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Introduction

◮ Neutrino oscillations experiments can be interpreted in a 3ν
framework.

◮ Very good knowledgement about the values of the
oscillation parameters. θ13 6= 0 has now open the possibility
to measure the CP-violating phase.

◮ An accurate description of matter neutrino oscillations is an
important ingredient in the analysis of the data.

◮ We aim for an analytic solution:

⊲ Help to save the CPU time;

⊲ Give significant insight into the physics of the problem;

⊲ Better understanding of the dependence of the
oscillations on the neutrino parameters and the
properties of the medium.

M.A. Acero O. – Analytical approach to neutrino propagation – Asilomar, CA– p. 2



Neutrino State and its evolution

We write the neutrino state in time as

|ψ(t)〉 =
∑

α

ψα(t)|να〉, α = e, µ, τ,

which evolves through the evolution operator U(t, t0)






ψe(t)

ψµ(t)

ψτ (t)






= U(t, t0)







ψe(t0)

ψµ(t0)

ψτ (t0)






,

by the equation

i~
∂

∂t
U(t, t0) = H(t)U(t, t0), U(t0, t0) = I,
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Neutrino State and its evolution

The Hamiltonian is

H(t) = U







0 0 0

0 ∆21 0

0 0 ∆21






U † +







V (t) 0 0

0 0 0

0 0 0






,

∆ij =
∆m2

ij

2E , V (t) = Ve(t)−Vµ(t) =
√
2GFNe(t), Vµ(t) = Vτ (t)

and the mixing matrix in vacuum is the product of rotation
matrices

U = O23ΓO13O12Γ
∗.

The Hamiltonian is diagonalized through

HD(t) = Um(t)H(t)U †
m, Um(t) ≈ O23ΓOm

13Om
12Γ

∗
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Neutrino State and its evolution

E1 ≈ 1

2

[(

∆21 + V c213
)

−∆m
21(t)

]

,

E2 ≈ 1

2

[(

∆31 +∆21c
2
12 + V s213

)

+ (∆m
21(t)−∆m

32(t))
]

,

E3 ≈ 1

2

[(

∆31 +∆21s
2
12 + V

)

+∆m
32(t)

]

,

with cij ≡ cos θij , sij ≡ sin θij ,

∆m
21 = c213

√

(V − V R
l )2 + (V R

l tan 2θ12)2,

∆m
32 =

√

(V − V R
h )2 + (V R

h tan 2θ13)2,

V R
l = ∆21(cos 2θ12/c

2
13) V R

h = (∆31 −∆21s
2
12) cos 2θ13,

tan 2θm12,13 =
V R
l,h tan 2θ12,13

V R
l,h − V

.
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Neutrino State and its evolution
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V = 4,54× 10−4 eV2/GeV (Earth’s core), ∆m2

21
= 7,59× 10−5 eV2,

|∆m2

31
| = 2,35× 10−3 eV2, θ12 = 34◦, θ13 = 8,9◦, and δ = 0.
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Magnus Approximation

For a symmetric potential modelling the Earth

we find the solution for the evolution of the neutrino system by
calculating

UP (tf , t0) = Ul(tf , t̄) Uh(tf , t0) Ul(t̄, t0),
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Magnus Approximation

writing Ul,h of the form U(t, t0) = exp[Ω(t, t0)], with Ω given by
∑∞

n=1Ωn → Magnus expansion. We find

UP =







u11 u12 0

−u∗12 u∗11 0

0 0 1






×







1 0 0

0 v11 v12

0 −v∗12 v∗11







×







u11 u12 0

−u∗12 u∗11 0

0 0 1






.

u11 = cos ξl − i sin ξl
ξl
(2)

ξl
, v11 = cos ξh − i sin ξh

ξh
(2)

ξh

u12 = i sin ξl
ξl
(1)

ξl
, v12 = i sin ξh

ξh
(1)

ξh
exp[−iφ32(t̄)].

(1)
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Magnus Approximation

ξl(1) = i

∫ t̄

t0

dt θ̇m12(t) exp(−iφt0→t
21 )

ξl(2) =

∫ t̄

t0

dt

∫ t

t0

dt′ θ̇m12(t) θ̇
m
12(t

′) sinφt→t′

21 ,

ξh(1) = 2

∫ tf

t̄
dt′θ̇m13(t

′) sinφt̄→t′

32 ,

ξh(2) =

∫ tf

t0

dt

∫ t

t0

dt′ θ̇m13(t) θ̇
m
13(t

′) sinφt→t′

31 ,

ξl,h =
√

(ξl,h
(1)

)2 + (ξl,h
(2)

)2.
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Oscillation Probability

The oscillation probability P (νµ → νe) = |ψµ→e|2, with the

amplitude

ψµ→e = e−iα1 Um
e1(tf )

[

Um∗
µ1 (t0)a11 + Um∗

µ2 (t0)a12 + Um∗
µ3 (t0)a13e

−iδ
]

+ e−iα2 Um
e2(tf )

[

Um∗
µ1 (t0)a21 + Um∗

µ2 (t0)a22 + Um∗
µ3 (t0)a

∗
23e

−iδ
]

+ e−i(α3−δ) Um
e3(tf )

[

Um∗
µ1 (t0)a

∗
31 − Um∗

µ2 (t0)a
∗
32 + Um∗

µ3 (t0)a
∗
33e

−iδ
]

with
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Oscillation Probability

a11 = (u11)
2 + (u∗12)

2v11e
−iφ

t0→tf
21 ,

a22 = (u∗11)
2v11 + (u12)

2eiφ
t0→tf
21 , a33 = v∗11,

a12 = a21e
−iφ

t0→tf
21 = u11u12 + u∗11u

∗
12v11e

−iφ
t0→tf
21 ,

a13 = −u∗12v12e−iφ
t0→tf
21 , a31 = u∗12v

∗
12,

a23 = u∗11v12, a32 = −u∗11v∗12.
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Oscillation Probability: Results

Low Energy neutrinos:

E (GeV)              
0.1 0.2 0.3 0.4 0.5 0.6

) 
  

  
  

 
eν

→ µν
P

(

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
Magnus O(1)
Magnus O(2)

Numerical

=1.0Θcos

∆m2

21
= 7,59× 10−5 eV2,

|∆m2

31
| = 2,35× 10−3 eV2,

θ12 = 34,0◦,

θ23 = 45,0◦,

θ13 = 8,9◦,

δ = 0.
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Oscillation Probability: Results

Low Energy neutrinos:
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P

(

0

0.1
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0.5
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Magnus O(1)
Magnus O(2)

Numerical
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∆m2
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31
| = 2,35× 10−3 eV2,
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θ13 = 8,9◦,
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Oscillation Probability: Results

High Energy neutrinos:

E (GeV)              
4 6 8 10 12 14 16 18 20

) 
  

  
  

 
eν

→ µν
P

(

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
Magnus O(1)
Magnus O(2)

Numerical

=1.0Θcos

∆m2

21
= 7,59× 10−5 eV2,

|∆m2

31
| = 2,35× 10−3 eV2,

θ12 = 34,0◦,

θ23 = 45,0◦,

θ13 = 8,9◦,

δ = 0.
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Oscillation Probability: Results

High Energy neutrinos:
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Oscillation Probability: Results

E (GeV)         

-110 1 10

  
  
  
  
  

D
Θ

co
s 
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0.4

0.45

0.5
)eν→µνP(

cosΘD = −1 and cosΘD = 0 correspond to vertically upward (traversing the Earth) and

horizontal (tangential to Earth’s surface) directions, respectively.
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Conclusions

◮ The Magnus expansion for the evolution operator
implemented in the adiabatic basis gives an elegant and
efficient formalism to describe three neutrino oscillations in
a medium with varying density.

◮ The product of the solutions for the low and high energy
regimes found with this method, renders simple
semi-analytical formulas for the transition probabilities.

◮ When these formulas are applied to neutrinos traversing the
Earth, they agree well with numerical calculations.
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