Lattice Gauge Theory

Frithjof Karsch, BNL&Bielefeld

OUTLINE:

@ |attice regularization and
continuum limit

@ QCD close to the chiral
limit, O(N) scaling, phase
diagram

2 finite density QCD
moments of charge
fluctuations as probe for
proximity to criticality
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QCD thermodynamics

at non-zero temperature and density

THERMODYNAMICS:  Z(V, T, ) = Trye™ 7H-#N)

Euclidean path integral: == = 7 € [0,1/T) sdimensiona /]|
partition function: Z(V,T,u) = /DAD@L'D':,E e SE

1/T _
— / dxg f d>x E«E(Aa"’baw’“’)
0 VvV

temperature volume chemical potential
QCD: ab
Le _FﬁuFﬁu + ¥j.a (Z Mo (z&/ + 24, —iudo u) - mj) Pib
vr=0

a,b=1,...,N? — 1, colour

C
J =1,...,ng, flavour
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Path Integrals and Thermodynamics

In Quantum Mechanics

Consider a Hamiltonian, H, for a particle in a potential V(q):

p2

H = J4V@ =5 (3] +Vi@=Ho+ V@

The Hamiltonian, H, will have a discrete Eigenvalue spectrum,
if V(q) — oo for |g] — oo.

H|"/’n> :Enhbn) s E, < En—l—l ,» n =20, 1, ..

The time evolution operator U(t,t") describes the time-dependent
states,

[¥n)t = U(L,0)[¢) or [¢n)e =U(®RT)|¢)e
The time evolution operator obeys a Schroedinger equation:

) 1 1
—U(t,t') = ——HU(t,t U(t,t') = ——(t—t)H
S UE) = —THU@Y) = U(tt) = oxp (—1(t— ¢)H)
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Path Integrals in Quantum Mechanics, cont'd

Green's functions: G(y,t"”;z,t") = (y|lUE",t)|x)
_ <y|e—i(t”—t’)H/h|w>

Time evolution of the state |x) into the state |y)+

Green's function of a free particle of mass m:

G(z,t;y,0) = (x|e Hot/P|y) = // dpdp’ (z|p) (ple™“Hot/"|p’) (p|y)

Eigenstates of the : p2
momentum operator: O(p — p’)e_ﬁ 2m b
\/

_ / At eiP@—y)/ho—1i Ext
27h

1/2
2mhat
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Path integral representation of the Green's function

As H commutes with itself, the time evolution operator can be split
Into an arbitrary number of (infinitesimal) time steps:

Ui',t')y= ] Ut +me,t' + (m —1)e) , ne=t"—t

m=1

\ lattice spacing !!

With this one can rewrite the Green's function, using eigenstates of
the coordinate operator:

G(y,t";xz,t") = (y|UG",t")|z)
— /H dzm<zm_|_1|U(t, —+ me,t' -+ (m — 1)€)|zm> ’
m=0
20=T , Zpi1 =Y

Need a representation of this matrix element for small €

(z|e” 7" |y)
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Path integral representation of the Green's function

(xle"*H|y) : H = Ho + V(q)

(e~ HH |y) = / da (z|e™ FH0 2!y (¢! [e~ V@D |y) (1 + O(€2))

_——  /

use Baker-Hausdorff to split exponentials: e?eP = eA+B+4:Bl+...

(z|e™ < |y)

(e FeHo y)e—heV

— () e e (5 (7)) - ve)]

2 /'discretization errors
+0O(€°) <

dz(t) y-—=
dt +O(e)
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Path integral representation of the Green's function

(xle"*H|y): H = H/@V(q)

(e~ HH |y) = [ da (z|e™ FH0 2!y (¢! [e~ V@D |y) (1 + O(€2))

_——  /

use Baker-Hausdorff to split exponentials: e?eP = eA+B+4:Bl+...

(zle™ 7 <H |y) (z|e~ #eHo|y) e eV (W)

(o) o fe (2 (222 @ven)

+O(e2) «— discretization error == cut-off effects

Sign changed: from Hamiltonian to Lagrangian !!
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Path integral representation of the Green's function

G(y,t";z,t") = / Dyq(t) erS(a)
q(t’)==
S(q) = /t”dt = (—dq“))z V(g(t))
f(Q) = 5 2m T q
classical action L(g,q9") :Lagrangian
q |

Y 7 weighted sum over all paths

connecting x(t') and y(t")
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Euclidean formulation

rotate to imaginary time; ¢t — —iT , 0 = 7w/2

T m (dq(t)\”
Sr2(q) = Z/o dltl(z (dltl) +V(q(t)))

1SE(q)

Euclidean action: Sg(q)

partition function: Z(—i7) = Z(7) = Tr e H™/" | ¢ = —ir
Imaginary time

advantages:

- no oscillating terms; convergence properties of integrals under control

- probability interpretation e %@ >0 , e ErT >0

F. Karsch, , Berkeley School 2012
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Euclidean formulation @ Thermodynamics

(7)== -
ZE(T) = /d(L‘ /q Dq(T)e_SE(T) ChOOSE_ perIOdIC
q(0)== paths, i.e. y=x
— Ty e—HT
— Ze—EnT — e—EO’T (1 _|_ Z e—(En—Eo)T)
n n>0

1
ground state energy: Eg = lim — In Zg(7)

T—00 T

Euclidean path integral over all paths with period T
is the partition function of a system at temperature T' = h/T

Z(T)=Tre PH =) e PP  B=1/T
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Simulating strongly interacting matter on a

discrete space-time grid

~—— the lattice: N2 x N,
\ \\ \\ \\ \ lattice spacing: a
EEEEE

\ \\/ NNV

1/T =N_a

<— VB =Ngsa >
partition function:

Z(V,T,pn) = / DADY DY e °F

1/T _ b
SE = / dxg /V d’x LE(A? Y, P, “’) Mike Creutz
0

T: temperature  V: volume Jt : chemical potential
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Discretizing Quantumchromodynamics

Euclidean action of QCD:  Se(Ap, ¥, %) = Sc(AL) + Sr(Au, ¥, 1)
Fermions: Srp = /d4am,5(az) (YuDp(AL) +m) p(x)

4-spinor:
Y = (Y1, .-, Pa) covariant derivative: D, = 9, +1gA,(x)
7Y -matrices anti-commute: v.ve + Yo Yy = 204 ¢ 1
1
Gauge fields: Sg = > fd% TrF,, (z)F,.(z)

non-abelian field strength tensor

1 .
Fuw = 5Dy D] = 0uAy — 8, Ay, +ig[Au, A,

g NZ2-1 IC
Fp, = 0uA7 — 8,A7 — DFTARAY L Fu= ) Fj o
a=1
F. Karsch, , Berkeley School 2012



lattice discretization:

) introduce gauge degrees of freedom on links; B S
II) choose compact link-variables é’
U,(n) € SUN,) , U,(n) = e*@94u(m) -

* NZ_1 K. Wilson, ‘*ﬁé
NI N matrix A, = Z A Phys. Rev. D 10 (1974) 2445

Ul(n+v)
_ n+ Vv N+ U+ VvV

the plaquette variable Re Tr U, (n) —— #

|

gauge invariance
U' = G,UG!

Ul(n) Y D A UL(n+ p)

o—> @
" Uu(n) ™

U (n) = Up(n)Uy (n + p)UN(n + 1)U (n)
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naive continuum limit

Uy (n) = Up(n)U, (n + @)UY (n + p)U (n)

— e'i,agAM (n)eiagA,,(n-I—u)e—iagA“ (n+u)e—iagA,, (n)

o

eiag(Au(n)+A, (n+p))—a®g*[Au(n),Ay (n+u)]

use Baker-Hausdorff repeatedly

g2

2N¢

= Re TrU,.(n) = N, — a* Tr F,,(n)F,.(n) + O(a®)

T~—

1
(1 — ﬁRe Tr U,,w(’n)> discretization

n 1<p<v<d4 ¢ error O(a?)
Z(8) = / dU, (n)e—B5cW) g — better:
. H A 2(0'/)4/ a(g”)
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Discretization of the fermion sector

Fermions: Sp = /d4w%5(93) (Yu (O + igAL(x)) + m) P(x)

discretization of first order derivative in fermionic part is
straightforward:

H(@)Oub(a) — Gn (TN
"En"pn-HL — "En",bn

discretization of derivative generates
point-split terms => local gauge invariance?

Improved actions: higher order difference schemes allow to
reduce discretization errors
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Discretization of the fermion sector

Fermions: Sp = /d4w%5(93) (Yu (O + igAL(x)) + m) P(x)

discretization of first order derivative in fermionic part is

straightforward:
- T "pn-l—,u - ";bn
PY(x)Oup(x) — Yn a
"En"pn-HL — "En",bn
U, = eiagAu(x) /‘En Un. .. "vb‘n-l-u:
takes care of gauge o—0
invariance and generates n n+p

covariant derivative
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Improved discretization of the fermion sector

staggered fermions: Sg = Z X Vi X j v, => staggered phase

1] nm,” — (_1):131-|—a:2...-|—213”_1

discretization of first order derivative in fermionic part:

9 1
M[U);; = mé; ; + ( EA [U]ij - EB [U]z’ j)

naive, 1-link / O(a*) improved, 3-link
AlULs; =) miu (Ui,uéi,j—ﬂ — U;—ﬁ,ué’i,j-l-ﬂ)
7]
B[Ul;;=) i (U’i,uUi-l-ll,uUi-l-Zﬁ,néi,j—3.11_U7:T—ﬁ,uUz‘T—2ﬂ,uU;—3ﬁ,u5i,j+ﬂ)

H =
1-link: standard staggered, stout,...

3-link: Naik, asqtad, HISQ,... <<====1 drastically improved high-T
behavior
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Cut-off effects In the infinite temperature limit

QCD, T' — oo :asymptotic freedom, ideal gas

STANDARD —=—
f(o)(N )/f(O) NAIK —8— |
F /' cont, F P4 —e—

N

0.4 : : ' ' ' -
4 6 8 10 12 14 16
N,
free energy: fr(N-) =1+ (’)(N;z) standard
EF,cont

1+ O(N-%)  Naik, p4
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Fermion Determinant

partition function again:

Z(V, Ta ﬂ’) :/ DUD’(#D”(E e'lEM(U’man)'l/) e—SG

/

:/Dbl Det M (U, mg, p) e~ °¢

The fermion det ant - encodes the symmetries of
the fermion sector of QCD

‘other discretization schemes: = — is not positive definite for

- Wilson fermions (clover fermions) non-zero chemical potential

- domain wall fermions
- overlap fermions

AV

19

4
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The continuum limit of lattice regularized QCD

- at present we consider only SU(N) gauge theories

- the only free parameter is the gauge coupling g or 3 = 2N./g?
= g° =g°(a)
Continuum limit: a — 0O

Continuum limit: physical observables, I' = m¢g, o, 7o, €, ...
do not depend on the lattice spacing (cut-off)

d 0 0 S
T = — =0 < renormalization
ada (a Oa Bl9) 89) group equation
d
with  B8(g) = —a=2 3 -function
da

F. Karsch, , Berkeley School 2012



Asymptotic Freedom

= Plo) = 1672 9>+ 0(g°) (Ne=3, ny=0)
1 1 ]_
al;, = e 32P0g2 & g%(a) =
g g°(a) = o In(1/aAr)

in massless QCD A f,is the only ‘free parameter' that sets the scale

for ALL PHYSICAL OBSERVABLES.
related to A -parameter in other regularization schemes, e.g.: A1, = ¢, Aq;5

the next order: 3(g) = —bog® — b1g® + O(g")

—b b2 __1 1
aAr = R(g) = (bogz) +/2% o~ 3bg 52
. . 1 N. 2
re-introducing bp = 5 | 11— — —ny
color factors and 167 3 3 ,
non-zero flavor 1 34 10 NZ—-1
numbers by = (1672)2 ( 3 Ne — (?Nc T N. )"f)

F. Karsch, , Berkeley School 2012
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14 Asymptotic Freedom

) g § at work
: \ - : :
T 1 Monte Carlo simulation Mike Creutz
- \ : 1979

|_.;;._E_. \ Wil 3
i T ) 1 non-zero string tension
3

confinement

\
- III\\I
- . . s universal weak coupling
” N Tt e scaling behavior;
= cut-off dependence is
FIG. 6. The cutoff sguared times the string tension | . d
; a function of 8. The solid lines are the strong- and eliminate
pak-coupling limits, . /2b2 L
—_ 2\ ™" 0 " 3bn o2

w F=2.1 only loops of gide 1 and 2 are signifi- a'AL — (bOg ) = 09
antly different from zero so we must include the 2
op of side 0 in the fit. Below 3=1.6 only the —) U/A

22
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Lines of constant physics

approach to continuum limit in QCD with several quark masses:

quark masses (unrenormalized, in lattice units): M,a = Mmgqa; Mmsa; (Mmca)

a—0 & B=6/g°—

e.g. we need to control 3
Lparameters: AL, Myd); Ms

7o for given 3 tune ™Mya = My (d)a@y Msa such that 2 experimentally
known observables, e.g. 2 hadron masses, are reproduced

7 need one additional observable to fix the physical scale; e.g. fKs Tos -

0.0035

0.0030 r

0.0025

0.0020 |

0.0015 |

0.0010 |

0.0005

0.0000

23

-rma

66 6.7 68 69 70 71 72

O] QRN 1275 2 ST
m,. = 160 MeV mg = 495 MeV

.. ?mﬂ — 140 MeV  fx = 156 MeV

all parameters are now fixed
=" for ALL T=0 as well as T>0
calculations

F. Karsch, , Berkeley School 2012



Ready to go.....
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Simulating strongly interacting matter on a

discrete space-time grid

the lattice: VS x N
\ \\ \ \ \\ \ lattice spacing: a
"
N / /T% =InZ \
VT =N« € 1 OlnZz
€&—— VB _N., > T4~ VT4 9T 1
e ng 1 0lnZ
partition function: T3 =~ VT3 0p,/T
» 0% In
Z((V,T, n) :/DAD¢D¢ e °F X—Z _ Z

T VT? a(uq/@

1/T )
Sg = / dxg / d’x LE(Aa Y, P, M)
0 VvV

T: temperature  V: volume [ < chemical potential
F. Karsch, , Berkeley School 2012
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QCD eqguation of state

— calculating the equation of state on lines of constant physics

— the trace anomaly

e —3p - d ( D ) ( dB) Op/T*
= | ag—
T4 ar \ T4 da ), cp OB

e —3p € —3p
- (), ()
T gluon T fermion

— the pressure: integrating the trace anomaly

B r 1 /e—3p
_ f ar — (<=
Bo To T T
— need T-scale and its relation to the gauge coupling: a(3)

al =1/N,

F. Karsch, , Berkeley School 2012
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Determination of the scale (lattice spacing)

— calculate an experimentally known observable, e.g. mg

— a lattice calculation provides this observable in units of “a”

. M E
myg = myga = a4 = ——
Mg

t this "defines" the lattice spacing based on
the calculation of a physical observable

only in the continuum limit will all definitions of a lattice spacing
based on different observables agree

— temperature scale:

A T T 1
T=aTl=1/N, = ——

M s Mg mgalN .-

27
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Several T=0 observables used to set a scale

0.34

0.32 |

0.3

0.28 |

0.26

0.24

0.22

0.2

LI [ T T T | R [ R [
NNNOOOOO OO,

LYoo e

.354 »
.488 ©
.664 @
.800 ¢
.880 ¢
950 v
.030 a
.150 o
280 =

(9]
o
(e0]

r/r0 1

0.5

1.5

| | | (alry)?
0 0.05 0.1 0.15 0.2 0.25

decay constants, hadron masses,
heavy quark potential,.....

dV;
(rz qq(r)) = 1.65
dr T=To

ro = 0.462(11)(4) fm
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The trace anomaly: (¢ — 3p) /T*

HISQ/tree:N =6 ~ »
N.=8 —m—

N.=10

N,.=12 — e —

stout, cont. - v

HISQ/tree: hotQCD preliminary

stout.cont.: estimate of continuum result based on average of Nt=8,10
data, Budapest-Wuppertal,1007.2580
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Energy density, pressure, entropy density

[ | T
° 1 S/SSB o i
4 m--osIoIIIzIIZiigEo AT T’f—:—:T
12 1 0.8 | |
AdS/CFT
| 0.6 | Pp4:N=8 —=— .
8 6 et
6 04 L asqtad: N;=8 —e—
6 —e—
Ml perturbative, NLA - - - - -
0.2t 5
2 o(g®) EQCD ——
0 o N T [MeV] | . | T [MeV] |
100 150 200 250 300 350 400 450 500 550 100 200 300 400 500 600 700 800
Bazavov et al (HotQCD), PRD 80 (09) 14504 Petreczky, NPA 830 (10) 11c

rapid rise of the energy density reflects the "liberation” of many
new degrees of freedom (?)

— deconfinement
— chiral symmetry restoration
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Cut-off effects In the infinite temperature limit

QCD, T' — oo :asymptotic freedom, ideal gas

STANDARD —=—
f(o)(N )/f(O) NAIK —8— |
F /' cont, F P4 —e—

N

0.4 : : ' ' ' -
4 6 8 10 12 14 16
N,
free energy: fr(N-) =1+ (’)(N;z) standard
EF,cont

1+ O(N-%)  Naik, p4
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Velocity of sound

0.35
C2 _ 7=--=--";' e i
0.30 | S < gl
/
I /
0.25 , 3 p/€e
247 6(p4) 4
0.20 | 502 8(p4) W
32" 8(asqtad) — @
0.15 | HRG - - --
0.10 3
0.05 | 3
g [GeV/fm~]
0.00 T ——
1 10 100 1000

A. Bazavov et al (hotQCD Coll.),
Phys. Rev. D80 (2009) 014504
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The confinement - deconfinement transition

confinement

— stick together, find a comfortable
distance
— controlled by the "confinement potential”
4 a(r)
Vaq(r) = 2 o r

deconfinement

— freely floating in the crowed
— do not care what color your neighbor has

screening, color is neutralized on the
average over a (short) distance

This transition happens abruptly: PHASE TRANSITION

F. Karsch, , Berkeley School 2012



Screening of static quark anti-quark pairs

1/T
L — trPezg Jo' " dTAo(T,E)
T —
o
: M# B 0.9 FLren(T) *
:.,.M 2
0.8 m = Lt
TV VTP g 0.7 X %
AL i#i
Awmm _
VS emncnmamm— | [MeV] ¥ * HiSQrtree: N=6 % ]
175 —=— ]
189 —e— s N=8m 1
200 —a— o N=12m ]
g;z v stout, cont. 4 ]
—— § -
338 SU@3) v
421 —a— SU(2) ¢
546 —o—
o 686 T [MeV]
1.5 2 150 200 250 300 350 400 450 500

frfe energy: e Faa(mT)/T — Zg(TrLoTrLril) , T = ||

lyakov loop: L2 = e~ 2 Fa(T)/T — lim Zz(TrLOTrL )

r—00

Fy(r,T) ~ g%e—mD "+ 2F,(T) Debye screened Coulomb potential

—=—=> quarkonium melting
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