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AND REMINISCING AT THE SAME TIME



WHO I AM

• Wick’s student from 1999-2003 (@ UW) 
• PHD thesis:  “Effective interactions in an Oscillator basis” 

• FZJ/Uni-Bonn (2013-present)
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“No, I’m not a neutrino physics expert” 

...
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“No, I’m not a neutrino physics expert” 

Let the reminiscing commence. . .
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MY FIRST EXPOSURE TO WICK

• Took course on Classical Mechanics given by 
Wick 

• My observations 
• Wick assigned the homework problems 
• Wick wrote solutions to the homework 

problems himself—thought that was kind of 
cool 

• Wick’s lecturing style resonated with me 
• Gave series of lectures on Chaotic Dynamics 
• My first real introduction to numerics
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Fall 1997



SEARCHING FOR A PH.D. ADVISOR

• Worked in P. Boynton’s gravity lab 
• learned that I was not cutout to be an 

experimentalist 
• but got a lot of “hands-on” experience 

• Did Independent Research Project related to 
EFT with M. Savage 
• “intense” experience. . . 
• . . . and a little “scary”
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1998-1999



CONVERGING TO WICK AS A PH.D. ADVISOR

• Proactive professors would recruit the best students 
• Wick did NOT recruit me 
• He recruited Marina Hruška 
• worked on project related to fractional QHE 
• numerical aspect 
• I was jealous 

• But it’s all about timing 
• Wick’s prior student (Song) recently finished 
• I continued this work. . .
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LIFE UNDER WICK’S TUTELAGE

• Wick had money 
• was able to obtain university funds to support my 

Research Assistance  

• Wick was director of the INT at the time 
• Constantly jet-setting to the east coast (and other places) 
• “when the cat’s away, the mice will play” 

• Wick knew when to intervene 
• I was very “green behind the ears”, but I got guidance 

when I needed it

6

Life was pretty good!
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“I GET MY BEST WORK DONE WHILE ON THE PLANE”
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— Wick Haxton, ca. 2000



“I GET MY BEST WORK DONE WHILE ON THE PLANE”

7

— Wick Haxton, ca. 2000

“Code this up”



“I GET MY BEST WORK DONE WHILE ON THE PLANE”

7

— Wick Haxton, ca. 2000

“Is that a typo?”“Code this up”



WICK, IF YOU’RE MISSING ANY OF YOUR NOTES. . .
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“WE FOLLOW OUR NOSES”

• Wick’s sense of smell was pretty good! 

• My “love” of numerics really grew under Wick’s tutelage

9

Numerics and theory complement each other



“EXACTLY WHO IS THEY?”

• Early on, were were able to calculate Deuteron BE to within 100 KeV 
• Wick’s response:  “Let’s get it to within 10 KeV, and they’ll start to notice!” 
• My (internal) response:  “Hell ya!  Let’s do this!” 

• Then we got it to within 10 KeV 
• Wick’s response:  “Great!  If we get it to within 1 KeV, they can’t ignore us!” 
• My (internal) response:  “Tough, but I’m going to get famous!” 

• Much harder work to get within 1 KeV (kinetic energy re-summations), but successful: 
• Wick’s response:  “Exactly.  Now let’s get it to sub KeV, and then they’ll be following us!” 
• My (internal) response:  “Am I ever getting my Ph.D.?”
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LÜSCHER’S FORMULA
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Re-visiting the Bloch-Horowitz equation
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used in LQCD (see Andre’s talk)
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Re-visiting the Bloch-Horowitz equation
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INDUCED MOMENTUM TERMS
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Tuned higher-order, momentum-dependent 
interactions to remove this behaviour
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THE EFFECTIVE HAMILTONIAN
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Bloch-Horowitz equation

Heff | P i = E| P i
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Want

same E as in the 
full space

Heff = H +HQ
1

E �QHQ
QH
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Formally, the solution to Heff  is

energy-dependent 
equation

operator only acts 
in P space!

wave function 
projected into 

“included space”

H| i = E| i
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SPLITTING INTO P AND Q SPACES

14

Discretized lattice induces a cutoff in momentum modes:  define this as the P space
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n 2 B.Z. =) nx,y,z 2
✓
�N

2
,
N

2

�

<latexit sha1_base64="8oVBheO6HeeOPB2pc7tHE51USoo="></latexit>

definition of Brillouin Zone 
(P space) 

| i = (P +Q)| i ⌘ | P i+ | Qi
<latexit sha1_base64="Eua+OrpKPR+mr2WKU8Q3f5c1lBc="></latexit>

projection of state into P 
and Q components



APPLYING THIS TO THE CONTACT INTERACTION
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Unitary limit with a delta function

H| i = (T + V
�)| i = E| i

<latexit sha1_base64="ap6ncO/R+N+pWRjWZYKwaQO0r+g="></latexit>

V � = lim
⇤!1

C(⇤)
Y

i=x,y,z

⇥

✓
⇤

2
� |pi|

◆

<latexit sha1_base64="uaj6RVVqxRlf1OyWSKYv4BN/VVc="></latexit>

C(⇤) = � 4⇡/m

� 1
a + L⇤

3
⇤

4⇡2
<latexit sha1_base64="QdAywuVRaEdg5w1djSXGJpNPuEg="></latexit>

defining equation

I put the cutoff into the 
definition of the potential

Yes, I used m instead of 
µ, so sue me!



SOLUTION IN CASE OF CONTACT INTERACTION
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Not surprisingly, we can solve the delta-function case

The solution requires using properties like [T, P ] = [T,Q] = 0
<latexit sha1_base64="Mp0a8GVaTyEl2Cg7DDOYTzqR48s=">AAACMnicbZDLSsNAFIYn9VbrrerSTbAILqSkVrwshKIbly30Bkkok8mkHTq5MHMilNIH8GncuNBH0Z249QFcOklTsdYfBn6+cw7nzO9EnEkwjFctt7S8srqWXy9sbG5t7xR399oyjAWhLRLyUHQdLClnAW0BA067kaDYdzjtOMPbpN65p0KyMGjCKKK2j/sB8xjBoFCvWLI49cBsntQtwfoDsK9noDEDhuoyykYqfdFUMlNCmeq94pflhiT2aQCEYynNihGBPcYCGOF0UrBiSSNMhrhPTWUD7FNpj9PPTPQjRVzdC4V6Aegp/T0xxr6UI99RnT6GgfxbS+B/NTMG79IesyCKgQZkusiLuQ6hniSju0xQAnykDCaCqVt1MsACE1D5zW2ZXjqHHCfk7qSQRnWV6PwnmEXTPi1XquVq46xUu8lCy6MDdIiOUQVdoBq6Q3XUQgQ9oEf0jF60J+1Ne9c+pq05LZvZR3PSPr8BBFyq8Q==</latexit>

skipping lots of steps (e.g. geometric sum, etc.)

T |ni = |nip
2
n

m
<latexit sha1_base64="zgOz8dk1blMKzyHtApQMMElAjQs="></latexit>

and

energy-dependent!

IQ1 (E) =
1

L3

X

n/2B.Z.

1

E � p2
n

m

=� m

4⇡2L

X

n/2B.Z.

1

n2 � x

=� m

4⇡2L
IQ
1 (x)

<latexit sha1_base64="TSYlC/o2Th3j+rtXkzcLL71ARc4="></latexit>

Heff =T + V
� + V

�
Q

1

E � T �QV �Q
QV

�

...

=T +
1

1
C(⇤) � I

Q
1 (E)

⌘T + V
�
eff (E)

<latexit sha1_base64="z8aGiEL2BuOXRapj4GRNusG0YR0="></latexit>

no kinetic energy 
resummations 

needed!

( = C(N, E))



ASSUME ENERGIES  ARE WELL WITHIN THE INCLUDED SPACEE =
p2

m
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expand in small x

substitute expression for C(Λ)

collect x-independent terms }
<latexit sha1_base64="fA/EE1mWD/GA/zgL2VycUBJ1cgw=">AAACIHicbVDLSsNAFL2pr1pfrS7dBIvgqiQqPnZFNy6r2Ae0oUwmk3boZCbMTIQS8gdu9QP8GnfiUr/GJA1iWw8MHM65l3vmuCGjSlvWl1FaWV1b3yhvVra2d3b3qrX9jhKRxKSNBROy5yJFGOWkralmpBdKggKXka47uc387hORigr+qKchcQI04tSnGOlUehgkw2rdalg5zGViF6QOBVrDmlEeeAJHAeEaM6RU37ZC7cRIaooZSSqDSJEQ4QkakX5KOQqIcuI8amIep4pn+kKmj2szV/9uxChQahq46WSA9Fgtepn4n9ePtH/lxJSHkSYczw75ETO1MLN/mx6VBGs2TQnCkqZZTTxGEmGdtjN3ZZZ0TnJdwbwFKUgqeXfXGS5+m1omndOGfdY4uz+vN2+KFstwCEdwAjZcQhPuoAVtwODDM7zAq/FmvBsfxudstGQUOwcwB+P7B+UVoz8=</latexit>

This term is well behaved 
in the limit Λ → ∞
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n2 � x

=
1

C(⇤)
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+
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4⇡2

�4⇡/m
+

m

4⇡2L
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n/2B.Z.

✓
1

n2
+
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+
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(n2)3

◆
+O(x3)

=

✓
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4⇡L
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�L

a0
+ L

⇤
3
⇤L

4⇡2
�

1

⇡

X
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1
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m
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X
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◆
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<latexit sha1_base64="BKVH3qszCR0iBIJVlP4n0MaMtXY="></latexit>

x ⌘
✓
pL

2⇡

◆2

<latexit sha1_base64="16wirNxkEmYs4tIZqFL8gIaXdik="></latexit>



So we have }
<latexit sha1_base64="fA/EE1mWD/GA/zgL2VycUBJ1cgw=">AAACIHicbVDLSsNAFL2pr1pfrS7dBIvgqiQqPnZFNy6r2Ae0oUwmk3boZCbMTIQS8gdu9QP8GnfiUr/GJA1iWw8MHM65l3vmuCGjSlvWl1FaWV1b3yhvVra2d3b3qrX9jhKRxKSNBROy5yJFGOWkralmpBdKggKXka47uc387hORigr+qKchcQI04tSnGOlUehgkw2rdalg5zGViF6QOBVrDmlEeeAJHAeEaM6RU37ZC7cRIaooZSSqDSJEQ4QkakX5KOQqIcuI8amIep4pn+kKmj2szV/9uxChQahq46WSA9Fgtepn4n9ePtH/lxJSHkSYczw75ETO1MLN/mx6VBGs2TQnCkqZZTTxGEmGdtjN3ZZZ0TnJdwbwFKUgqeXfXGS5+m1omndOGfdY4uz+vN2+KFstwCEdwAjZcQhPuoAVtwODDM7zAq/FmvBsfxudstGQUOwcwB+P7B+UVoz8=</latexit>

}
<latexit sha1_base64="fA/EE1mWD/GA/zgL2VycUBJ1cgw=">AAACIHicbVDLSsNAFL2pr1pfrS7dBIvgqiQqPnZFNy6r2Ae0oUwmk3boZCbMTIQS8gdu9QP8GnfiUr/GJA1iWw8MHM65l3vmuCGjSlvWl1FaWV1b3yhvVra2d3b3qrX9jhKRxKSNBROy5yJFGOWkralmpBdKggKXka47uc387hORigr+qKchcQI04tSnGOlUehgkw2rdalg5zGViF6QOBVrDmlEeeAJHAeEaM6RU37ZC7cRIaooZSSqDSJEQ4QkakX5KOQqIcuI8amIep4pn+kKmj2szV/9uxChQahq46WSA9Fgtepn4n9ePtH/lxJSHkSYczw75ETO1MLN/mx6VBGs2TQnCkqZZTTxGEmGdtjN3ZZZ0TnJdwbwFKUgqeXfXGS5+m1omndOGfdY4uz+vN2+KFstwCEdwAjZcQhPuoAVtwODDM7zAq/FmvBsfxudstGQUOwcwB+P7B+UVoz8=</latexit>

momentum-induced terms

When we use an energy-independent coefficient C(N,0) in the P space, we are essentially throwing away the energy-
dependent part of the effective interaction. 

1

C(N, 0)
<latexit sha1_base64="4/GnyulyuNHnVNyb2ECn1YjLhJE=">AAACMHicbVDLSsNAFJ2pr1pfqS7dBItQQUqixceu2I0rqWAf0IYymUzaoZMHM5NCCfkTt/oBfo2uxK1f4SQNYlsPXDiccy/3cOyQUSEN4wMW1tY3NreK26Wd3b39A6182BFBxDFp44AFvGcjQRj1SVtSyUgv5AR5NiNde9JM/e6UcEED/0nOQmJ5aORTl2IklTTUtIHLEY7NJG5WH86Ns2SoVYyakUFfJWZOKiBHa1iGxYET4MgjvsQMCdE3jVBaMeKSYkaS0iASJER4gkakr6iPPCKsOIue6KdKcXQ34Gp8qWfq34sYeULMPFttekiOxbKXiv95/Ui6N1ZM/TCSxMfzR27EdBnoaQ+6QznBks0UQZhTlVXHY6S6kKqthS/zpAuSbQfMWZK8pJR1d5vi6repVdK5qJmXtfpjvdK4y1ssgmNwAqrABNegAe5BC7QBBlPwDF7AK3yD7/ATfs1XCzC/OQILgN8/Xn2oew==</latexit>

=)
�L

a0
�

1

⇡

X

n/2B.Z.

✓
x

(n2)2
+

x2

(n2)3

◆
+O(x3) =

1

⇡
S�
3 (x)

=
�L

a0
�

1

⇡
↵2(N)x+ ↵3(N)x2 +O(x3) =

1

⇡
S�
3 (x)

<latexit sha1_base64="4+Gu9iIZ1HNfCG/A8aGPBesmXB8="></latexit>

1

C(N,E)
=

1

C(⇤)
� IQ1 (E) ⇡

✓
�m

4⇡L

◆✓
�L

a0
+

1

⇡
L
⇤
3
N

2

◆
+

m

4⇡2L

X

n/2B.Z.

✓
x

(n2)2
+

x2

(n2)3

◆
+O(x3)

<latexit sha1_base64="y/U+ZSzP3OpaKj+xBOHiJNp+hXE="></latexit>



NOW WE CAN CORRECT THE PHASE SHIFTS
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SO I COME BACK TO THE BLOCH-HOROWITZ EQUATION 
AFTER 17 YEARS. . .
• Discretized space can be represented at the P (included) space 

• The induced momentum terms are simply the energy-dependent part of the effective interaction that has been 
omitted 

• Quite fortunate to have Wick as my advisor 

• It has been an honor!  Here’s to another 70 years!
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