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From the finite-volume energies to amplitudes
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RFT = relativistic field theoryRFT finite-volume formalism: Derivation



Poles of finite-volume correlator ( )   =   finite-volume energiesCL(E)

Poles inside[∑ Feynman diagrams for CL(E)] = En(L)
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Poles inside = En(L)

MTH, Sharpe (2014-2016)          See also Döring, Mai, Hammer, Pang, Rusetsky
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RFT = relativistic field theoryRFT finite-volume formalism: Derivation
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MTH, Sharpe (2014-2016)          See also Döring, Mai, Hammer, Pang, Rusetsky

+

+

+ + + · · ·

+ · · ·+ +

+

Significant effort to… make the meaning of the cuts precise

Significant effort to… understand how each cut splits into “smooth bit” + “singular bit”

Significant effort to… understand how to re-sum “smooth bits”
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Keeping careful track of how the series starts gives…

RFT = relativistic field theoryRFT finite-volume formalism: Derivation
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Putting in the short-distance 3-to-3 gives
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Matrix of functions depending on kinematics + two-particle dynamics
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RFT quantization condition

Holds only for three-particle energies

Neglects

MTH, Sharpe (2014-2016)   

Requires sub-threshold continuation of  K2

Scheme-dependent  related to physical amplitude via known on-shell integral equationsKdf,3
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`m

BOOST!

RFT = relativistic field theory
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Three pions with isospin
Four possible iso-spin channels for three pions

MTH, Romero-López Sharpe, JHEP (2020) 
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Four quantization conditions
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I⇡⇡⇡ = 2
<latexit sha1_base64="emaFNHz4S00teL+oWCKY5IIfmpo=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5JoUS9C0YveKtgPaEPYbDft0s0m7G6EEupf8eJBEa/+EG/+G7dtDtr6YODx3gwz84KEM6Ud59sqrKyurW8UN0tb2zu7e/b+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvl+/8rJcwlNcEXaEz3644VWcGtEzcnFQgR8O3v3r9mKQRFZpwrFTXdRLtZVhqRjidlHqpogkmIzygXUMFjqjystnxE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOllTCSppoLMF4UpRzpG0yRQn0lKNB8bgolk5lZEhlhiok1eJROCu/jyMmmdVt3zau2+Vqlf53EU4RCO4ARcuIA63EIDmkBgDM/wCm/Wk/VivVsf89aClc+U4Q+szx/hQJOh</latexit>

I⇡⇡⇡ = 3

<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="bYZL0tz+7P8C79YD2KzAfH/B6Ic=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6LmXdbq9/VK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/Z4OPkQ==</latexit>

(�)

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2
<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="bYZL0tz+7P8C79YD2KzAfH/B6Ic=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6LmXdbq9/VK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/Z4OPkQ==</latexit>

(�)
<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)
<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2 <latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)
<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2
<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2
<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

https://inspirehep.net/literature/1787807


Finite-volume group theory
Focusing on a cubic box → total momentum determines symmetry group

<latexit sha1_base64="nf5opriA7O+TjyhEeOjeFnN+Nsw="></latexit>

nP group dim n1d irreps n2d irreps n3d irreps irrep names(dim)

[000] Oh 48 4 2 4 A+
1 (1), A

+
2 (1), E

+(2), T+
1 (3), T+

2 (3), (+ ! �)

[001] C4 8 4 1 A1(1), A2(1), B1(1), B2(1), E2(2)

[011] C2 4 4 A1(1), A2(1), B1(1), B2(1)

[111] C3 6 2 1 A1(1), A2(1), E2(2)

For any object one can identify a linear combination of rotations that transforms as given irrep, row (Γ, μ)

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
<latexit sha1_base64="0ncVWCMBbz3RYW0Ld3GPdhpuJGw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKj+fEI10UETe9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFXULvGz2cUTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZm+T/pCc4ZybAllWthbCRtSTRnakIo2BG/x5WXSvKh4l5XqfbVcu8njKMAxnMAZeHAFNbiDOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MHPgWQAQ==</latexit>

+1⇥
<latexit sha1_base64="fnKfReRGEE5TmkBUWTu/c2RZMC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0w/4aESqg3LFrbkLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8W5M3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68TtqXNe+qVn+oVxq3eRxFOINzqIIH19CAe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AF9Ro8G</latexit>✓

<latexit sha1_base64="MUIT2FvenX1e+W6LJeIb/k5TQWA=">AAAB+HicbVDLSsNAFL3xWeujUZduBougCCWRoi6rblxWsA9oY5hMJ+nQySTMTIQa+iVuXCji1k9x5984fSy09cCFwzn3cu89QcqZ0o7zbS0tr6yurRc2iptb2zsle3evqZJMEtogCU9kO8CKciZoQzPNaTuVFMcBp61gcDP2W49UKpaIez1MqRfjSLCQEayN5NulbsCiCJ34+ZXvPpyOfLvsVJwJ0CJxZ6QMM9R9+6vbS0gWU6EJx0p1XCfVXo6lZoTTUbGbKZpiMsAR7RgqcEyVl08OH6Ejo/RQmEhTQqOJ+nsix7FSwzgwnTHWfTXvjcX/vE6mw0svZyLNNBVkuijMONIJGqeAekxSovnQEEwkM7ci0scSE22yKpoQ3PmXF0nzrOKeV6p31XLtehZHAQ7gEI7BhQuowS3UoQEEMniGV3iznqwX6936mLYuWbOZffgD6/MHTnuSOQ==</latexit>◆

A+
1

<latexit sha1_base64="0ncVWCMBbz3RYW0Ld3GPdhpuJGw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKj+fEI10UETe9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFXULvGz2cUTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZm+T/pCc4ZybAllWthbCRtSTRnakIo2BG/x5WXSvKh4l5XqfbVcu8njKMAxnMAZeHAFNbiDOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MHPgWQAQ==</latexit>
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+ · · ·

Numerically determining a representation of the rotation space → row-specific projectors



Subducing the index space
Returning to the  spaceIπππ = 2

(𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 𝖿𝗅𝖺𝗏𝗈𝗋 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 k ∈
2π
L

ℤ3 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗍𝗐𝗈−𝗉𝖺𝗋𝗍𝗂𝖼𝗅𝖾 ℓm) 108 x 108 matrices

Extract the induced representation of rotations & sum over irrep coefficients
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Result for  

Truncate and parametrize: 
—  
 

—  

In this case:    
and  varies as shown

Kdf,3 = 0

Iππ = 2, ℓ = 0, p cot δ0(p) = − 1/a0

Iππ = 1, ℓ = 1, p cot δ1(p) = 𝖡𝖶(mρ, gρ)

mπa0 = 0.3, mρ/mπ = 2.2
gρ

Alotaibi, Briceño, Hansen



Iπππ = 2, P = [001], A1
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Truncate and parametrize: 
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In this case:    
and  varies as shown

Kdf,3 = 0

Iππ = 2, ℓ = 0, p cot δ0(p) = − 1/a0

Iππ = 1, ℓ = 1, p cot δ1(p) = 𝖡𝖶(mρ, gρ)

mπa0 = 0.3, mρ/mπ = 2.2
gρ

Alotaibi, Briceño, Hansen



Iπππ = 1, P = [000], A−
1
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Truncate and parametrize: 
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In this case:    
, 

Kdf,3 = 0

Iππ = 2, ℓ = 0, p cot δ0(p) = − 1/a0

Iππ = 1, ℓ = 1, p cot δ1(p) = 𝖡𝖶(mρ, gρ)
Iππ = 0, ℓ = 0, p cot δ1(p) = 𝖡𝖶(mσ, gσ)

mπa0 = 0.3, mρ/mπ = 2.2
gσ = 6 mσ /mπ = 1.8
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Alotaibi, Briceño, Hansen



A few technical comments
Breit-Wigner can have unphysical, deep subthreshold poles → must be removed by our smooth cutoff
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æk/m2
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Note: also physical pole requires care but is understood

We have lots of freedom in our choice for …. including𝒦𝖽𝖿,3

the exact cutoff functions

the exact behaviour of  below threshold𝒦2

the removal of physical poles 

symmetric vs asymmetric



From the finite-volume energies to amplitudes
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finite volume unitarity
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From K-matrices to amplitudes

1

Mun
3 (E?

3 ,p,k) = Dun(E?
3 ,p,k) + Eun(E?

3 ,p)T (E?
3 )Eun(E?

3 ,k)

iM2

iM2

iM2

iM2

iM2
+ + · · ·

Vanishes for Kdf,3 = 0

p

k

Imitate much of the finite-volume 
decomposition with alternative “endcaps” 

Recover an analytic expression for which we 
can send L → ∞

+ · · ·+

+ + + + · · ·

+ + · · ·+
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Mun
3 = I[K2,Kdf,3] the scattering amplitude is a known functional of the on-shell K-matrices 

MTH, Sharpe (2014-2016)   

https://inspirehep.net/literature?sort=mostrecent&size=25&page=1&q=find%20a%20hansen%20and%20a%20sharpe%20and%20ac%202%20and%20d%20%3E=%202013&ui-citation-summary=true
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this requires a choice in an “spectator”

Angular momentum projection

Briceño

Costa, Jackura, Briceño (2024) 
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Symmetrization through recoupling coefficients
<latexit sha1_base64="CPLTmAVy8QOaF0A7G1ECSISh7Ic="></latexit>

M JP

=
X

j0,j

Rj0 M(j0,j) JP

Rj

<latexit sha1_base64="SCH3RfeFocHBjiagUG1dHYjaZ6w="></latexit> ω
2
/
m

2 ω

<latexit sha1_base64="7RWpu3LvqD0diwOuZCjWBTelymA="></latexit>

ω1 /m
2
ω

LQCD
<latexit sha1_base64="t4X67yrptva8y4vnFSYc79SaCPQ="></latexit>

m4
ω II(JP )({ω→})

<latexit sha1_base64="8hThQuUP2gt4ZC7MtIcXRKGoud4="></latexit>→
s = 3.3mω

<latexit sha1_base64="07Q/cVngQu9CrsMe/VCf5gs9NDo="></latexit>→
s = 3.4mω

<latexit sha1_base64="JLDVhXAEy4g8e57CoVsK2+7bCuI="></latexit>→
s = 3.5mω

<latexit sha1_base64="60Urg0R6wPM/8XAnN9WQeJB/IvQ="></latexit>

I(JP ) = 2(1+)

<latexit sha1_base64="SCH3RfeFocHBjiagUG1dHYjaZ6w="></latexit> ω
2
/
m

2 ω

<latexit sha1_base64="7RWpu3LvqD0diwOuZCjWBTelymA="></latexit>

ω1 /m
2
ω

<latexit sha1_base64="t4X67yrptva8y4vnFSYc79SaCPQ="></latexit>

m4
ω II(JP )({ω→})

<latexit sha1_base64="8hThQuUP2gt4ZC7MtIcXRKGoud4="></latexit>→
s = 3.3mω

<latexit sha1_base64="07Q/cVngQu9CrsMe/VCf5gs9NDo="></latexit>→
s = 3.4mω

<latexit sha1_base64="JLDVhXAEy4g8e57CoVsK2+7bCuI="></latexit>→
s = 3.5mω

<latexit sha1_base64="60Urg0R6wPM/8XAnN9WQeJB/IvQ="></latexit>

I(JP ) = 2(1+)

One-Particle Exchange

Briceño

Briceño, Chamber,s Jackura (2025)… see also Dawid, Romero-Lopez, Sharpe 



From the finite-volume energies to amplitudes
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Summary and outlook

Thanks for listening!

Formalism for general three-particle states is “around the corner” (also for decays)

Analysis is getting expensive!
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hEn, L|J |Ni

Strategies to speed things up:

RFT formalism already describes many interesting systems:    ,  ,  (πππ)Iπππ
(ππK) (πKK)

prepare quantization condition space as much as possible!

group theory  →  prepare projectors     (various tricks when projection is planned)

Major recent progress on integral equations


