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rr elastic scattering in P-wave

2
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rrt elastic scattering in P-wave 2

PRD 108, 034513 (2023)
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rr elastic scattering in S-wave

3
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rr elastic scattering in S-wave 4

5 O PRD 108, 034513 (2023)
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what are these amplitude parameterizations you're using ? 5

in coupled-channel cases, generally K-matrix forms — ensure exact unitarity

[1711,(5) = [K~'1;(5) — ip(s)5;; e )= \;)
s
_ or slightly improving the analytic properties,
K-matrix real and symmetric, commonly poles + polynomials a dispersively improved Chew-Mandelstam phase-space
(p) (p) [1711(8) = [K™'1;(9) + [(5)5;
_ (n) n
I<ij(s) — 2 + Z s=s50 (%, —pds)
S, =S Ii(s) = I(s0) + ds'— ,
p n T Jg (8" = s9)(s" = 5)
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what are these amplitude parameterizations you're using ? 6

in coupled-channel cases, generally K-matrix forms — ensure exact unitarity

[171,(5) = [K™1,(8) — ip5)5; phase

space

pi(s) =

2k;(s)

s

K-matrix real and symmetric, commonly poles + polynomials

(p) (p)

Kif(s) = Z

P

Z (m)gn

S — S
in elastic case, easy to use wider variety ...

(variants) of effective range expansion:

a conformal mapping in energy:

also Breit-Wigner, K-matrix as above ...

or slightly improving the analytic properties,
a dispersively improved Chew-Mandelstam phase-space

[7_]],1/(n9) - [K_l],:,'(s) + 1[(5)5,:/

s—5y [ —pi(s)
L(s) = I,(sy) + ) { ds'— ! /
T (8" = sg)(s" —9)

1 1 can enforce 4m? 5,
k2f+1 cot 5{ = Ff(S)<A— + —I’;kaz -+ ) subthreshold F =—=
ae 2 zeroes with § 75
\/_ \/E —dy\/Sop— S
s = V'
k2f+1 cot 6f — TFK(S) z: Bna)n w(s) = Vs rayms

only trying to directly parameterize along the real energy axis above threshold

philosophy:

avoiding inserting any prior beliefs beyond unitarity —
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let the data tell us what needs to be there



amplitude parameterization variation at 71~ 239 MeV 7

[=0,£=0 [=2,0=0
two example amplitude descriptions two example amplitude descriptions
Ret8 50 Ret% Pl Ret% 52
0 T T T S/ M
1.03(17) L 05 | 2.5 3 3.5 v/
~0.125(21)
¥ (
0.64(13) & —0.253(9) \‘{‘\
0.5 - o 15
0 T T o T 1.17
2.5 3 3.5

-0.5 +

O I I —%I_
2.5 3 T35 090
-0-5 0.75
0.5 0.87 0.75

in each S-wave case,
comparable y*/N,.; but rather different scattering lengths (o pole location also differs )

— 7 15 ~0.125(21)
1.17 ~0.253(9)
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what's going on?
why are the scalar partial-waves subject to so much parameterization variation?

are we missing some important feature of the amplitudes?
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scattering amplitude in the complex energy plane 9

Im[s]
A
“right-hand cut”
physical scattering here
—AAAAAAAAAAAAAAAAAL) OA,W Re[s]
“left-hand cut” P
physical scattering
in t- and u- channels
o
o

for broad resonances, the left-hand cut may be just as
close to physical scattering — shouldn’t neglect its influence

our simple K-matrix forms don’t have a left-hand cut

how do we capture that physics in our amplitudes ... ?
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ar I =0 energy levels at 1~ 239 MeV 10

110]

A
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v \
Y \

\
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600 |-

500 +

OO

24 32 40 24 32 40 24 32 40 24 32 40 24 32 40

no energy levels in this region,
no real constraint on subthreshold amplitude
or the left-hand cut

"left-hand cut”

“right-hand cut”
——

“left-hand cut”
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11

can we construct amplitudes such that the left-hand cut is present and constrained?

we're treating different partial-waves as independent, should we ?
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crossing symmetry 12

the crossed-channels of elastic zz scattering are also elastic zz scattering

I'(s,t,u)
v V 1
s —» partial-wave projected into s-channel t(s) = #[ dcos 0, T(s,t,u) P,(cos6,)
1
7 T V)
5

crossing symmetry gets obscured by partial-wave projection

how to practically make use of the crossing symmetry ?
... use analyticity to form dispersion relations
... relates different partial-waves (in different isospins)

(longstanding approach using experimental phase-shift data, a.k.a “Roy equations”)

WILLIAM & MARY dispersing confusion in 7z | Berkeley | July 2025 .ggjf/qﬁ?soQtLqAb S



dispersive implementation of crossing 13

“twice subtracted” dispersion relations

(S}
AepAcpp A pep it ) e ZTI{(S) — Té(S) + Z J ds’ Ké]{i(sg S) Im tg;(S,)
I, * Sthr.

lattice QCD input: partial-wave amplitudesin I =0,1,2

( )
0 _ 170 N, 1(n.0 &2\ 3
7y (8)/m, = 3 (ao + 5a0)+ : (2a0 5a0) ™
Am> "
S —am
1 1 0 2 u
7. (8)/m_= —(Za — Sa )—
1 3 18 0 0 2
4m;
t2(s)/m_= l(261!0 + az)—l(ZaO — SaZ)L
0 T 6 0 0 6 0 0 iy
My
low-order polynomials in terms of S-wave scattering lengths af = Re (s = 4m2)/m_,
o
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dispersive implementation of crossing 14

“twice subtracted” dispersion relations

f;(s) = Té(S) + Z J dS’KZ;(SQ s) Im tg,(s’)

I, * Sthr.

lattice QCD input: partial-wave amplitudes in I = 0,1,2

selects those combinations of parameterizations
compatible with crossing

choice of set of
parameterizations

evaluate right-hand side output amplitudes

> {79s), 71(s), 73(s), ...}

{;8(5)’ tll(s), tg(s), } of dispersion relations

are the input and output compatible ?

i.e. is crossing symmetry satisfied ?

compare

THONHOR GO

to

{06, 1), 5(), ...}
(and to the original
lattice data)
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dispersion relation output at /71 ~ 239 MeV o 15
L L(s) = i)+ Y | ds' K2(sts) Iml(s')
A £ o\S) —
one particular choice: ¢ S
Re t8 SO Re t% P1 Re tg S2
output flf(s)
0 T T T T
1.03(17) I N ] e Vs/m
{5
0.5 i 0 1 1.15 E
T T o T 0
2.5 3 3.5 £
0 -0.5 _;v
I 118. 9
0.75 8
0.5 108. 3
1 B o 0°5 | eeccosooscooco 00000000000000000000000! £000000000000G000000000000000000000000000000000000000
-1 L 0000006d2000000000000000000000000000000b0000 _0.5 F T T T
44-9 200.

visibly fails to satisfy the dispersion relations
this set of parameterizations not compatible with

PRD 109 034513 (2024)

N

Arkaitz Rodas

hadspec
‘disperser-in-chief’
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o0 16
L(s) = T/(s) + Z [ ds' K2L(s)s) Im1L(s") —
¢ S,

dispersion relation output at 1~ 239 MeV

0 SO 1 P1 2 S2
Retg Ret; Ret§
=l
output £,(s)
’ 0 T T T \/g/mﬂ‘
1.03(17) 0.5 + 2.5 3 3.5
9.83 —0.253(9) '11' %
0.5 A —1.15
0 T T o T
I 2.5 3 3.5
O | | T _O. 5 i
2.5 3| 35 s | .
. 0.75
0.5 1 o 108.
1 - O ’ 2 i 000K O 5 B 0000C mcmnoncmnnccconnacmonccmnacr,mnaccmnnccmmemnccoonacmnnacconnncmmncmm
_1 oo — b“”M”"“““““””““““ﬁﬁﬁmmmMwnnqmmqqﬁmmqhmquwmcmmqlm% _02 B POC006600666660C 000000000000000d0000CEC000000000000000600000000b60co _O 5 | I
38/ 44.9 200
a different choice:
0 T T T \/g/mﬂ'
1 0.5 F 2.5 3 3.5
. —0.125(21) {) % c
0.64(13 .0
(13) & .10 %
0.5 c
0 T T & T 1.17 e
2.5 3 3.5 c
. 0.5 | S
0.77 5
i D
-0.5 1.25 2
0.90 075 )
-0.5 : O
&
_8% : . HIIIIIIITm§1Hﬂmﬂ%ﬂ%ﬁ%mrﬁ TTH% _82:: : o q cooca— _8% : R L Lo e o Y Te v
: 0.34 ' 0.59 : 0.01
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accepted/rejected combinations at 11~ 239 MeV

parameterizations labelled by their scattering length

input SO parameterizations

~0.082(6)
| -0.090(6)
S | -00957)
5 | -0.122022)
% -0.123(17)
% -0.125(21)
5 ¥ -0.127(20)

~0.131(16)
~0.135(16)
~0.164(19)

~0.1807) | dddddddd
Ol Jd ddddddddd

—-0.253(9)
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o resonance pole in dispersed amplitudes at 1 ~ 239 MeV 18
1.5 ();O:.() Y5 :;.()R)(\/;/m s
Ta e o
% a0l B :
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[ A\ [ [ [ [ [ [ [
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handling the high-energy part of the integral © 19
r(s) = 7,(s) + Z [ ds' K, (s,s) Imt,(s") —
I’,f, Sthr.
use a ‘quark-mass scaled’ Regge parameterization ...
... but observe that results are largely insensitive to this:
(&)
Z1 _ / I ¢ I'¢or
Re 74(5) |gegee = ZJ ds'Re Kfy(s's) Imizs)|
I',0" * Shigh
Ret8 S0 Ret% Pl Retg 52
high-energy contribution /5 /m,
1t 0.5 ’ 2.5 3 3.5
} ! t %
0.5 F t \{\
O | I
2.5 3
0 | | Bl 0.5 |
2.5 3 T S35 0s |
-0.5
- . - high-energy contribution / Re f uncertainty
0.5 0.5 £/// 0.5 r
0 . . . 0t . . . 0 . . .
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20

what about another pion mass ...

WILLIAM & MARY dispersing confusion in 7z | Berkeley | July 2025 .C{err_ff/,qﬁ?sor,)tLqAb S



dispersion relation output at 77 ~ 283 MeV 21

Ret8 S0 Ret% P1 Ret% 52
6 1 -
5 0
——
4 i e
~0.190(10)
3
2 2.5 3
1 -0.5
I 1.03
0 53.3
0.8/
-1
1 - 0.5 L eeeEe000000000000000000000
-1 - 065 09 F 116.
0 T l | S/ My
ey 2.5 3V
i — —0.145(13)
1.04
——(%
2.5 3 140
-0.5 F
- 0.8
0.8/
08 0 s 0.1 1 e, 01 F
-0.5 b 0.90 -0.1F 0.05 -0.1F 0.16
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accepted/rejected combinations at 11~ 283 MeV

22

~0.115(6)
~0.125(6) ‘ A

—-0.160(11)
—0.190(10)

~0.232(4) A A A
~0.287(8)




o pole in dispersed amplitudes at 11 ~ 285 MeV 23

1.90 1.95 2.00 2.05
0.00
I

1. 2.0 -7 25 s()R)(\/;/m );
o
450 600
0 F |
2 100 I
=)
3
—200 +
£
N
appears to prefer a virtual bound state
—300 - rather than a subthreshold resonance
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impact of imposing crossing symmetry on o pole determination 24
1.90 1.95 2.00 2.05

OOO ’» BCODDH ] |
, -
: ,,"// Re (v/s/mx)
1.5 2.0 -7 2.5 3.0 3.5
O O : X ﬂi(rr:r-ntﬁ;;; = - I I |
-1.0 L
e
£-20]
<
— -3.0 L
£
~ -4.0 L
0t 1.8 1.9 2.0 2.1 1.90 1.95 2.00 2.05
' —H—1—aD—H ! ! ! HINGODDHI-H -0 !
m,; = 283 MeV my; = 391 MeV m,; = 330 MeV
2.0 2.5 3.0 3.5
0 -0 T T |
Re (v/s/mx)
-1.0 L
£
= 2.0 L , A S,
@ my,; = 239 MeV
— -3.0 L
E
N _4-0 - l—%—u
-5.0 L
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quark mass evolution of ¢ pole

25

virtual bound state

1.8 1.9 2.0 2.1

| —-—0-aD H |
m, = 283 MeV
2.0
8O0

1.

2.5

bound states

90 1.95 2.00 2.05
| HINGOCDH-H m-O—1 |
my; = 391 MeV m, = 330 MeV
3.0 3.5

—~
) )
|

I
o
-
|

2 Im (v/s/mx)

I
e
-
|

I
!
-
|

broad resonance

Re (v's/mx)

my, = 239 MeV

—=d—

bound state must hit threshold between m, ~ 330 MeV and m, ~ 283 MeV,
moving onto second sheet as a virtual bound state

arrival of another second sheet pole, and the move off
into the complex plane below m, ~ 283 MeV but above m, ~ 239 MeV
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summary 26

narrow resonances — insensitive to parameterization details

broad, low-energy resonances — potentially sensitive to left-hand cut details

proves to be the case for the ¢ in elastic zx

fortunate in the case of zz that crossing symmetry can be used practically via dispersion relations

applied to lattice-origin amplitudes at relatively low pion masses for the first time

check that different partial-waves are together compatible with crossing

not enough time to show it here, but role of (Adler) subthreshold zeroes
explored in relatively model-independent manner in this study
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dispersed amplitudes are constrained subthreshold at 71~ 239 MeV 29

illegal divergences

2 L
1.5 | Re 0
1} Y—=
0.5 - 5.7 :
0 ::,’: ————— I I S T \/g/mﬂ
~ 0.5 1 1.5 ) 2.5 B
-0.5
2 L
1.5
1
0.5
0
-0.5
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0.2 |
0.4
0.6 |
0.2 |
0 . . i ' | VT
0.5 1 . 2.5 3 3 Vo
0.2} ? e
0.4 |
0.6 |
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dispersed amplitudes are constrained subthreshold at 71~ 2583 MeV 30

illegal divergences

(notice that the dispersed amplitudes
don't seem to want an Adler zero in SO)

g
0.5

1
= O = DN Wk Ot —_ O = DN Wk Ot

o
0.9
|

dispersed outputs

L

-0.4

1.5 08
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the dispersive kernels KZ;,(S, )

31
s 5 = 2m. Re K§ Re K{; Re K3} Vs = (2.5+i0) m,
10}
/
5 ,( 3.5 4.0 45 5.0 5T5 Vs fma
0 /
s 25 3.0 3.5 4.0 45 5.0 55 Vs [
10k
sk 5k Vs = (2.5+10.05) m,
0 5 3.0 3.5 4.0 45 5.0 55 V'
1|2 1|6 R . R . R .
_5 =
Vs'/m.,
5.0 575 Ve Ik Vs = (2.5+00.3) my,
0 T T T T T \/;/mﬂ'
3.0 3.5 4.0 45 5.0 55
_1 —
Vs = (2.541i1.0) m,
02F 2% 104 |—
0 . .
I I \/Q/m7r —2%x10~* 8 12 16
5.0 55 . /o
T /
25 35 40 45 50 55 Ve/ma
02

notice the sensitivity to low energy
scattering in other partial-waves

at the o pole location
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numerical comparisons 32

N, lat

| s i, - 7405
compare to the ‘lattice data’  [7?|L = Z (f’ f(s’)> orr(f;, f) ™! < & >

l ]

ij=1

2
smpl
. . S S i i
compare to the input amplitude  [4%|% = Z Jesi) = fi(s) Tamplk')ng amplitudes ata

q arge but finite number of points
= \ A7) = fis)]

apply some cuts to value of each
(arbitrary, subjective, but we explored the sensitivity to the cut value)

> QD D AR DA AR R ARSI AR D
@QS@§§§§SQ§§S§§@°§§S’§§$S§ 0
¥ @ N OO P FFLOHTOORNT ST IS N 58NS
g o8 B b U AN & KN N N S o @ o O S
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A b b RZ
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-0.135(16)
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~0.180(7) ddddddddddd
Ol J dd 4444444
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20

AAREARALAE
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the dusty storage room of unlabelled plots 33

8
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lattice QCD approach to scattering & resonances — the cartoon 34

>

Cii()
oo, L ““--.._M
- o o - -
"°-..-...mm L. ~ ~— ."-.,‘-..,-
— opl opZ2 op3 op4 opd>=—

matrix of correlation functions
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lattice QCD approach to scattering & resonances

35

quite a few cases explored by hadspec (at unphysical pion masses), just a sample ...

‘]P

= 0" 19 =1~ (yn, KK)

KK—KK

T — TT1)

JP=0"1°=0% (an, KK, nnp) JP =2+ 16 =0 (rr, KK, nn)

m—KK
O 1 O 1 1 O
1000 1100 1200 1300 100
4L ~ % al 1 200
100 F 0
PRD 93 094506 (2016)
PC _ —
J=(1,2,3)"" 1(ngwg)
Pt - .
1k
08
0.6
04}
27 |pp
02F
0 _CI T I/‘l T T
1700 1800 1900 2000 2100 Ecm
1700 1800 1900 2000 2100
T T T “é‘ T > T Re\/%
50 |
Li-loo- *
E
~ -150 | "
200l -+- % = —0.35(5)

WILLIAM & MARY dispersing confusion in 7z | Berkeley | July 2025

PRD 103 074502 (2021)

800
KO

1000
I

!

JdDC7

KK—KK

7T7TT>K]?

1200
I

1400

T;

= 17" 8 (ngny, ngwg, nghys. Mg fig» ---)

paﬂb‘tahf

05
04+
03
021
0.1

T

T — T

KK—KK

T KK

| O_Cl
1000 1200 1400 1600
T o_ol T T

S50+
100+
150+

05
04+
03
02
0.1
L

044

043

L
044

02

0.1
043

02

1

mf

L
044

043

L
044

L
0.44

———————

L
0.44

0.44
T

-0.02

PRD 97 054513 (2018)

B,

N

50
100

JP=111°= 1" (nw, n¢p)

W — TW

Th—TP -

1250 1300 1350 1400 1450 1500

T O

T

PRD 100 054506 (2019)

JPC = (0,2)** ce¢ (DD,DD*,D D, ...)

JPC —0tt+ JPC —ot+
0.5 0.5F
04 04f
031 0.3F
0.2F 0.2f
0.1 0.1
. . . o
0.2 0.2f
0.1 0.1 &
o fo— , , 4 o
0.1 0.1
TN - Vo £
(,7 = O (,7 7H J,#
DD DD, yw D*D* wo DD DD* DD, Yw DD By /MeV
PR ) o ) _m/MeV o ) ) ) m/MeV
3800 3850 3900 3950 4000 4050 3800 3850 00 3950 4000 4050
20 20
140 a0t
601 601
80F 80F
I'/MeV I/MeV

PRD 103 054502 (2021)

PRL 132 241901 (2024)

Je,f_g?son Lab

OThomas Jefferson National Accelerator Facility



o pole in unitarized chiral perturbation theory 36

J.R. Pelaez ...
PRD81 054035 (2010)

ma/m]ghys.

“fit 11”

€CCL3 b3
resonance becomes a virtual bound state fit |

near my~350 MeV ...

... then a bound state near mz~420 MeV

1.4 F
“the exact my value when

this happens is not very reliable”

FO_/F[O)_hyS.

0 0.5 1.0 1.5 2.0 2.5 3.0
mﬂ/mghys.

WILLIAM & MARY dispersing confusion in 7z | Berkeley | July 2025 Jefg?son Lab

OTfiomas Jefferson National Accelerator Facility



