body parton system

1 fm ⇠ 5 GeV �1

• The typical hadron scale is small 
• Due to running of the coupling constant one has to understand the 

hadron as a many-body parton system which is strongly bonded 
• Hadron is characterized by complex dynamics of parton interactions 
• How do we study this system?



High-energy probe (external scale)

QED-like behavior

q
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Richard E. Taylor: Deep inelastic scattering
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FIG. 21. Schematic drawing of the counter system inside the 8 GeV shielding hut.

tor, giving large pulse height in the counters. In most
cases pions wi11 not shower, giving an almost independent
indication of their identity. By the time of the erst in-
elastic scattering experiments using the 8 GeV spectrom-
eter, a gas Cerenkov counter had been added in front of

the trigger counter as a further tool for particle discrim-
ination. The dE/dx system was used only for the lowest
secondary energies where the pion-electron ratios were
large. The 20 GeV spectrometer's counter system (Fig.
22) was similar to that in the 8 GeV spectrometer, with
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FIG. 22. Schematic of the 20 GeV spectrometer indicating the various computer control and readout functions. Also shown is a
schematic of the 20 GeV counter system. Particle identification in the spectrometer was somewhat more complex than for the 8 GeV
instrument, partly because of the higher energies involved, but also because it was sometimes desirable to identify m mesons in a large
electron background in the 20 CxeV spectrometer.
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• How does the strongly bounded system respond to a high-energy probe? 
• The existence of individual quarks in the system was discovered 
• It became the foundation of the parton model and perturbative QCD

Oeep inelastic scattering: Comparisons with the quark model

Jerome I. Friedrnan
Oepartment of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts OZf 90

EARLY RESULTS

In the latter half of 1967 a group of physicists from the
Stanford Linear Accelerator Center (SLAC) and the
Massachusetts Institute of Technology (MIT) embarked
on a program of inelastic electron-proton scattering after
completing an initial study (Coward et al. , 1968) of elas-
tic scattering with physicists from the California Institute
of Technology. This work was done on the newly com-
pleted 20 GeV Stanford linear accelerator. The main
purpose of the inelastic program was to study the elec-
troproduction of resonances as a function of momentum
transfer. It was thought that higher-mass resonances
might become more prominent when excited with virtual
photons, and it was our intent to search for these at the
very highest masses that could be reached. For com-
pleteness we also wanted to look at the inelastic continu-
um, since this was a new energy region which had not
been previously explored. The proton resonances that we
were able to measure' showed no unexpected kinematic
behavior. Their transition form factors fell about as rap-
idly as the elastic proton form factor with increasing
values of the four-momentum transfer q. However, we
found two surprising features when we investigated the
continuum region (now commonly called the deep inelas-
tic region).

as a function of the square of the four-momentum
transfer, q =2EE'(1—cos8), for constant values of the
invariant mass of the recoiling target system 8' where
W =2M(E E')—+M q. —The quantity E is the ener-
gy of the incident electron, E' is the energy of the final
electron, and 8 is the scattering angle, all defined in the
laboratory system; M is the mass of the proton. The
cross section is divided by the Mott cross section in order
to remove the major part of the well-known four-
momentum-transfer dependence arising from the photon
propagator. The q dependence that remains is related
primarily to the properties of the target system. Results
from 10' are shown in the figure for each value of 8'. As
8 increases, the q dependence appears to decrease. The
striking difference between the behavior of the deep in-
elastic and elastic cross sections is also illustrated in this
figure, where the elastic cross section, divided by the
Mott cross section for 0= 10, is shown.
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(1)Weak q2 dependence

The first unexpected feature of thes~ early results
(Bloom et al. , 1969; Breidenbach et al. , 1969) was that
the deep inelastic cross sections showed a weak falloff
with increasing q . The scattering yields at the larger
values of q were between one and two orders of magni-
tude greater than expected.
The weak momentum-transfer dependence of the in-

elastic cross sections for excitations well beyond the reso-
nance region is illustrated in Fig. 1. The differential cross
section divided by the Mott cross section o.M,« is plotted
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*This lecture was delivered 8 December, 1990, on the occasion
of the presentation of the 1990Nobel Prize in Physics.
~W. K. H. Panofsky, in Proceedings of the XIV International
Conference on High Energy Physics, Vienna (1968), p. 23. The
experimental report, presented by the author, is not published
in the Conference Proceedings. It was, however, produced as a
SLAC preprint.
The Mott cross section,

FICr. 1. (d o./dQdE')/oM«„ in GeV ', vs q for 8 =2, 3, and
3.5 GeV. The lines drawn through the data are meant to guide
the eye. Also shown is the cross section for elastic e-p scatter-
ing divided by o-M«„(do-/d0)/o. M«„calculated for 0=10', us-
ing the dipole form factor. The relatively slow variation with q
of the inelastic cross section compared with the elastic cross
section is clearly shown.
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Hadron as a many-body parton system

�⇤ �x ⇠ 1

Q
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�x ⇠ 1

0.2 GeV
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• Interacting with external probe the hadron reveals 
different types of parton dynamics 

• There is a strong correlation between different 
phases 

• The dense QCD medium strongly interacts with the 
probe in dynamical way 

• Using methods of perturbative QCD we can obtain 
very precise information on the structure hadron as 
a many-body parton system



Factorization and different types of dynamics

J.C. Collins, D.E. Soper and G. Sterman, 
Phys. Lett. B 109 (1982) 388; 
J.C. Collins, D.E. Soper and G.F. Sterman, 
Nucl. Phys. B 250 (1985) 199; 
G.T. Bodwin, Phys. Rev. D 31 (1985) 10; 
X.-d. Ji, J.-p. Ma and F. Yuan, Phys. Rev. D 
71 (2005) 034005; 
M.G. Echevarria, A. Idilbi and I. Scimemi, 
JHEP 07 (2012) 002

• Separation of different phases is 
based on TMD factorization



Background field method 

• We can separate different phases of the many body parton system at the level 
of the QCD Lagrangian 

• The method provides a consistent way to take into account interaction of the 
perturbative phase with a non-perturbative background (many body 
interactions)

SbQCD(A,B) = SQCD(A+B)� SQCD(B)
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L.F. Abbott, Acta Phys. Polon. B13 (1982) 33



Background field method 

• We can precisely describe interaction between phases using expansions in the 
background field. An expansion parameter is required 

• We can can consider different types of interaction with the non-perturbative 
parton system 

• The expansion can be rearrange into explicitly gauge invariant form

SbQCD(A,B) = SQCD(A+B)� SQCD(B)
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Power corrections to TMD factorization

W (↵z,�z, q?) ' � e2

8s2W c2WNc

Z
d2k?

1

k2?(q � k)2?

h
1� 2

(k, q � k)?
Q2

i

⇥
hn

(1+a2u)[fu(↵z)f̄u(�z)+f̄u(↵z)fu(�z)]
o
+

n
u $ c

o
+
n
u $ d

o
+
n
u $ s

oi

<latexit sha1_base64="T0FKbfMZ8npv/r1MamYpRklBBWc="></latexit><latexit sha1_base64="nEJt67iwIops1FJwUtsq4x6xWyE="></latexit><latexit sha1_base64="nEJt67iwIops1FJwUtsq4x6xWyE="></latexit>

• Hard part of the Drell-Yan process in the background field was calculated. 
• We introduced parametrization of the background field 
• With certain approximations the structure of corrections gets a very simple form 
• We estimate that effects become important at 
• The method can be used for analysis of factorization breaking effects in polarized 

observables

q? ⇠ 1

4
Q
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TMD factorization Collinear factorization

Q
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I. Balitsky, A. Tarasov, JHEP 05 (2018) 150



TMD distributions and scale parameters

• We look at interaction between different phases 
• Interaction of perturbative and non-perturbative phases can be described through 

evolution equations 
• Dependence of TMD distributions on scales can be found by analysis of perturbative 

emission in the non-perturbative background 
• Anomalous dimensions are known up to three loops 
• The fitting of distributions is highly constrained due to strong correlation between 

perturbative and non-perturbative phases 
• We check our predictions for properties of the hadron as many body parton system

d

d lnµ2
F (x, b; ⇣, µ) =

�(µ, ⇣)

2
F (x, b; ⇣, µ)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

d

d ln ⇣
F (x, b; ⇣, µ) = �D(µ, b)F (x, b; ⇣, µ)
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J. C. Collins, Foundations of perturbative QCD, 2011 



Solution of evolution equations

• Evolution equations predict how the non-perturbative system evolves from one scale 
to another. We can predict this transition with very high accuracy from pQCD. 

• There are non-perturbative effects in the evolution as well 
• TMD distribution is a complex function which is difficult to extract 
• Initial condition can be defined by the collinear distributions

F (x, b; ⇣f , µf ) = F (x, b; ⇣i, µi) exp
nZ µf

µi

dµ

µ
�
⇣
↵s(µ), ln

⇣f
µ2

⌘o⇣⇣f
⇣i

⌘�D(µi,b)
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TMD vs. collinear distributions

• Collinear distributions can be used as an initial condition for TMD evolution 
• In the region of small transverse separation they should coincide 
• Using calculations in the background field we can construct projection of 

TMDs onto collinear distributions 
• This is another example of how perturbative QCD defines the non-

perturbative structure

b? ⇠ 1

q?
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Operator definition

• We start our derivation from the operator 
which generates Sivers function, but the 
method can be applied to an operator of 
arbitrary structure 

• Emission at the NLO level is analyzed in 
the limit of small b where TMDs match 
collinear distributions

2b
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U�+

DIS(z1, z2,b) = q̄(z1n+ b)[z1n+ b,+1n+ b] �+ [+1n� b, z2n� b]q(z2n� b)
<latexit sha1_base64="StxKtjopZL6MzDTVbYGeM5pug4k="></latexit>

z1n+ b
<latexit sha1_base64="HMPjVyhs3+vjx5hiElOewXp6sGE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMpuFfRY9OKxgv2QdinZNNuGJtklyQp16a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9SpVkk780kpr7AQ8lCRrCx0sNT30MSnaGgX664VTcDWiZeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUslFlT7aXbwFJ1YZYDCSNmSBmXq74kUC60nIrCdApuRXvRm4n9eNzHhlZ8yGSeGSjJfFCYcmQjNvkcDpigxfGIJJorZWxEZYYWJsRmVbAje4svLpFWreufV2t1FpX6dx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzBwUbjz0=</latexit>

z2n� b
<latexit sha1_base64="dVYU05cDxrTIdWSGX4wJzzYmD8M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnosevFYwX5Iu5Rsmm1Dk+ySZIW69Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Gbmtx+p0iyS92YSU1/goWQhI9hY6eGpX0MSnaGgX664VTcDWiZeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUslFlT7aXbwFJ1YZYDCSNmSBmXq74kUC60nIrCdApuRXvRm4n9eNzHhlZ8yGSeGSjJfFCYcmQjNvkcDpigxfGIJJorZWxEZYYWJsRmVbAje4svLpFWreufV2t1FpX6dx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzBwmxj0A=</latexit>



Collinear matching

• We construct expansion of the TMD operator onto collinear operators of twist two and 
three 

• The expansion is defined by matching coefficients which we want to find 
• The matching coefficients depend on two types of logarithms

2b
<latexit sha1_base64="I1wIhojV0bb1iT4OgxVXo4Qlxp8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1rQL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzBzccjSY=</latexit>

U(z,~b) =
X

n

C
tw-2
n (z,Lµ, as(µ))⌦O

tw2
n (z;µ)

+b⌫

X

n

C
tw-3
n (z,Lµ, as(µ))⌦O

⌫,tw3
n (z;µ) +O(~b2)

<latexit sha1_base64="2t1xNQwuyQ812+0Xv5xLkA5lbME="></latexit>

l⇣ = ln
⇣µ2

⇣

⌘

<latexit sha1_base64="YLphbAqjroiSOQnk71XSRg3kIAM=">AAACG3icbVDLSgMxFM34rPU16tJNsAh1U2aqoBuh1I3LCvYBnVoyaaYNTTJDkhHqMP/hxl9x40IRV4IL/8bMtAttPRA4nHMvN+f4EaNKO863tbS8srq2Xtgobm5t7+zae/stFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP3xVea374lUNBS3ehKRHkdDQQOKkTZS3656HOmRHyQs7XsPRKNLjwno1emw7AUS4cTj8V01TXIvzfSTvl1yKk4OuEjcGSmBGRp9+9MbhDjmRGjMkFJd14l0L0FSU8xIWvRiRSKEx2hIuoYKxInqJXm2FB4bZQCDUJonNMzV3xsJ4kpNuG8msyRq3svE/7xurIOLXkJFFGsi8PRQEDOoQ5gVBQdUEqzZxBCEJTV/hXiETCXa1Fk0JbjzkRdJq1pxTyvVm7NSrT6rowAOwREoAxecgxq4Bg3QBBg8gmfwCt6sJ+vFerc+pqNL1mznAPyB9fUDq86hyg==</latexit>

Lµ = ln
⇣ µ2b2

4e�2�E

⌘

<latexit sha1_base64="PBAPkyLiy2p81dmld1drLHwr4yU="></latexit>



Diagrams

• There are both quark-quark and quark-gluon channels 
• We use the light-cone gauge for the background field and background-Feynman 

gauge for the perturbative phase

A
<latexit sha1_base64="Lihtv2jYSe0RaYbwwPdS8141boc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJQrjMk=</latexit>



Diagram A

• The matching formula can be obtained by expansion of the NLO diagramming the 
transverse space 

• It is natural to perform expansion onto a straight line between emission and 
absorption points

z2
<latexit sha1_base64="ZzKjtcJFGu2OAJipvjC2jutANLY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMRjo2n</latexit>

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

⇠µ(u) = ↵̄(z2n
µ � bµ) + ↵(�nµ + bµ)

<latexit sha1_base64="NvEdudS644yB2kSG/oVPrNDX4pg="></latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>



Diagram A

z2
<latexit sha1_base64="ZzKjtcJFGu2OAJipvjC2jutANLY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMRjo2n</latexit>

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>• Variable s is a Feynman parameter 

• Use first two orders of expansion 
• P is an operator

q = q(⇠) + (X � ⇠)↵@
↵q(⇠) +

1

2
(X � ⇠)↵(X � ⇠)�@

↵@�q(⇠) + . . .
<latexit sha1_base64="gu2HC/LlwIC8g1Bh974iXuypfmo="></latexit>

U [�+]
DY (z1, z2,b) = 2CF g

2

Z 1

0
ds

Z 1

0
du s

Z z1

�1
dzq̄(z1n+ b)�+(z2n� b|P+eisūP

2

qeisuP
2

|zn+ b)
<latexit sha1_base64="QFn/PffG4NHvjHln9ftbN5HR9fo="></latexit>



Diagram A

z2
<latexit sha1_base64="ZzKjtcJFGu2OAJipvjC2jutANLY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMRjo2n</latexit>

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

• Expansion on to the trajectory. Order of operators is 
important

• Properties of operator X

X|x) = x|x)
<latexit sha1_base64="gXVuDW+V0dE2WAinUpaz59+pW7w=">AAAB8nicbVDLSgMxFM3UV62vqks3wSLopsxUQTdC0Y3LCvYB7VAyaaYNzSRDckdaxn6GGxeKuPVr3Pk3pu0stPVAyOGce7n3niAW3IDrfju5ldW19Y38ZmFre2d3r7h/0DAq0ZTVqRJKtwJimOCS1YGDYK1YMxIFgjWD4e3Ubz4ybbiSDzCOmR+RvuQhpwSs1G49jc7wNR7Zr1ssuWV3BrxMvIyUUIZat/jV6SmaREwCFcSYtufG4KdEA6eCTQqdxLCY0CHps7alkkTM+Ols5Qk+sUoPh0rbJwHP1N8dKYmMGUeBrYwIDMyiNxX/89oJhFd+ymWcAJN0PihMBAaFp/fjHteMghhbQqjmdldMB0QTCjalgg3BWzx5mTQqZe+8XLm/KFVvsjjy6Agdo1PkoUtURXeohuqIIoWe0St6c8B5cd6dj3lpzsl6DtEfOJ8/DeKQcw==</latexit>

U [�+]
DY (z1, z2,b) = 2CF g

2

Z 1

0
ds

Z 1

0
du s

Z z1

�1
dzq̄(z1n+ b)�+(z2n� b|P+eisūP

2

eisuP
2

|zn+ b)q(⇠u)

+2CF g
2

Z 1

0
ds

Z 1

0
du s

Z z1

�1
dzq̄(z1n+ b)�+(z2n� b|P+eisūP

2

(X � ⇠)↵e
isuP 2

|zn+ b)@↵q(⇠u)
<latexit sha1_base64="LMGEZiTSl12++7sW0YGc2YnxHkY="></latexit>

[Pµ, X⌫ ] = igµ⌫
<latexit sha1_base64="nYD0wgaLJvjOYnhzLyLwRUFXaUQ=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZSkCroRim5cVrAPSEKYTCft0MkkzEMooRs3/oobF4q49R/c+TdO2yy09cCFM+fcy9x7ooxRqRzn2yotLa+srpXXKxubW9s79u5eW6ZaYNLCKUtFN0KSMMpJS1HFSDcTBCURI51oeDPxOw9ESJryezXKSJCgPqcxxUgZKbQPvWboJ/oUdkOf6wBeQdoPc6OY1zi0q07NmQIuErcgVVCgGdpffi/FOiFcYYak9FwnU0GOhKKYkXHF15JkCA9Rn3iGcpQQGeTTK8bw2Cg9GKfCFFdwqv6eyFEi5SiJTGeC1EDOexPxP8/TKr4McsozrQjHs49izaBK4SQS2KOCYMVGhiAsqNkV4gESCCsTXMWE4M6fvEja9Zp7VqvfnVcb10UcZXAAjsAJcMEFaIBb0AQtgMEjeAav4M16sl6sd+tj1lqyipl98AfW5w9HKZfP</latexit>

P |p) = p|p)
<latexit sha1_base64="0i0axuAto5iUeYB5qGakRX16fkY=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBF0U2aqoBuh6MZlBfuQdiiZNNOGJpmQZIRS+xVuXCji1s9x59+YtrPQ1gMJh3Pu5d57IsWZsb7/7S0tr6yurec28ptb2zu7hb39uklSTWiNJDzRzQgbypmkNcssp02lKRYRp41ocDPxG49UG5bIeztUNBS4J1nMCLZOeqg+qdMr5b5OoeiX/CnQIgkyUoQM1U7hq91NSCqotIRjY1qBr2w4wtoywuk4304NVZgMcI+2HJVYUBOOpguP0bFTuihOtHvSoqn6u2OEhTFDEblKgW3fzHsT8T+vldr4MhwxqVJLJZkNilOObIIm16Mu05RYPnQEE83croj0scbEuozyLoRg/uRFUi+XgrNS+e68WLnO4sjBIRzBCQRwARW4hSrUgICAZ3iFN097L9679zErXfKyngP4A+/zBy1yj/8=</latexit>

• First we commute X, then calculate Fourier 
transformation

(x|f(p)|y) =
Z

d4p

(2⇡)4
e�ip(x�y)f(p)

<latexit sha1_base64="914rHZHzryy0alfSOwp0SlmNKeA="></latexit>

• Do the same for all diagrams



Rapidity divergence

• We observe rapidity divergence at 
• Regularization is performed using rapidity regulator 
• It can be introduced by redefinition of Wilson lines

↵ ! 0
<latexit sha1_base64="CkPPjHZLUwAqQ+U40rIuWcNSKQQ=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRbduKxgH5CEcjOdtEMnkzBzI5TSz3DjQhG3fo07/8Zpm4W2Hhg4nHMvc8+JMikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJs014y2WylR3IzBcCsVbKFDybqY5JJHknWh0N/M7T1wbkapHHGc8TGCgRCwYoJX8AGQ2hABT6vYqVbfmzkFXiVeQKinQ7FW+gn7K8oQrZBKM8T03w3ACGgWTfFoOcsMzYCMYcN9SBQk34WR+8pSeW6VP41Tbp5DO1d8bE0iMGSeRnUwAh2bZm4n/eX6O8U04ESrLkSu2+CjOJbURZ/lpX2jOUI4tAaaFvZWyIWhgaFsq2xK85cirpF2veZe1+sNVtXFb1FEip+SMXBCPXJMGuSdN0iKMpOSZvJI3B50X5935WIyuOcXOCfkD5/MHsiaQ3Q==</latexit>
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Delta regulator

• The regulator passes unchanged into the rapidity divergent diagram A 
• Logarithm of      represents rapidity singularity�
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M. G. Echevarria, I. Scimemi and A. Vladimirov, Phys. Rev. D 93, 054004 (2016)



Final result for diagram A
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• After implementation of the rapidity regulator the diagram becomes finite 
• Diagram A is the only diagram with rapidity divergence 
• It has both twist-2 and twist-3 contributions
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(z1, z2,b) = U�+
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µ @

@bµ
U�+

(z1, z2,b)
���
b=0
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Collinear operators

• We represent the result of calculation in terms of collinear operators 
• There are three quark and two gluon operators

O�+(z1, z2) = q̄(z1n)[z1n, z2n]�
+q(z2n),

T
µ
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T
⌫
�+�⌫µ

T
(z1, z2, z3) = gq̄(z1n)[z1n, z2n]�

+�⌫µ
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TMD vs. collinear distributions
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�[�+](x,b) = f1(x,b) + i✏µ⌫T bµsT⌫Mf?
1T (x,b)
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• The result of calculation gives 
us connection between TMD 
and collinear distributions

hp, S|T µ
�+(z1, z2, z3)|p, Si = 2s̃µ(p+)2M

Z
[dx]e�ip+(x1z1+x2z2+x3z3)T (x1, x2, x3)
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Bare result

• The result has a structure of the matching formula 
• It is obtained from expansion of the NLO diagram 

in the transverse space 
• The result depends on rapidity and UV regulators 

and should be renormalized
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Renormalization

• We multiply the bare result by renormalization constants: wave-function 
renormalization, TMD renormalization and rapidity renormalization 

• The form of the constants is know though their explicit form depends on the 
regularization scheme
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i ZTMD

f
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b;µ, ⇣

⌘
Ubare
f (x,b)

<latexit sha1_base64="nYqbwkswcdcXLfZOzHsdxNud6NY="></latexit>



Rapidity renormalization and the soft factor

• An explicit form of renormalization constants is defined by the 
regularization scheme in use  

• The rapidity renormalization factor is given by the soft function

Rq(b;µ, ⇣) = S�1/2(b;µ, ⇣)
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Renormalization constants

Rq(~b;µ, ⇣) = 1 + 2asCFB
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• Rapidity renormalization constant

• UV renormalization constants
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• Dependence on regularization parameters in our matching 
formula vanishes when we multiply it by the renormalization 
constants



Matching formula
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• Dependence on regularization parameters in our matching 
formula vanishes when we multiply it by the renormalization 
constants 

• Both the collinear function and the matching coefficient 
depend on the UV scale 

• The coefficient depends on rapidity renormalization scale



Matching formula for the unpolarized distribution 
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• There are leading order (LO) and next-to-leading (NLO) parts 
• Matching at LO is simple and is given by the unpolarized 

collinear distribution 
• The first term of the NLO part is given by the DGLAP evolution 

kernel 
• The second term originates in the rapidity divergence 
• The third term is a finite, logarithm independent part 
• This formula is in agreement with known results, which 

provides a consistency check

J. C. Collins, Foundations of perturbative QCD, 2011 



Matching formula for the Sivers function

• The structure of the matching formula for Sivers function is similar 
• Matching at LO is simple and is given by the ETQS (Efremov-Teryaev-Qui-Sterman) distribution 
• The first term of the NLO part is given by the collinear  evolution for the twist-3 ETQS. The second 

term originates in the rapidity divergence. The third term is a finite, logarithm independent part 
• This formula is in agreement with known results

V. M. Braun, A. N. Manashov and B. Pirnay, Phys. Rev. D80 (2009) 114002; 

Z.-B. Kang and J.-W. Qiu, Phys. Lett. B713 (2012) 273–276 

P. Sun and F. Yuan, Phys. Rev. D88 (2013) 114012



Collinear matching

• We derive matching coefficient for the Sivers function 
at the next-to-leading order 

• We use background field method to calculate emission 
in the many body parton background 

• We perform expansion in powers of b  
• The structure of the result is dictated by strong 

interaction between perturbative and non-perturbative 
phases 

• It is easy to generalize calculation to other operators 
and matrix elements (Collins function) 

• The results will be implemented in extraction of the 
Sivers function

I. Scimemi, A. Tarasov, A. Vladimirov, arXiv:1901.04519
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