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Abstract
High-energy scattering processes, such as deep inelastic scattering (DIS) and
quasielastic (QE) scattering provide a wealth of information about the structure
of atomic nuclei. The remarkable discovery of the empirical linear relationship
between the slope of the European Muon Collaboration (EMC) effect in DIS
and the short-range-correlation (SRC) scaling factors a2 in QE kinematics is
naturally explained in terms of scale separation in effective field theory. This
explanation has powerful consequences, allowing us to calculate and predict
SRC scaling factors from ab initio low-energy nuclear theory. We present
ab initio calculations of SRC scaling factors for a nucleus A relative to the
deuteron a2(A/d) and relative to He3 a A He2

3( ) in light and medium-mass
nuclei. Our framework further predicts that the EMC effect and SRC scaling
factors have minimal or negligible isovector corrections.
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These ratios are known as a2

momentum distributions) in light and medium-mass nuclei [16, 17, 69, 74, 75], and for
properties of pure neutron systems [76–78], including pure neutron matter [66–69].

In QMC methods, the expectation value of an observable  is calculated as
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where {Ri, Si} are spatial and spin/isospin configurations typically sampled using the
Metropolis algorithm [79], and  is the (large) number of configurations in the simulation. In
the AFDMC method, both spatial and spin/isospin degrees of freedom are sampled during the
imaginary-time propagation, the latter through the so-called Hubbard–Stratonovich
transformation. In the GFMC approach, all possible spin/isospin configuration are included
in the trial many-body wave function, and only configurations in coordinate space are
sampled. The above expression is valid only for observables that commute with the
Hamiltonian. For other observables, such as radii and densities, expectation values are
extracted from so-called mixed estimates

t
t

»
Y Y
Y Y

-
Y Y
Y Y


 

2 . 30T

T

T T

T T
⟨ ⟩ ⟨ ∣ ∣ ( )⟩

⟨ ∣ ( )⟩
⟨ ∣ ∣ ⟩

⟨ ∣ ⟩ ( )

In the above expression, the first term is the mixed estimate (propagated wave function on one
side, trial wave function on the other side), and the second term is the variational estimate.
This relationship can be derived under the assumption that the variational trial wave function
is a good starting point, i.e. that t dY  ¥ = Y + YT T∣ ( )⟩ ∣ ⟩ ∣ ⟩, with dYT∣ ⟩ small. Then, if we
calculate the expectation value of an operator between two propagated wave functions and
discard terms of dY T

2( ), we arrive atequation (30). Additional details, including the
sampling procedure and the calculation of statistical errors, can be found, e.g. in [80].

The SRC scaling factors can be expressed in terms of the central two-nucleon distribution
(two-body point-nucleon density) [19]:
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where the central two-nucleon distribution is defined as

år
p

d= Y - Y
<

A r
r

r r,
1

4
. 32

i j

A

ij2, 2 ( ) ⟨ ∣ ( )∣ ⟩ ( )

The normalization is such that r A r,2, ( ) integrates to the number of nucleon pairs.
Equation (32) involves a mixed estimate and is evaluated according toequation (30). In this
work, we ensure that the difference between the mixed and variational estimates of the
distributions is 10%.

In addition to Monte Carlo statistical errors, the use of chiral interactions allows one to
estimate the theoretical uncertainties coming from the truncation of the chiral expansion. In
this work, we consider results for r A r,2, ( ) at leading-order (LO), next-to-leading-order

(NLO), and N2LO, and we estimate the truncation errors on the ratio =
r

r
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the definition of the SRC scaling factor of equations (31a) and (31b) following [82]:
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Will show calculations of cross sections here

1 Theory 
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Example: Boosting the Deuteron

-10 
MeV

+ 10 
MeV

Boost to ED= 50 
GeV +24.75 

GeV

+25.25 
GeV

3

Why use light front?

The relative momentum has changed


Need  formulation where starting point is boost invariant: Light Front 



 Light-Front (LF) Coordinates

4

Longitudinal LF 
Boosts

Transverse LF 
Boosts 

p± = p0 ± p3, p⊥ = (px, py)



How to use light front for finite-sized nuclei 

● Need light front treatment of wave function including SRC 
● None exist 
● Start with Mean Field

5

35

The LF energy density functional is obtained by integrating the Hamiltonian density over

the LF spatial volume,

E
RMF

LF [ω, ω̄,ε,ϑ, ϖ3, A] =
1

2

∫
dx

→
dx↑HRMF

LF (x→,x↑), (4.25)

As discussed in Appendix A, only the + projection of the nucleon field, ω+
i

→ !+
ωi,

is dynamical on the LF; the ↑ projection is a constraint solved for in terms of ω+
i
. We

therefore impose the normalization on the + components only,
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Minimizing E
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with respect to ω

†
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subject to Eq. (4.26) introduces a set of Lagrange

multipliers p
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i

that play the role of single-particle LF energies. The stationarity condition
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Performing the functional derivatives on the kinetic, mass, and interaction pieces of HRMF

LF

yields the LF Dirac equation
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with the Hartree self-energy
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0
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1
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The meson fields obey constrained Klein-Gordon equations
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A
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= ej

0
p .

(4.30)

Equations (4.28) and (4.30) are solved numerically and self-consistently. A notable compu-

tational di#culty in the LF approach is that the Dirac single-particle Hamiltonian must be

solved in cylindrical coordinates, with states labeled by their energy and the total angular

Light-front Dirac equation

Technique: Blunden,  Burkardt and Miller PRC 59,R2998, 60,055211
Lagrangian Lalazissis, Niksic, Vretenar, Ring Phys. Rev. C (2005) 71, 

024312 

Walecka model-density dependent coupling constants 
G. A. LALAZISSIS, T. NIKŠIĆ, D. VRETENAR, AND P. RING PHYSICAL REVIEW C 71, 024312 (2005)

TABLE II. The total binding energies BE, charge radii rc, and the differences between the radii of neutron
and proton density distributions rnp = (rn − rp), used to adjust the interaction DD-ME2. The calculated values
are compared with experimental data (values in parentheses). In the last three columns the corresponding
deviations dE, drc, and drnp (all in %) are included.

Nucleus BE (MeV) rc (fm) rn − rp (fm) dE drc drnp

16O 127.801 (127.619) 2.727 (2.730) −0.03 0.1 −0.1
40Ca 342.741 (342.052) 3.464 (3.485) −0.05 0.2 −0.6
48Ca 414.770 (415.991) 3.481 (3.484) 0.18 −0.3 −0.1
72Ni 612.655 (613.173) 3.914 0.28 −0.1
90Zr 783.155 (783.893) 4.275 (4.272) 0.07 −0.1 0.1
116Sn 986.928 (988.681) 4.615 (4.626) 0.12 (0.12) −0.2 −0.2 3.8
124Sn 1048.859 (1049.962) 4.671 (4.674) 0.21 (0.19) −0.1 −0.1 10.7
132Sn 1103.469 (1102.860) 4.718 0.26 0.1
204Pb 1608.506 (1607.520) 5.500 (5.486) 0.17 0.1 0.3
208Pb 1638.426 (1636.446) 5.518 (5.505) 0.19 (0.20) 0.1 0.2 −4.7
214Pb 1661.182 (1663.298) 5.568 (5.562) 0.24 −0.1 0.1
210Po 1649.695 (1645.228) 5.552 0.17 0.3

energies, charge radii, and differences between neutron and
proton radii of spherical nuclei (see Table II). For nuclear
matter the “empirical” input is as follows: E/A = −16 MeV
(5%), ρ0 = 0.153 fm−3 (10%), K0 = 250 MeV (10%), and
J = 33 MeV (10%). The values in parentheses correspond
to the error bars used in the fitting procedure. The binding
energies of finite nuclei and the charge radii are taken within an
accuracy of 0.1% and 0.2%, respectively. Because of the larger
experimental uncertainties, the error bar used for the neutron
skin is 5%. For the open-shell nuclei pairing correlations are
treated in the BCS approximation with empirical pairing gaps
(five-point formula). After the solution of the self-consistent
equations, the microscopic estimate for the center-of-mass
correction is subtracted from the total binding energy,

Ecm = −
〈
P 2

cm

〉

2Am
, (8)

where Pcm is the total momentum of a nucleus with A nucleons.
As in the case of DD-ME1, a set of twelve spherical nuclei
is used to adjust the effective interaction. The only difference
is that 112Sn has been replaced by 72Ni. In this way a more
balanced mass distribution is used in the fit. Much more
important, however, is the fact that for the new interaction
we have also used data on excitation energies of isoscalar
monopole (ISGMR) and isovector dipole giant resonances
(IVGDR) in spherical nuclei. The interaction has been adjusted
to the excitation energies of the ISGMR and IVGDR in 208Pb,
which practically do not display any fragmentation, and it
also reproduces in detail the evolution of the IVGDR in the
sequence of Sn isotopes. These results will be discussed in the
next section.

The parameters of the new interaction, denoted DD-ME2,
are listed in Table I, together with the older parameterization
DD-ME1. The DD-ME2 results for the binding energies,
charge radii, and differences between radii of neutron and
proton density distributions for the set of 12 spherical nuclei are
compared with experimental data in Table II. The agreement

between the calculated values and data is indeed very good.
Even though the two parameter sets are rather similar, the χ2

for the data set of Table II has been considerably improved
with the new interaction: χ2 = 55 for DD-ME2, whereas
χ2 = 77 for DD-ME1. The two interactions display very
similar equations of state for symmetric nuclear matter, the
symmetry energies as function of the nucleon density, and
the neutron matter equations of state (see the corresponding
figures in Ref. [10]). The differences are small and thus
in Table III we only compare the nuclear matter properties
at saturation density, that is, binding energy per nucleon,
saturation density, nuclear matter compression modulus, Dirac
effective mass, and symmetry energy at saturation. We notice
that for DD-ME2 the nuclear matter incompressibility and the
symmetry energy at saturation correspond to the lower limits
of the allowed values determined by the R(Q)RPA analysis of
the isoscalar monopole and isovector dipole giant resonances
in heavy spherical nuclei.

III. APPLICATIONS

We have performed several tests of the new interaction in a
series of RHB and R(Q)RPA calculations of binding energies,
separation energies, charge isotope shifts, deformations, and

TABLE III. Nuclear matter properties at saturation calculated
with the density-dependent effective interactions DD-ME2 and
DD-ME1.

DD-ME2 DD-ME1

ρsat (fm−3) 0.152 0.152
E/A (MeV) −16.14 −16.20
K0 (MeV) 250.89 244.5
m∗ 0.572 0.578
a4 (MeV) 32.3 33.1
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figures in Ref. [10]). The differences are small and thus
in Table III we only compare the nuclear matter properties
at saturation density, that is, binding energy per nucleon,
saturation density, nuclear matter compression modulus, Dirac
effective mass, and symmetry energy at saturation. We notice
that for DD-ME2 the nuclear matter incompressibility and the
symmetry energy at saturation correspond to the lower limits
of the allowed values determined by the R(Q)RPA analysis of
the isoscalar monopole and isovector dipole giant resonances
in heavy spherical nuclei.

III. APPLICATIONS

We have performed several tests of the new interaction in a
series of RHB and R(Q)RPA calculations of binding energies,
separation energies, charge isotope shifts, deformations, and

TABLE III. Nuclear matter properties at saturation calculated
with the density-dependent effective interactions DD-ME2 and
DD-ME1.

DD-ME2 DD-ME1

ρsat (fm−3) 0.152 0.152
E/A (MeV) −16.14 −16.20
K0 (MeV) 250.89 244.5
m∗ 0.572 0.578
a4 (MeV) 32.3 33.1

024312-4

Vacuum is trivial in LF, but complicated in Instant Form
Next step- LF vs IF in mean field impact on (e,e’)

(t, x, y, z)

Solution
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Inclusive Electron-Nucleus Scattering (RMF)

e e′￼JIF, JLF

ΨIF

ΨLF

Off-shell effects smaller with  Vera & SargsianJLF
Boost of  nucleus treated better with  PA−1 ΨLF

Impulse approximation
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Conventional (IF) vs Light-Front Relativistic Mean Field Theory

Current and boosts treated better in LF

 due to inelastic excitations, impulse approxx < 1 x ≈ 1

Impulse approximation

  something missing - Short ranged correlationsx > 1,

???



Including SRC  -Low resolution vs high resolution
● Mean field is low resolution picture 
● Impulse approximation assumes high resolution 
● Similarity Renormalization Group (SRG) bridges the gap 

●  
● Evolve from high res to low res  - exact low resolution 

wave function approximated by the mean field

72

[71] R. J. Furnstahl and K. Hebeler. New applications of renormalization group methods
in nuclear physics. Rept. Prog. Phys., 76:126301, 2013.

[72] S. K. Bogner, R. J. Furnstahl, and A. Schwenk. From low-momentum interactions to
nuclear structure. Prog. Part. Nucl. Phys., 65:94–147, 2010.

[73] A. J. Tropiano, S. K. Bogner, R. J. Furnstahl, M. A. Hisham, A. Lovato, and R. B.
Wiringa. High-resolution momentum distributions from low-resolution wave functions.
Phys. Lett. B, 852:138591, 2024.

[74] A. Bussiere, J. Mougey, D. Royer, D. Tarnowski, Sylvaine Turck-Chieze, M. Bernheim,
S. Frullani, G. P. Capitani, E. De Sanctis, and E. Jans. Momentum Distribution of
Nucleons in the Deuteron From the D(e, e→P )N Reaction. Nucl. Phys. A, 365:349–370,
1981.

[75] Anthony Joseph Tropiano. Nuclear physics at low renormalization group resolution.
PhD thesis, The Ohio State University, 2022.

[76] Steven Weinberg. Dynamics at infinite momentum. Phys. Rev., 150:1313–1318, 1966.

[77] O. Hen, G. A. Miller, E. Piasetzky, and L. B. Weinstein. Nucleon-Nucleon Correlations,
Short-lived Excitations, and the Quarks Within. Rev. Mod. Phys., 89(4):045002, 2017.

8

What are ‘Low’ and ‘High’ Resolution Pictures?

Maximum momenta in low-energy wfs

momentum
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46

Low res

High res

  maximum momenta in low-res wave functionsH(λ), λ



How to Study SRC Physics using Mean Field Theory

= } }
=

≈
}
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𝒪̂ = ̂n(p+, p⊥) 𝒪̂ = ∫ d4ξeiq⋅ξJμ(ξ)Jν(0)

λMF = 2 fm−1

High res

 includes effects of SRC𝒪̂

Observable



Deuteron Example

Light-Front 
‘longitudinal’ 
momentum 

fraction carried 
by the nucleon in 

the nucleus, 
weighted by 

mass number A

looks “Mean Field” 
like!

10

LF mean field
Nuclear light-front momentum distributions



  Results including SRC via SRG (e, e′￼) λ = 2 fm−1
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Inclusive Electron Nucleus Scattering

59

Inclusive Electron Nucleus Scattering

60

Something is still missing!

SRC are important 

SRC effects very important



What’s missing

● Final state interactions C Degli Atti &Simula 1994, FSI in 
correlated pair is needed to fit data- indicates density ratio not 
sufficient. We do not reproduce this finding- effect is small  

● More likely -inelastic excitations at high x!
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Conservation of 4-momentum for pion creation

sA = W2
A = (ν + MA)2 − ⃗q2 = (MA + mπ)2

Q2

M2 ( A
xmax

− 1) = 2A
mπ

M
 is nucleon massM

Large A allows larger value of x to produce pion (excite nucleon)

Threshold value of  for a nucleus As
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2 4 6 8 10 12

10

15

20

25

30

35

40

xmax

Q2/M24

 - largest Bj   to produce a  pionxmax x

A=16
A=40
A=48

A=208

More than two nucleons participate at large values of x even


at x=2



Summary

● Calculation of nuclear light front wave functions including 
SRC is possible  

● Ratios of cross sections are not ratios of two-body 
densities 

● Nucleon excitation at high Bj x is possible and probably 
important 

● Several nucleons participate at high x
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