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Overview
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Heavy-ion collisions involve multiple stages of physics: initial state, hydrodynamic 
evolution, jet quenching, hadronic rescattering, hadronization, …

Global analysis is needed to: 
Extract physical properties of QGP 
Fit models of the physics that are 
not known from first-principles

Big picture

3

� We have a model of some physical process, say a relativistic heavy ion collision

� We have experimental measurements of this same process

Initial stage Hydrodynamics Cooper-Frye SMASH

What can we learn about 
the model from the 

measurements?

MADAI Collaboration

Two different regimes of Bayesian analysis so far

Extract η/s, ζ/s Extract ̂q, Ds

Soft sector Hard sector

Novak, Novak, Pratt, Vredevoogd, Coleman-Smith, Wolpert (2014)
Pratt, Sangaline, Sorensen, Wang (2015)
Bernhard, Moreland, Bass, Liu, Heinz (2016)
…

Xu, Bernhard, Bass, Nahrgang, Cao (2018) 
JETSCAPE 2102.11337
Ke, Wang (2020)
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All transport coe�cients depend on the equilibrium proper-
ties of the system, which we characterize with the temperature
T .10 We parametrize the ratios of shear and bulk viscosity to
entropy density — the unitless specific viscosities — instead
of parametrizing the viscosities themselves. A depiction of the
parametrizations for the specific bulk and shear viscosities is
shown in Fig. 1.

FIG. 1. Depictions of the parametrizations of specific bulk (left) and
shear (right) viscosity as functions of temperature. The specific bulk
viscosity has the form of a skewed Cauchy distribution, while the spe-
cific shear viscosity is piecewise-linear, with in general two di�erent
slopes. Both shear and bulk viscosities are required to be positive-
definite to satisfy the second law of thermodynamics. The exam-
ple for (⌘/s) shown here has a positive low-temperature and high-
temperature slope (alow, ahigh>0).

For the specific shear viscosity, ⌘/s, we assume that it has a
single inflection point at or above the deconfinement transition
[81]. The position of this inflection point in temperature, T⌘ ,
is a parameter, as is the value of ⌘/s at this point, (⌘/s)kink.
A linear dependence of ⌘/s on temperature is assumed, with
slopes alow below and ahigh above the inflection point, with
both positive and negative slopes allowed. Negative values for
⌘/s are not allowed. The formula for this parametrization is

⌘

s
(T ) = max

h
⌘

s

���
lin

(T ), 0
i
, (25)

with
⌘

s

���
lin

(T ) = alow (T�T⌘)⇥(T⌘�T ) + (⌘/s)kink

+ ahigh (T�T⌘)⇥(T�T⌘). (26)

Theoretically expected is a negative slope at temperatures be-
low T⌘ , i.e. alow < 0, and a positive slope at temperature above
T⌘ , i.e. ahigh > 0 [82]. Nevertheless, in this work, we will al-
low both slopes to take negative and positive values: the aim
is to ascertain whether phenomenological constraints are con-
sistent with the theoretical expectations.

For the specific bulk viscosity, we assume that it peaks near
the deconfinement temperature and that this single peak can
be captured with a skewed Cauchy distribution:

⇣

s
(T ) =

(⇣/s)max⇤2

⇤2 + (T � T⇣)
2
, (27)

⇤ = w⇣ [1 + �⇣ sign (T�T⇣)] .

Here T⇣ is the position and (⇣/s)max the value of the peak; w⇣

and �⇣ control the width and skewness of the Cauchy distribu-
tion, respectively. Allowing for a non-vanishing skewness is a
generalization compared to Ref. [27].

Previous studies [7–10, 83] suggest that ⇣/s for QCD peaks
near the deconfinement transition. The functional form of its
temperature-dependence is still not well understood. Below
the transition (T . 150MeV), the bulk viscosity is under-
stood to be non-zero. We emphasize that we do not attempt to
describe the dependence of the bulk viscosity below the parti-
clization temperature of our model (discussed in the next sec-
tion) which is never smaller than 135 MeV. The fact that our
parametrization of (⇣/s)(T ) rapidly approaches zero at low
temperature should therefore not be read as a physical feature:
this low temperature range is never described by the hydrody-
namic code, but rather microscopically by a hadronic transport
model. While we thus cannot make any statements about the
bulk viscosity of QCD matter at these low temperatures it has
recently been estimated in the SMASH transport model [7].

Previous theoretical work [80, 84–88] suggests that, in the
absence of conserved charges, the shear relaxation time can be
well captured by following temperature dependence:

T ⌧⇡(T ) = b⇡
⌘

s
(T ) (28)

where b⇡ is a constant that we consider unknown. The lin-
earized causality bound [89] requires b⇡ � (4/3)/(1�c

2

s
)� 2.

Refs. [80, 84–87] showed for a variety of weakly and strongly
coupled theories other than QCD that this causality bound is
respected, with b⇡ varying between ⇠2 and ⇠6; we use these
values to limit the prior range explored for b⇡ in our parameter
estimation.

Previous investigations of the e�ects of the shear relax-
ation time and other second-order transport coe�cients on soft
hadronic observables have found them to be of modest phe-
nomenological importance [25, 77, 78, 90], consistent with
general theoretical expectations (see e.g. Ref. [91]). Never-
theless varying the shear relaxation time in this work provides
additional quantitative insights into the typical magnitude of
e�ects from a second-order coe�cient on the Bayesian con-
straints for the first-order transport coe�cients.

C. Particlization

Particlization is not a physical process but a change of lan-
guage from a description in terms of macroscopic fluid dynam-
ical degrees of freedom to a microscopic kinetic description in
terms of particles with positions and momenta. We here imple-
ment it on a surface of constant “switching” or “particlization”
temperature Tsw. In principle, this translation requires simul-
taneous applicability of both approaches. Since hydrodynam-
ics rapidly breaks down below the confinement transition be-
cause the mean-free path increases as a consequence of color
neutralization, while the strongly-coupled nature of the color
confinement process itself makes kinetic theory inapplicable
during the phase transition, this condition puts rather tight the-
oretical constraints on the temperature range for the particliza-
tion procedure. We here impose these constraints through a

17-dimensional fit
Flexible parameterizations of 

Data: RHIC+LHC soft observables

η/s, ζ/s
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C. Viscosity estimation and model accuracy for combined
RHIC & LHC data

Reviewing Figs. 4 and 5 we find that the observables at the
LHC give stronger constraints on the slope of the specific shear
viscosity at large temperature. It is the general expectation that
higher psNN collisions at the LHC are more sensitive to the
transport coe�cient at high temperature. This conclusion was
verified quantitatively in previous Bayesian parameter estima-
tion [24, 146]. For the present analysis, we do caution that we
currently use a di�erent number of observables at RHIC and
the LHC; consequently, we are not in a position to compare
systematically the constraining power of the two collision en-
ergies at the moment. We do expect RHIC and LHC data to
be complementary, and we proceed to a combined Bayesian
parameter estimation for Pb-Pb at psNN = 2.76TeV and Au-
Au at psNN = 200GeV collisions. For this combined anal-
ysis, the viscosity posterior for the Grad viscous correction is
shown in Fig. 6.

FIG. 6. The posterior for specific bulk (left) and shear (right) vis-
cosities resulting from a model parameter estimation using combined
data for Au-Au collisions at psNN = 200 GeV and Pb-Pb collisions
at psNN = 2.76 TeV.

As discussed in Section V A, all parameters are held the
same for the two systems except for their overall normaliza-
tions of the initial conditions — N [2.76 TeV] and N [0.2 TeV].
Recall that model parameters being kept constant does not im-
ply that the e�ective physical quantities are the same at RHIC
and the LHC. For example, the transport coe�cients are tem-
perature dependent, and the free-streaming time depends on
p
sNN and centrality through the total energy of the event.
The information gained by fitting both systems slightly re-

duces the width of the credible intervals for the specific shear
and bulk viscosities at temperatures above 250 MeV; the 90%
confidence band in the posterior for specific shear and bulk
viscosity is slightly smaller than the credible intervals given by
calibrating against either one of these two systems alone. This
illustrates the added constraining power accessed by combin-
ing the two data sets.

The simultaneous fit to experimental observables is shown
in Fig. 7, where we have plotted the emulator prediction for
the observables at one hundred parameter samples drawn ran-
domly from the posterior. Note that, in spite of some undeni-
able tension in the simultaneous fit of ALICE and STAR data

FIG. 7. The observables predicted by the Grad viscous correction
emulator, drawn from the posterior resulting from the combined fit
of ALICE data (left) for Pb-Pb collisions at psNN = 2.76 TeV and
STAR data (right) for Au-Au collisions at psNN = 200 GeV. The
simultaneous fit yields model observables which agree within ⇠20%
of experimental measurements.

(for example in the mean transverse momenta of kaons), our
hybrid model can describe simultaneously all of the observ-
ables we considered for the two systems to within 20% of the
experimental results. As discussed earlier, this is important:
our confidence in the significance of this section’s parameter
estimates rests on a good description of the experimental data
when sampling model parameters according to their posterior
probability distribution.

As a final emulator validation, we have calculated the Maxi-
mum A Posteriori (MAP) parameters of the Grad viscous cor-
rection model. Using these parameters, we simulated 5,000
fluctuating events and performed centrality averaging. The
comparison between the hybrid model prediction at the MAP
parameters and the experimental data are shown in Fig. 8, and
MAP parameters for the Grad, Chapman-Enskog and Pratt-
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FIG. 10. The posterior for Grad (blue) and Chapman-Enskog (red) viscous corrections for select parameters related to the initial state, pre-
hydrodynamic evolution and switching temperature. The histograms on the diagonal are the marginal distributions for each parameter, with
appended numbers denoting the median and the left and right limits of the 90% credible interval. O�-diagonal histograms display the joint-
posterior of each pair of parameters, marginalized over all others.

counter-intuitive e�ects on the subsequent hydrodynamic flow
and its dependence on ⌧fs. Recent studies demonstrate that
this problem persists when the free-streaming module is re-
placed by a thermalizing but conformal e�ective kinetic the-
ory, and that the magnitude of the mismatch depends on cen-
trality [151]. Although we have not been able to fully dissect

the mechanisms leading to positive preferred values for ↵ in
our analysis, we strongly suspect that these issues play a role.

Turning to the later stages of the collision, we now look
at the posterior for the switching temperature in Fig. 10. Its
marginalized posterior turns out to be quite di�erent for the
two particlization models. We find that for the selected exper-

Bernhard, Moreland, Bass 
Nature Phys. (2019)

LETTERSNATURE PHYSICS

While shear viscosity primarily affects collective behaviour and 
momentum anisotropy, bulk viscosity—another important trans-
port coefficient—reduces the overall rate of radial expansion and 
thus influences the mean momentum of produced particles. We 
simultaneously estimated the specific bulk viscosity through an 
unnormalized three-parameter Cauchy distribution:

!!=s"!T" #
!!=s"max

1$
T%!!=s"Tpeak
!!=s"width

! "2 !3"

where (!/s)max is the maximum value of !/s, !!=s"Tpeak

I
 is the location of 

the maximum (should be near Tc) and (!/s)width is the width of the peak 
(note that !!=s"Tpeak

I
 and (!/s)width both have units of temperature).

Figure 2 shows our estimates of the temperature-dependent spe-
cific shear and bulk viscosity alongside visualizations of the poste-
rior distributions for the essential relevant parameters. The upper 
left plot contains the same estimate of !!=s"!T"

I
 as in Fig. 1, but with 

a linear vertical axis; the lower left shows the analogous estimate of 
(!/s)(T). On the upper right, we observe an approximately normal 
distribution for the minimum specific shear viscosity with quan-
titative estimate !!=s"min # 0:085$0:026

%0:025
I

 (posterior median and 90% 
credible interval). We see an anticorrelation between the minimum 
and the slope, for which there is a preference for slight positive 
values, although zero slope (that is, constant "/s) is not excluded 
(we did not allow the slope to be negative on the basis of physical 
considerations). Meanwhile, the lower right plot shows the poste-
rior distribution for the maximum value and width of the !/s peak, 
which appear to have an inverse relationship: the peak can be tall or 
wide, but not both. This suggests that it is the integral of !!=s"!T"

I
 

that matters, not its specific form.
Distributions for the parameters ("/s)crv and !!=s"Tpeak

I
 are not 

shown in Fig. 2 because our analysis did not provide noteworthy 
constraints on their values. The distributions for these parameters, 
along with all others, are shown in Supplementary Fig. 2, and quan-
titative estimates are listed in Supplementary Table 1.

The uncertainty bands depicted in Figs. 1 and 2 are 90% credible 
regions, meaning that it is 90% likely that the true curves lie within 
the rendered areas. Derived from the finite width of the posterior 
distribution, this uncertainty accounts for all relevant sources: exper-
imental statistical and systematic uncertainties, statistical uncertain-
ties in model calculations (from averaging over finite numbers of 
events), predictive uncertainty from the GP emulator, and system-
atic model bias (Methods). Thus, the reported parameter estimates 
quantitatively and faithfully capture our state of knowledge.

In addition to the transport coefficients of the QGP medium, 
we estimated properties of the initial state of heavy-ion collisions, 
that is, the spatial distribution of energy density immediately after 
the collision, which provides the initial condition for hydrodynam-
ics. The precise physical mechanisms governing the initial state are 
not known, leading to uncertainty in its calculation, which in turn 
feeds into uncertainty in the hydrodynamic evolution. We therefore 
parameterized and calibrated several variables that affect the distri-
bution of energy density, including how the colliding nuclei deposit 
their energy and the effective size of nucleons in the nuclei. By esti-
mating initial-state parameters simultaneously with QGP medium 
parameters, their uncertainty is accounted for and propagated into 
all parameter estimates.

To achieve the estimation of initial-state properties, we chose a 
flexible model that parameterizes the relevant degrees of freedom. 
The model, TRENTo8,19, postulates a functional form for the initial 
energy density e (units GeV fm!3) at mid-rapidity:

e /
~Tp
A ! ~Tp

B

2

! "1=p

"4#

where ~TA
I

 and ~TB
I

 are the densities of each nucleus integrated along 
the beam direction (units fm!2), and p is a dimensionless phenome-
nological parameter to be estimated. This form, known as the gener-
alized mean, smoothly interpolates among various mean functions 
depending on the value of p. Previous work8,19 has shown that |p| < 1 
is a reasonable physical range, and that adjusting p within this range 
can mimic or reproduce certain features of existing initial-condition 
models, including the notably successful IP-Glasma33 and EKRT6 
models. The bottom part of Fig. 3 demonstrates how p affects a  
realistic initial energy density profile.

Figure 3 shows our result for the energy deposition parameter 
p: the posterior distribution is approximately normal, centred at 
essentially zero with 90% uncertainty ±0.08. This means that ini-
tial energy deposition goes approximately as the geometric mean of  
local nuclear density, e !

!!!!!!!!!!!
~TA~TB

p

I
 (a limiting case of equation (4) as  

p " 0). While this does not reveal the physical mechanism driving 
energy deposition, it does constrain the possibilities, and corrobo-
rates models such as IP-Glasma and EKRT, which predict similar 
initial-state geometries.

The complete posterior distribution (Supplementary Fig. 2 and 
Supplementary Table 1) includes more initial-state properties: the 
effective size of nucleons, the duration of the pre-equilibrium stage 
that precedes QGP formation, and others.

To evaluate the validity of the posterior distribution and parame-
ter estimates, we performed a model calculation at a best-fit param-
eter point chosen by maximum a! posteriori (MAP) estimation, 
whose values are listed in Supplementary Table 1. Figure 4 shows the 
results of this calculation compared to the data used to calibrate the 
model. In addition, the upper right plot shows the four-particle flow 
cumulant v2{4} (the estimate of v2 from the four-particle correlation 
function), which was not included in the calibration and thus did 
not contribute to determining the MAP parameters. Supplementary 
Figure 5 shows a comparison with another experimental dataset not 
included in the calibration.

We quantify the quality of the overall fit by the root mean square 
of the relative deviation (ymodel ! yexpt)/yexpt and of the normalized 

!1.0 !0.5 0 0.5 1.0
p

KLN

Calibrated to:
Pb–Pb 2.76 and 5.02 TeV

Wounded
nucleon

p = !1

10
 fm

Energy density in transverse plane

p = 0 p = 1

Fig. 3 | Posterior distribution for the initial energy deposition 
parameter. Top: marginal distribution for the parameter p estimated 
from Pb–Pb collision data at !!!!!!!

sNN
p ! 2:76
I

 and 5.02!TeV, with annotations 
for the approximate values8 of other initial condition models: KLN36 
(p!#!!0.67!±!0.01), IP-Glasma33 and EKRT6 (p!#!0.0!±!0.1), and wounded 
nucleon (p!=!1). Bottom: realistic initial energy density profiles in the 
transverse (xy) plane for a Pb–Pb collision with impact parameter b!=!9!fm 
generated by the TRENTo model with p!=!!1, 0 and 1. The nucleon positions 
and all other aspects besides p are identical in each profile.

NATURE PHYSICS | VOL 15 | NOVEMBER 2019 | 1113–1117 | www.nature.com/naturephysics 1115

Initial energy densityExtracted posteriors
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C. Viscosity estimation and model accuracy for combined
RHIC & LHC data

Reviewing Figs. 4 and 5 we find that the observables at the
LHC give stronger constraints on the slope of the specific shear
viscosity at large temperature. It is the general expectation that
higher psNN collisions at the LHC are more sensitive to the
transport coe�cient at high temperature. This conclusion was
verified quantitatively in previous Bayesian parameter estima-
tion [24, 146]. For the present analysis, we do caution that we
currently use a di�erent number of observables at RHIC and
the LHC; consequently, we are not in a position to compare
systematically the constraining power of the two collision en-
ergies at the moment. We do expect RHIC and LHC data to
be complementary, and we proceed to a combined Bayesian
parameter estimation for Pb-Pb at psNN = 2.76TeV and Au-
Au at psNN = 200GeV collisions. For this combined anal-
ysis, the viscosity posterior for the Grad viscous correction is
shown in Fig. 6.

FIG. 6. The posterior for specific bulk (left) and shear (right) vis-
cosities resulting from a model parameter estimation using combined
data for Au-Au collisions at psNN = 200 GeV and Pb-Pb collisions
at psNN = 2.76 TeV.

As discussed in Section V A, all parameters are held the
same for the two systems except for their overall normaliza-
tions of the initial conditions — N [2.76 TeV] and N [0.2 TeV].
Recall that model parameters being kept constant does not im-
ply that the e�ective physical quantities are the same at RHIC
and the LHC. For example, the transport coe�cients are tem-
perature dependent, and the free-streaming time depends on
p
sNN and centrality through the total energy of the event.
The information gained by fitting both systems slightly re-

duces the width of the credible intervals for the specific shear
and bulk viscosities at temperatures above 250 MeV; the 90%
confidence band in the posterior for specific shear and bulk
viscosity is slightly smaller than the credible intervals given by
calibrating against either one of these two systems alone. This
illustrates the added constraining power accessed by combin-
ing the two data sets.

The simultaneous fit to experimental observables is shown
in Fig. 7, where we have plotted the emulator prediction for
the observables at one hundred parameter samples drawn ran-
domly from the posterior. Note that, in spite of some undeni-
able tension in the simultaneous fit of ALICE and STAR data

FIG. 7. The observables predicted by the Grad viscous correction
emulator, drawn from the posterior resulting from the combined fit
of ALICE data (left) for Pb-Pb collisions at psNN = 2.76 TeV and
STAR data (right) for Au-Au collisions at psNN = 200 GeV. The
simultaneous fit yields model observables which agree within ⇠20%
of experimental measurements.

(for example in the mean transverse momenta of kaons), our
hybrid model can describe simultaneously all of the observ-
ables we considered for the two systems to within 20% of the
experimental results. As discussed earlier, this is important:
our confidence in the significance of this section’s parameter
estimates rests on a good description of the experimental data
when sampling model parameters according to their posterior
probability distribution.

As a final emulator validation, we have calculated the Maxi-
mum A Posteriori (MAP) parameters of the Grad viscous cor-
rection model. Using these parameters, we simulated 5,000
fluctuating events and performed centrality averaging. The
comparison between the hybrid model prediction at the MAP
parameters and the experimental data are shown in Fig. 8, and
MAP parameters for the Grad, Chapman-Enskog and Pratt-

Temperature-dependence of 
specific shear and bulk viscosities25

FIG. 10. The posterior for Grad (blue) and Chapman-Enskog (red) viscous corrections for select parameters related to the initial state, pre-
hydrodynamic evolution and switching temperature. The histograms on the diagonal are the marginal distributions for each parameter, with
appended numbers denoting the median and the left and right limits of the 90% credible interval. O�-diagonal histograms display the joint-
posterior of each pair of parameters, marginalized over all others.

counter-intuitive e�ects on the subsequent hydrodynamic flow
and its dependence on ⌧fs. Recent studies demonstrate that
this problem persists when the free-streaming module is re-
placed by a thermalizing but conformal e�ective kinetic the-
ory, and that the magnitude of the mismatch depends on cen-
trality [151]. Although we have not been able to fully dissect

the mechanisms leading to positive preferred values for ↵ in
our analysis, we strongly suspect that these issues play a role.

Turning to the later stages of the collision, we now look
at the posterior for the switching temperature in Fig. 10. Its
marginalized posterior turns out to be quite di�erent for the
two particlization models. We find that for the selected exper-

Extracted posteriors
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the Bayesian methodology, parameter estimation, model selec-
tion, and examples in cosmology can be found in [155].

A. Overview and estimation of Bayes factors

1. Bayes factor definition and interpretation

The Bayes factor is a useful measure for evaluating the rela-
tive merit of two competing modelsA andB in light of a given
set of experimental data yexp. It is the ratio of the conditional
probabilities, or the ‘odds’,

BA/B ⌘
P(A|yexp)

P(B|yexp)
=

P(yexp|A)

P(yexp|B)

P(A)

P(B)
, (60)

where Bayes’ theorem was applied to both the numerator and
denominator. The odds depend on both the ratio of the like-
lihoods, marginalized over all parameters, multiplied by the
ratio of prior beliefs about the validity of these two models.
Unless there is a strong reason to believe that one model is
much more likely than another, the ratio of priors is taken to be
unity. In this case, the odds are simply the ratio of the Bayesian
evidences of the two models:

BA/B =
P(yexp|A)

P(yexp|B)
. (61)

Using the marginalization and product rules for probabili-
ties we ‘integrate in’ the model parameters xA for model A,

P(yexp|A) =

Z
dxAP(yexp|xA, A)P(xA) (62)

and likewise for model B. The integrand appearing in Eq. (62)
is the product of the same likelihood and prior which have been
discussed in section V A. Therefore, the Bayesian evidence is
simply the average of the likelihood with respect to the prior
probability density. We note that when using priors which are
uniform distributions on a finite domain, this expression can
be simplified, yielding

P(yexp|A) =
1

VA

Z

DA

dxAP(yexp|xA, A), (63)

where we have defined the total volume of the prior VA for
modelA. This is the volume of the hypercubeDA inside which
the prior for model A is nonzero.

Because all of the models for which we perform model com-
parisons have uniform priors, the interpretations of our re-
sults are more straightforward. The Bayesian evidence of each
model is the integral over the likelihood for the model inside
the prior bounds, divided by the volume of the prior. Belief
in a model is increased by ability to fit the data (larger likeli-
hood), averaged inside of the prior bounds. But belief in the
model is decreased by its ‘complexity’ (the ‘Occam penalty’),
which is the volume of its prior which is excluded by the data.
In a situation where the likelihood P(yexp|xA, A) does not
actually depend on a particular model parameter xA,i, we see
from Eq. (63) that there is no Occam penalty because the size

of the prior region cancels in the numerator and denominator.
Therefore, the Bayes factor does not penalize a model for hav-
ing a parameter which is unconstrained by the data. For a more
thorough explanation with examples, see Ref. [155].

2. Numerical methods for estimating the Bayes evidence

The integral over all the model parameters is very high-
dimensional and does not lend itself to elementary methods.
Fortunately, there exist methods for estimating the evidence
that are ready to use in the existing Markov Chain Monte Carlo
implementation [156] used throughout this work. A ‘parallel-
tempered’ Markov Chain Monte Carlo routine defines a ladder
of inverse ‘temperatures’ �i, and then evolves an ensemble of
walkers by sampling from distributions defined by

[P(yexp|xA, A)]
�i
P(xA). (64)

We see that in the limit � ! 0, we recover our prior P(xA).
At regular intervals each walker inside of each tempered dis-
tribution has the opportunity to swap positions with walkers at
adjacent temperatures. Walkers at very high temperatures are
not strongly a�ected by peaks in the likelihood function, while
walkers at � = 1 are sampling from the target posterior. This
gives this algorithm the advantage that it can e�ciently sam-
ple multimodal distributions, which can be more di�cult for
other algorithms, including the ordinary Metropolis-Hastings,
to sample accurately. Besides these advantages, the ladder of
tempered distributions also gives an estimation of the Bayes
evidence by the following trick. Defining the Bayesian evi-
dence as a function of inverse temperature:

Z(�) =

Z
dxA [P(yexp|xA, A)]

�
P(xA) (65)

we note that it satisfies a di�erential equation

d lnZ

d�

=
1

Z(�)

Z
dxAP(xA) ln[P(yexp|xA, A)][P(yexp|xA, A)]

�

⌘ hln [P (yexp|xA, A)]i� . (66)

Therefore, lnZ(� = 1) can be estimated by integrating by
quadrature the average at each temperature. The uncertainty
in this estimate � lnZ is primarily from using a finite number
of points in the quadrature (finite number of ‘temperatures’).

B. Comparing viscous correction models

As a first illustration of Bayesian model selection, we quan-
tify if our experimental data give evidence to prefer one vis-
cous correction model over another. We have estimated the
logarithm of the Bayes evidence lnZ as well as the integra-
tion uncertainty � lnZ for three of the four models using the
parallel-tempering described above. Their mutual Bayes fac-
tors are shown in Table IV.

31

Model A Model B lnBA/B

Grad CE 8.2± 2.3
Grad PTB 1.4± 2.5
PTB CE 6.8± 2.4

TABLE IV. A table of the logarithm of the Bayes factor lnBA/B

for each pair of viscous correction models and its integration un-
certainty for the Grad, Chapman-Enskog (CE) and Pratt-Torrieri-
Bernhard (PTB) viscous correction models.

From the Table we see that the Grad and Pratt-Torrieri-
Bernhard models have Bayesian evidences that are compati-
ble within the numerical uncertainty. The odds that the Grad
model is better than the Pratt-Torrieri-Bernhard model are
about 3:1, given our 0.6� observation.25 Therefore, the pT -
integrated calibration observables cannot distinguish which of
these two models is more likely. However, we have moder-
ate evidence to conclude that both of these models work better
to describe the hadronic observables studied in this work than
the Chapman-Enskog model, with the Grad versus Chapman-
Enskog comparison being a 3.6� observation (odds about
5000:1), and Pratt-Torrieri-Bernhard comparison a 2.8� ob-
servation (odds about 400:1).

For the Chapman-Enskog model, we note from Fig. 10 that
the marginal posterior of the free-streaming energy depen-
dence ↵ has a local maximum for ↵ . �0.3. It is possible that
widening our prior to include smaller values of ↵ would also
increase the Bayes evidence for the Chapman-Enskog model.
Unfortunately, this would require a new set of model calcula-
tions at new design points, which is beyond the scope of the
present work. Due to the very large odds of the Grad model
compared to the Chapman-Enskog model given by the Bayes
factor, we also considered the frequentist odds defined by the
maximum likelihood ratio. If LA is the maximum value of
the likelihood function for model A, and LB the same for
model B, this maximum likelihood ratio is simply defined by
LA/LB . These maximum-likelihood odds were found to be
close to 300:1 for the ratio of Grad to Chapman-Enskog mod-
els.

The Chapman-Enskog model is not able to simultaneously
fit the proton multiplicity together with the other observables,
such as the pion multiplicity. This puts the model under ten-
sion, and reduces the likelihood (averaged across the parameter
space) of the Chapman-Enskog model. This is illustrated by
Fig. 15, which displays the single and joint posterior predic-
tive distributions of select observables for the most central bin
0–5% for Pb-Pb collisions at psNN = 2.76TeV. For each of
the Grad model (blue) and Chapman-Enskog model (red), pa-
rameter samples are drawn from the posteriors calibrated to all
observables at both LHC and RHIC. Then, the model predic-
tion is calculated using the emulator for all observables, and
plotted is the model-experiment discrepancy, i.e., the di�er-
ence between model prediction and experimental mean nor-
malized by experimental standard deviation. That the chemi-

25 The probability is given by the left-tailed p-value.

FIG. 15. Diagonal and o�-diagonal panels show one- and two-
dimensional projections of the n-dimensional posterior predictive
distributions for selected Pb-Pb observables at fixed collision cen-
trality of 0–5%. Plotted are the discrepancies between prediction and
measurements in units of the experimental standard deviation; axes
are labeled with shorthand notation y ⌘ (ymodel�yexp)/�exp where
y stands for the observable whose model discrepancy is shown. The
Grad model is shown in blue and Chapman-Enskog in red.

cal abundances disfavor the Chapman-Enskog model was fur-
ther strengthened by recalculating the posteriors and Bayes
factor for the Grad and Chapman-Enskog models excluding
the LHC proton multiplicity from the data. In this case, the
odds were greatly reduced to only about 5:1 in favor of Grad.
For both the linearized Grad and Chapman-Enskog models,
it is the bulk viscous correction which changes the chemical
abundances from their equilibrium values (the shear viscous
correction does not correct the equilibrium yields). Therefore,
in light of the chemical abundances being a strong discrimina-
tor, it is specifically the bulk viscous correction given by the
Chapman-Enskog model which is disfavored by the particle
yields.

In conclusion, the hadronic observables studied in this work
favor the Grad and Pratt-Torrieri-Bernhard models of viscous
corrections over the Chapman-Enskog model. This is due in
large part because the Chapman-Enskog model is worse at
simultaneously fitting the chemical abundances. In light of
the caveats, we do not believe this finding should be taken as
a blanket statement on the validity of the Chapman-Enskog
model in studying heavy ion collisions. Future studies will be
necessary to clarify if viscous corrections can be systemati-
cally constrained from measurements.

Knowing the relative odds between the di�erent particliza-
tion models, a model-averaged posterior with improved un-
certainties for the inferred parameters can be derived using
Bayesian Model Averaging which calculates the posterior as a
weighted average of the individual model posteriors, weighted
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FIG. 9. The 90 % credibility intervals for the prior (gray shaded area)
and for the posteriors (colored outlines) of the specific bulk (left)
and shear (right) viscosities, for three viscous correction models:
Grad (blue), Chapman-Enskog (CE, red) and Pratt-Torrieri-Bernhard
(PTB, green). The Pratt-Torrieri-McNelis (PTM) posterior is not
shown, but is nearly identical with the Chapman-Enskog result.

evitably this a�ects the results of the phenomenological con-
straints we obtain on the shear and bulk viscosity of QCD: the
posterior for every model parameter depends on the choice of
viscous correction at particlization. Recall that in this work,
we chose to study four di�erent models of viscous corrections
(see Section III C): (i) Grad (“14-moments”); (ii) Chapman-
Enskog in Relaxation Time Approximation; (iii) an exponen-
tiated version of the Chapman-Enskog model referred to as
“Pratt-Torrieri-McNelis”; and (iv) an additional exponentiated
model of viscous corrections referred to as “Pratt-Torrieri-
Bernhard”. In our tests, we found that the posteriors for the
exponentiated Chapman-Enskog ansatz called “Pratt-Torrieri-
McNelis” were always very similar to the results for the lin-
earized Chapman-Enskog ansatz. To avoid clutter we there-
fore decided not to show the posteriors for the Pratt-Torrieri-
McNelis model, neither in this Section nor anywhere else in
this work. We begin with the marginalized posteriors for the
QGP viscosities, shown in Fig. 9. The Figure exhibits clear
di�erences in the experimentally preferred shear and bulk vis-
cosities for the di�erent viscous correction models. Remem-
ber that it is important to read Fig. 9 with respect to the param-
eter prior whose 90% credibility region is indicated by the gray
shaded area. A posterior that covers the same area as the prior
should be interpreted as indication for weak or even absence of
experimental constraints. On the other hand, a posterior that
systematically excludes certain regions of the prior provides
good evidence that parameter values in these excluded regions
are disfavored by data.

For the bulk viscosity (left), we can see in Fig. 9 that each
of the di�erent viscous correction models excludes only rel-
atively small regions of the prior. For all four particlization
models the constraints on ⇣/s are tighter at lower tempera-
tures than at higher ones. However, the ⇣/s regions favored
by each model at low temperature di�er from each other: the
Grad viscous correction model favors a larger ⇣/s where the
Chapman-Enskog model favors lower values, with the Pratt-
Torrieri-Bernhard model lying in between. We note in partic-
ular that the Pratt-Torrieri-Bernhard posterior is very narrow at

low temperature. We understand this to be a consequence of
mean transverse momenta and harmonic flows being very sen-
sitive to the specific bulk viscosity near the switching tempera-
ture for the Pratt-Torrieri-Bernhard viscous correction model.
We quantify and revisit this di�erence in sensitivity of the vis-
cous correction models in Section X.

Overall, only large values of ⇣/s at low temperature are ex-
cluded by all three viscous correction models. As such, our
constraints on the bulk viscosity are limited, especially after
accounting for the model uncertainty introduced by the vis-
cous corrections.

For the shear viscosity shown in the right panel of Fig. 9
we encounter a similar situation: limited constraints on ⌘/s

at higher temperatures, and exclusion of large values of ⌘/s
at low temperature by all viscous correction models. Over-
all, shear viscosity is best constrained at temperatures around
200 MeV.

From the results of this section, we see that viscous cor-
rections represent a considerable uncertainty in constraining
the QGP shear and bulk viscosities. It is important to remem-
ber that all viscous correction models studied in this work are
based on relatively simple assumptions. The capacity of any of
these models to describe correctly the momenta and chemistry
of a realistic out-of-equilibrium system of hadrons is still under
investigation (see Ref. [97, 98] and references therein for a re-
cent overview). For instance, all of these particlization models
assume that the hydrodynamic shear stress is shared “demo-
cratically” among the hadronic species. This approximation
greatly simplifies the models, but microscopic transport theory
suggests that it may not be suitable for heavier hadrons such as
protons [96]. Additional theoretical e�orts (see e.g. Refs. [95–
98, 147]) may be able to shed more light on this question and
provide additional insights that can be used for tightening our
prior assumptions in future Bayesian analyses. Until this hap-
pens the particlization model uncertainty must be considered
as “irreducible” and is best accounted for by Bayesian Model
Averaging as reported in [28].

B. Transition to and from hydrodynamics: initial state and
switching temperature

The previous section focused on the uncertainty originating
from transitioning from hydrodynamics to a particle descrip-
tion of the system. This transition occurs on a hypersurface
defined by a temperature Tsw. Recall that this switching tem-
perature is also a model parameter, allowed to vary between
135 and 165 MeV.

The other transition point to hydrodynamics is the time
at which hydrodynamics is initialized with the energy-
momentum tensor from the preceding free-streaming evolu-
tion (Section III A). This hypersurface is defined at a constant
proper time ⌧fs, the value of which depends on two parameters
as defined in Eq. (19). The hydrodynamic initial conditions
on this hypersurface further depend on the initial condition pa-
rameters of the TRENTo ansatz. In this section, we discuss the
posterior of Tsw, ⌧fs and the TRENTo parameters, how they are
correlated, and how they are a�ected by the viscous correction
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the Bayesian methodology, parameter estimation, model selec-
tion, and examples in cosmology can be found in [155].

A. Overview and estimation of Bayes factors

1. Bayes factor definition and interpretation

The Bayes factor is a useful measure for evaluating the rela-
tive merit of two competing modelsA andB in light of a given
set of experimental data yexp. It is the ratio of the conditional
probabilities, or the ‘odds’,

BA/B ⌘
P(A|yexp)

P(B|yexp)
=

P(yexp|A)

P(yexp|B)

P(A)

P(B)
, (60)

where Bayes’ theorem was applied to both the numerator and
denominator. The odds depend on both the ratio of the like-
lihoods, marginalized over all parameters, multiplied by the
ratio of prior beliefs about the validity of these two models.
Unless there is a strong reason to believe that one model is
much more likely than another, the ratio of priors is taken to be
unity. In this case, the odds are simply the ratio of the Bayesian
evidences of the two models:

BA/B =
P(yexp|A)

P(yexp|B)
. (61)

Using the marginalization and product rules for probabili-
ties we ‘integrate in’ the model parameters xA for model A,

P(yexp|A) =

Z
dxAP(yexp|xA, A)P(xA) (62)

and likewise for model B. The integrand appearing in Eq. (62)
is the product of the same likelihood and prior which have been
discussed in section V A. Therefore, the Bayesian evidence is
simply the average of the likelihood with respect to the prior
probability density. We note that when using priors which are
uniform distributions on a finite domain, this expression can
be simplified, yielding

P(yexp|A) =
1

VA

Z

DA

dxAP(yexp|xA, A), (63)

where we have defined the total volume of the prior VA for
modelA. This is the volume of the hypercubeDA inside which
the prior for model A is nonzero.

Because all of the models for which we perform model com-
parisons have uniform priors, the interpretations of our re-
sults are more straightforward. The Bayesian evidence of each
model is the integral over the likelihood for the model inside
the prior bounds, divided by the volume of the prior. Belief
in a model is increased by ability to fit the data (larger likeli-
hood), averaged inside of the prior bounds. But belief in the
model is decreased by its ‘complexity’ (the ‘Occam penalty’),
which is the volume of its prior which is excluded by the data.
In a situation where the likelihood P(yexp|xA, A) does not
actually depend on a particular model parameter xA,i, we see
from Eq. (63) that there is no Occam penalty because the size

of the prior region cancels in the numerator and denominator.
Therefore, the Bayes factor does not penalize a model for hav-
ing a parameter which is unconstrained by the data. For a more
thorough explanation with examples, see Ref. [155].

2. Numerical methods for estimating the Bayes evidence

The integral over all the model parameters is very high-
dimensional and does not lend itself to elementary methods.
Fortunately, there exist methods for estimating the evidence
that are ready to use in the existing Markov Chain Monte Carlo
implementation [156] used throughout this work. A ‘parallel-
tempered’ Markov Chain Monte Carlo routine defines a ladder
of inverse ‘temperatures’ �i, and then evolves an ensemble of
walkers by sampling from distributions defined by

[P(yexp|xA, A)]
�i
P(xA). (64)

We see that in the limit � ! 0, we recover our prior P(xA).
At regular intervals each walker inside of each tempered dis-
tribution has the opportunity to swap positions with walkers at
adjacent temperatures. Walkers at very high temperatures are
not strongly a�ected by peaks in the likelihood function, while
walkers at � = 1 are sampling from the target posterior. This
gives this algorithm the advantage that it can e�ciently sam-
ple multimodal distributions, which can be more di�cult for
other algorithms, including the ordinary Metropolis-Hastings,
to sample accurately. Besides these advantages, the ladder of
tempered distributions also gives an estimation of the Bayes
evidence by the following trick. Defining the Bayesian evi-
dence as a function of inverse temperature:

Z(�) =

Z
dxA [P(yexp|xA, A)]

�
P(xA) (65)

we note that it satisfies a di�erential equation

d lnZ

d�

=
1

Z(�)

Z
dxAP(xA) ln[P(yexp|xA, A)][P(yexp|xA, A)]

�

⌘ hln [P (yexp|xA, A)]i� . (66)

Therefore, lnZ(� = 1) can be estimated by integrating by
quadrature the average at each temperature. The uncertainty
in this estimate � lnZ is primarily from using a finite number
of points in the quadrature (finite number of ‘temperatures’).

B. Comparing viscous correction models

As a first illustration of Bayesian model selection, we quan-
tify if our experimental data give evidence to prefer one vis-
cous correction model over another. We have estimated the
logarithm of the Bayes evidence lnZ as well as the integra-
tion uncertainty � lnZ for three of the four models using the
parallel-tempering described above. Their mutual Bayes fac-
tors are shown in Table IV.
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FIG. 14. Sensitivity indices for LHC observables measured in the 0 � 5% (left) and 40 � 50% (right) centrality bin (except for the mean pT
event fluctuation �pT /pT for which the 40� 45% bin is plotted on the right), as a function of all model parameters. Plotted in blue is the Grad
viscous correction model, in red the Chapman-Enskog model, and in green the Pratt-Torrieri-Bernhard model. The bars show the sensitivity to
a 10% change in each parameter (� = 0.1).

Following Ref. [154] we define a local sensitivity index
as follows: define two points in parameter space by x =
(x1, x2, ..., xj , ..., xp) and x0 = (x1, x2, ..., (1 + �)xj , ..., xp)
where � is a fixed percent di�erence. We use our emulator to
predict all of the observables at these two points in parameter
space. Suppose for some particular observable O, the emula-

tor predicts Ô = Ô(x). Then, defining the percent di�erence
in the observable by

� ⌘
Ô(x0)� Ô(x)

Ô(x)
, (58)
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our “sensitivity index” S[xj ] for observable O under a change
in parameter xj is given by

S[xj ] ⌘ �/�. (59)

We chose x to be defined as the average of the three di�erent
Maximum A Posteriori (MAP) parameters (see Section V E)
of each three viscous correction models, listed in Table II.

These sensitivity indices S[xj ] for pairs of observables and
parameters are shown in Fig. 14 for select Pb-Pb observables
at psNN = 2.76 TeV and a step size � = 0.1. We verified that
we obtain quantitatively similar results with a larger parameter
step size � = 0.4, indicating that the parameter dependence of
the model is reasonably close to linear in the region of param-
eter space studied. Note that the inclusion of emulator uncer-
tainties in the sensitivity analysis is left as future work.

Although a local measure of the response of the model ob-
servables to changes in parameters is a strong approximation, it
can nonetheless help guide our understanding regarding which
observables carry information about each of the parameters.
First note that the scale of the sensitivity indices is di�erent
for each parameter. Changing the shear relaxation time nor-
malization b⇡ has a very small e�ect on all observables inves-
tigated in this work, with a 10% change in b⇡ leading to less
than 1% change in observables.

On the other hand, very strong dependence on the model pa-
rameters have been found. The proton yield shows strong sen-
sitivity to the switching temperature. Increasing the switching
temperature by 10% increases the proton yield by about 20%.
Consequently, most of the constraining power (or information)
about the switching temperature is carried by the proton yield
among the observables used herein.

As noted throughout this study, many of the observables
show stronger sensitivity to the maximum of the specific
bulk viscosity when the Pratt-Torrieri-Benhard distribution
was employed, compared to any other viscous corrections
used here. Looking again at Fig. 9, the strong sensitivity of
the Pratt-Torierri-Bernhard viscous correction causes the 90%
posterior credible interval for the specific bulk viscosity to be
most tightly constrained among the viscous correction models
explored here. The narrower posterior of ⇣/s for this viscous
correction model is a direct consequence of these larger sensi-
tivity indices.

The parameter w in TRENTo is largely responsible for con-
trolling the eccentricities of the initial state. We find that the
elliptic, triangular and quadrangular flows v2{2}, v3{2}, and
v4{2} show strongest sensitivity among the observables plot-
ted in Fig. 14. This may be expected from hydrodynamic re-
sponse, in which v2{2} / ✏2, v3{2} / ✏3 and v4{2} /

v2{2}2. In addition, the initial geometry is more sensitive to
the nucleon width w for peripheral collisions: we see that the
harmonic flows for 40–50% centrality bins show close to twice
the sensitivity to the width parameter than for 0–5% centrality.

As discussed in Section X, the triangular flow v3{2} and
quadrangular flow v4{2} show strongest sensitivity to b⇡ in our
model. This sensitivity remains small however: a 10% change
in the shear relaxation time leads to a 1% change in v4{2} for
example. This explains the challenge of constraining the shear
relaxation time.

We highlight that in addition to guiding our understanding
of the model, sensitivity measures can also direct where fu-
ture experimental e�orts can be focused [24] in order to best
constrain model parameters, which is of interest to the entire
community. We hope to expand our e�orts in this direction in
future studies with global (rather than local) sensitivity mea-
sures.

XI. BAYESIAN MODEL SELECTION

In addition to the estimation of parameters of a given model,
Bayesian inference can also be used to quantify which model,
among several competing models, is better supported by the
experimental observations. There exist several metrics for
comparison; we choose to employ the Bayes factor. We will
first illustrate the application of the Bayes factor toward three
of the viscous correction models for particlization that were
used throughout this work. We then use it to compare our hy-
drodynamic model with simpler models which are ‘nested’ in-
side. Finally, the Bayes factor is applied towards answering
whether a consistent model, with the same set of parameters
describing the system created in RHIC Au-Au and LHC Pb-Pb
collisions, or more complicated models where some param-
eters are allowed to di�er, are better justified in light of the
experimental data.

In the context of model selection, a ‘model’ refers to a spe-
cific set of parameters together with their prior, and a unique
map from the parameters to a set of observables. As an exam-
ple, a polynomial of second degree is a di�erent model than
a third-degree polynomial. In this case, however, the second
degree polynomial model is ‘nested’ inside the polynomial of
third degree; when the coe�cient of the cubic term is fixed
to zero, we can recover the second-order polynomial model.
The polynomial of third degree has additional model complex-
ity, given by the additional parameter and its prior. On the
other hand, we can also compare a model given by a second
degree polynomial with for example a model given by a sinu-
soid, with an uncertain amplitude and phase velocity. These
models give altogether di�erent predictions, and their coe�-
cients have di�erent meanings. In both cases above, whether
the models share similar features or not, we will refer to them
as di�erent models when comparing them with the Bayes fac-
tor (which is the standard terminology). If one of the models
happens to be nested inside the other, we will make note.

It may be useful to provide a word of caution at this point,
as the use of the Bayes factor for comparing models has been
met with some skepticism in the past; this skepticism is not
necessarily undue. It is well known that the Bayes factor
becomes ill-defined when one or both models have an ‘im-
proper’ (non-normalizable) prior. In addition, the marginal
evidence of each model in principle depends on the priors that
were chosen. Neither of these potential issues is a roadblock
for our current purposes, however. The priors for all model
parameters considered are not improper, and have been pur-
posely selected, weighing the applicability of each theoretical
model along with reasonable information stemming from other
sources of experimental data. A more thorough elucidation of
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FIG. 12 Left figure: estimated temperature dependence of the QGP specific shear viscosity (⌘/s)(T ) determined by the
present Bayesian analysis of p-Pb and Pb-Pb collisions at

p
sNN = 5.02 TeV (orange line/band) compared to a previous

Bayesian analysis of Pb-Pb collisions at
p
sNN = 2.76 and 5.02 TeV (blue line/band) [49]. The lines are the medians of each

posterior distribution, and the bands are their 90% credible regions. Right figure: same as before, but for the temperature
dependence of the QGP specific bulk viscosity (⇣/s)(T ).

are shown in blue. In general, our estimates are broader
and less certain but otherwise self-consistent. Evidently,
the combined analysis of Pb-Pb data at

p
sNN = 2.76

and 5.02 TeV in Ref. [49] provides a better constraint on
the QGP viscosities which is not surprising given the ad-
ditional observables and multiple beam energies studied.
The p-Pb data, meanwhile, does not appear to provide
any unique viscous constraints.

C. Verification of high-probability parameters

We verified the emulator and tested the accuracy of
our physics model framework using a single set of high-
probability parameters selected from the Bayesian pos-
terior. These parameters, listed in Table IV, are the ap-
proximate “best fit” values of the calibrated model, com-
monly referred to as the maximum a posteriori (MAP)
estimate:

xMAP ⌘ argmax
x

P (Hx|E). (55)

We then ran O(106) minimum-bias and multiplicity trig-
gered events using the MAP estimate xMAP and com-
puted all of the model observables listed in Sec. III B.
The resulting model calculations are shown in Fig. 13
alongside experimental data from CMS [75] and ALICE
[72–74, 76]. The left and right columns show the results
for the p-Pb and Pb-Pb collision systems respectively,
and each row shows a di↵erent group of related observ-
ables.

The global agreement of the MAP model calculations
with the experimental data is very good. The largest

tension is observed in the two-particle cumulants v2{2}
and v3{2} of the p-Pb system, although even that ten-
sion is only about 10–15%. Quite remarkably, the model
perfectly describes the shape of the p-Pb and Pb-Pb two-
particle correlations which is strong evidence that these
correlations are hydrodynamic in origin. Moreover, we
obtain an excellent description of the p-Pb mean pT , al-
though this fit is somewhat less meaningful since we are
unable to calibrate on the Pb-Pb mean pT simultane-
ously (data is not yet available). Additionally, the model
provides a simultaneous description of the p-Pb and Pb-
Pb charged-particle yields using a single entropy deposi-
tion parameter p = 0. This is the exact same general-
ized mean p-value supported by multiple previous studies
[45, 46, 49, 50]. Evidently, this scaling continues to hold
for initial conditions with sizable nucleon substructure.
We also present calculations for several observables

which were omitted from the calibration due to the sta-
tistical limitations of our training data. Here our MAP
event sample is several orders-of-magnitude larger so the
statistics are no issue. The bottom-right panel of Fig. 13
shows our model calculation for the four-particle ellip-
tic flow cumultant v2{4} along with the measured data
points from ALICE [74]. We see that the MAP estimate
nicely describes the measured v2{4} data which is en-
couraging since this particular observable was never used
to calibrate the model.
The relative mean pT fluctuation �pT /hpT i is another

important bulk observable to test the predictions of the
calibrated model. It measures the dynamical component
of event-by-event mean pT fluctuations, quantified by the
two-particle correlator

(�pT )
2 = hh(pT,i � hpT i)(pT,j � hpT i)ii. (56)

https://indico.cern.ch/event/975877/contributions/4118502/attachments/2184875/3691452/trajectumtalk.pdf
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L

=
1
L ∫ dk2

⊥
dP (k2

⊥)
dk2

⊥

As a parton propagates through the QGP, it will undergo momentum 
exchanges transverse to its direction of propagation:

where  is a scattering kernel.P (k2
⊥)

R

r

We parameterize  in JETSCAPE with a more general form:̂q
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where (A,B,C,D) are parameters that will be deter-524

mined from the experimental data using Bayesian pa-525

rameter extraction. If the first part in the braces {...} (or526

parameter A) is set to zero, the second part reduces to527

Eq. (11) if the coupling constant ↵s = 4⇡/9/ ln(ET/⇤2)528

is assumed to run with both jet energy and medium tem-529

perature scales at leading order. For the parameter ⇤ we530

use ⇤ = 0.2GeV.531

The first part of the expression in the braces is an532

ansatz applicable to a highly energetic parton whose vir-533

tuality is much higher than the thermal scale of the534

medium, and which is therefore blind to the thermal535

scale. In this case, after being scaled by the density of536

the scattering centers (⇠ T 3), the value of q̂ is controlled537

solely by the scale of the jet parton itself, and not by538

the medium temperature. This first part in {...}, with539

parameters A and B, represents the physics assumed by540

the Matter model. The second part in {...} is expected541

to represent the physics of an on-shell jet parton scat-542

tering with quasi-particles inside a thermal medium, as543

assumed by the Lbt model. The arguments of the log-544

arithms in Eq. (12) involve additional constant factors545

that depend on the particular cut-o↵ value implemented546

in the t-channel scattering. We treat these as parameters,547

called B and D.548

We consider Eq. (12) to be a a su�ciently general549

ansatz of the energy and momentum dependence of q̂550

within the perturbative picture of jet-medium interac-551

tion. We use this parametrization consistently in both552

Matter and Lbt when they are applied separately to553

describe experimental data. We expect that the physics554

of the high virtuality stage in Matter to be described555

largely by the first term (with A andB), while the physics556

of the thermal stage in Lbt is described by the second557

term (with C and D).558

For the multi-stage calculation combining Mat-559

ter+Lbt we utilize two di↵erent parametrizations of q̂.560

The first parametrization uses Eq. (12) to calculate q̂561

in both Matter and Lbt stages, while introducing an562

additional parameter Q0 that represents the virtuality563

boundary between the two stages. This five-parameter564

formulation is denoted “Matter+Lbt 1”. Since it is565

based on the same physical assumptions as q̂, it can be566

compared directly to the parametrization in which Mat-567

ter and Lbt are applied separately.568

To reduce the number of parameters and capture the569

jet physics of virtuality evolution in Matter more pre-570

cisely we introduce a second q̂ parametrization for the571

multi-stage Matter+Lbt model, as follows:572

q̂ (Q,E, T ) |Q0,A,C,D

T 3
= 42CR
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This parametrization is denoted “Matter+Lbt 2”.573

Compared to Eq. (12), we use the jet virtuality Q as574

the scale in the first term instead of the jet energy E.575

The motivation behind this parametrization is that the576

Matter model better characterizes the parton shower577

as a function of virtuality. Howeve, the value of q̂ de-578

termined using this parametrization cannot be directly579

compared to that from Lbt.580

The parameter B is replaced by the switching virtu-581

ality Q0, so that this formulation likewise has four pa-582

rameters. The ✓ function ensures that, during the Mat-583

ter stage (Q > Q0), q̂ receives contributions from both584

terms, while during the Lbt stage (Q < Q0) only the585

second term contributes. In this parametrization, the586

distribution of q̂ is continuous at Q = Q0.587

IV. EXPERIMENTAL DATA588

This analysis carries out Bayesian parameter ex-589

traction using experimental measurements of inclusive590

hadron production in A+A collisions at RHIC and LHC591

(RAA). Selection of experimental data for this process re-592

quires consideration of the pT range suitable for compari-593

son to theoretical calculations of jet quenching, in partic-594

ular the possible role of medium-modified hadronization595

at low pT.596

The energy loss formalism in this manuscript involves597

the convolution of initial state and hard scattering dis-598

tributions with energy loss calculations applied to hard599

partons as they propagate through the medium. The fi-600

nal parton distributions are then convoluted with vacuum601

HTL-inspiredHigh-virtuality inspired
-independentT elastic scattering off temperature T
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FIG. 11. (Color online) Posterior results of the spatial di↵usion coe�cient from the Bayesian analysis calibrated on the
combined dataset from three di↵erent systems at RHIC and the LHC.(top) the spatial di↵usion coe�cient Ds2⇡T as a function
of temperature at fixed momentum (p = 0 GeV/c, p = 10 GeV/c and p = 50 GeV/c); (bottom) the spatial di↵usion coe�cient
Ds2⇡T as a function of momentum at fixed temperature (T = 154 MeV, T = 350 MeV, T = 550 MeV). The grey area refers to
the prior range before calibration, while the red region refers to the posterior range after calibrating on experimental data. The
black dashed line refers to the di↵usion coe�cient from a leading order pQCD calculation, the red lines are the parametrized
di↵usion coe�cient using the median value of the posterior parameter distributions.

ponent. As shown in Fig. 9, the distribution for � ex-
tracted from AuAu collisions at 200 GeV favors a slightly
smaller value than that from the LHC energies, indicat-
ing a stronger contribution from the linear component
and a slower convergent to the pQCD results in AuAu
collision. For the combined analysis of the LHC ener-
gies and all three energies, � peaks around (0.25 ⇠ 0.3).
We conclude that for momenta range between (10 � 20)
GeV/c, the linear component and pQCD component of
the di↵usion coe�cient are comparable to each other and
that the pQCD contribution to the di↵usion coe�cient
will only dominate at momenta above 20 GeV. The mo-
mentum range is approximated using 1/�2, as �2p = 1
is the momentum region where linear and pQCD compo-
nent contributes equally.

The width of the posterior distributions is a↵ected by
the uncertainty we have applied in the analysis. The
smaller the uncertainty, the stronger the constraint, and
therefore a narrower width of the posterior distributions.

This may explain why among the three di↵erent colli-
sion systems, the posterior distributions from 5.02 TeV
PbPb collisions generally show a smaller width and the
combined calibration is mostly driven by the higher pre-
cision data from PbPb 5.02 TeV collisions. Higher preci-
sion experimental data and a better understanding of the
theoretical uncertainties will yield a significantly better
constraint on the parameters.

B. Heavy Quark Di↵usion Coe�cient

Having established the posterior distribution of the pa-
rameters ↵, � and � we can now utilize the parametriza-
tion of the spatial di↵usion coe�cient Eqn. (9), to ex-
tract the posterior range of this quantity. Figure 11 dis-
plays the estimate of the spatial di↵usion coe�cient, as
a function of temperature and momentum respectively.
The gray area represents the prior range before the cali-

Parameterize spatial diffusion coefficient with 
nonperturbative and pQCD contributions:

Xu, Bernhard, Bass, 
Nahrgang, Cao (2018)

Ds =
4T2

̂q

Bayesian estimation using -meson D RAA, v2

4

which are the nth order coe�cients in the azimuthal an-
gle Fourier expansion of the emitted hadron spectra. In
our calculation, the second order harmonic elliptic flow
v2 is calculated via both: the event-plane method [58]
and the cumulant method [59], while the triangle flow is
calculated via the cumulant method [59].

B. Parameterization of the di↵usion coe�cient

One of the goal of the heavy-ion community for the
next few years is to quantitatively determine the heavy
quark di↵usion coe�cient at su�ciently high precision.
Since the di↵usion coe�cient is not a quantity that can
be directly measured, its determination requires an inter-
play between both experiment and theory, meaning the
values of the parameters which encode the heavy quark
di↵usion coe�cient are obtained from a comparison be-
tween experimental measurement and the corresponding
theoretical calculations.

At high temperature and large momentum, the dif-
fusion coe�cient can be calculated using perturbative
QCD [60, 61]: The simplest possible diagram for heavy
quarks interacting with light partons is given by two
2 ! 2 elastic scattering processes (Qq ! Qq, Qg !

Qg), where the heavy quark transport coe�cient equals
to [62]:

q̂ =
⌦
(~pQ0)2 � (p̂Q · ~pQ0)2

↵
. (7)

where ~pQ(~pQ0) is the in-(out-)going momentum of the
heavy quark. hXi is defined as:

hXi =
�

2EQ

Z
d3pq

(2⇡)32Eq

d3pQ0

(2⇡)32EQ0

d3pq0

(2⇡)32Eq0
· X · fq(~pq)

(2⇡)4�4(~pQ + ~pq � ~pQ0 � ~pq0)
X

|M|
2
Qq!Q0q0 .

(8)

where ~pq(~pq0) is the in-(out-)going momentum of the light
parton (light quark or gluon), and M12!34 are the scat-
tering matrices between heavy quarks and light partons.
The leading-order pQCD calculation of di↵usion coe�-
cient with respect to temperature and heavy quark mo-
mentum is plotted in Fig. 1.

It has been found in previous comparisons to data that
the perturbative calculations are not su�cient to explain
the experimental findings such as the single non-photonic
electron suppression stemming from decay of the heavy
flavor mesons (“single electron puzzle”) [63], or fail to
to simultaneously describe both the heavy quark nu-
clear modification factor RAA and elliptic flow v2 (“heavy
quark RAA and v2 puzzle”) [64]. Moreover, it has been
argued that the convergence of the perturbative terms is
rather poor [25, 65]. In order to compensate for non-
perturbative e↵ects, one may introduce a K-factor to
scale the scattering cross section by an ad-hoc param-
eter, which will be adjusted until the model is able to
describe the experimental data. In this study, we use a

FIG. 1. (Color online) A leading order pQCD calculation
of q̂ with respect to temperature and momentum. For the
calculation of q̂, a fixed coupling ↵s = 0.3 is used, and a
Debye screening mass according to m2

D = 4⇡↵sT
2. All s, u, t

channel contributions for Qq ! Qq, Qg ! Qg are included.

more generalized parametrization of the di↵usion coef-
ficient, which combines a linear temperature dependent
component and a pQCD component:

Ds2⇡T (T,p) =
1

1 + (�2p)2
(Ds2⇡T )linear

+
(�2p)2

1 + (�2p)2
(Ds2⇡T )pQCD.

(9)

The linear component (Ds2⇡T )linear = ↵·(1+�(T/Tc�

1)), which accounts for non-perturbative e↵ects, is the
di↵usion coe�cient in the p = 0 GeV/c limit and can be
compared to lattice QCD calculation of the spatial dif-
fusion coe�cient at zero momentum. The pQCD com-
ponent is the contribution from perturbative processes,
and is related to q̂pQCD, which has been calculated above,
by (Ds2⇡T )pQCD = 8⇡/(q̂/T 3). It should be noted that
the standard spatial di↵usion coe�cient Ds is defined at
the zero momentum p = 0 GeV/c limit. However, in
this work we use the notation Ds to refer to the di↵usion
coe�cient in the full momentum range.

The parameter ↵ represents the spatial di↵usion co-
e�cient at zero momentum near Tc, parameter � is the
slope of Ds2⇡T (p = 0) above Tc. The linear shape of
the parametrization is inspired by the approximately lin-
ear temperature dependence of the specific shear viscos-
ity [38], as we assume an underlying relationship between
the transport properties of the QGP medium [66]. The
parameter � controls the ratio between the linear com-
ponent and the pQCD component. For p < 1/�2 the lin-
ear component dominates while for p > 1/�2 the pQCD
component is dominant. A small value of � indicates non-
perturbative processes a↵ect the heavy quark dynamics
into the very high momentum region, and a large value of
� indicates a quick conversion to the pQCD dominated
region. To better illustrate the dependence of the spatial
di↵usion coe�cient on �, we plot Ds2⇡T as a function
of temperature (at fixed momentum) and momentum (at
fixed temperature) for di↵erent values of � in Fig. 2. As
shown in Fig. 2, the value of � changes from 0 to 1 while
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FIG. 2. (Color online) An example of the spatial di↵u-
sion coe�cient parametrization. The linear component uses
(D2⇡T )linear = ↵ · (1 + �(T/Tc � 1)) with (↵, �) = (1.9, 1.6)
and is plotted as black dots. The dashed black line is the
pQCD component, while the rainbow lines represent the dif-
fusion coe�cient Eqn.(9) with parameter � varying from 0 to
1 while the color change from violet to red.

the color changes from violet to red in the reverse rain-
bow color scheme. For a large value of � (red) the com-
bined di↵usion coe�cient quickly converges to the pQCD
calculation, while for a small value of � (violet) the dif-
fusion coe�cient still follows the linear contribution even
for large momenta.

III. PARAMETER CALIBRATION

In this section we summarize the workflow of the
Bayesian analysis that allows us to determine the high
likelihood parameter ranges of (↵, �, �) that govern the
di↵usion coe�cient. More details on the Bayesian anal-
ysis can be found in [16, 36, 38, 40].

We first evaluate the improved Langevin model for a
limited number of parameter values that are selected us-
ing a Latin hypercube algorithm, and calculate the heavy
quark observables as outputs from the model for these
values. The mapping from inputs to outputs can then be
used to train a set of Gaussian process emulators, which
act as fast surrogate model of our Langevin model and are
able to predict the output for any arbitrary input point
in the parameter space. A Markov chain Monte Carlo
(MCMC) random walk through the parameter space is
then performed in order to calibrate the model param-
eters on the experimental data. After the MCMC equi-

librates, we obtain the posterior distributions of the in-
put parameters, and thus the posterior estimate of the
parametrized di↵usion coe�cient.

A. Training data preparation

Over the last few years, significant progress has been
made related to the measurement of heavy flavor observ-
ables, such as yields and/or flow cumulants of heavy fla-
vor mesons, single electrons from heavy flavor hadron
semi-leptonic decays, heavy flavor tagged jets, quarko-
nium yields, spectra and elliptic flow etc. However, those
data sets di↵er greatly regarding the statistical and sys-
tematic uncertainties and it is therefore not feasible to
combine all of them for our current analysis. For this
study, we only focus on the D-meson RAA and v2, which
are very sensitive to the interaction mechanics between
heavy quarks and the medium. These have been mea-
sured in three di↵erent systems at RHIC and the LHC:
AuAu collisions at

p
sNN = 200 GeV, PbPb collisions at

p
sNN = 2.76 TeV, and PbPb collisions at

p
sNN = 5.02

TeV. Table I summarizes the measurements and kine-
matic/centrality cuts of the observables that have been
used.

To illustrate the degree to which the model’s calcu-
lation are a↵ected by the particular form of the tem-
perature and momentum dependence of the di↵usion
coe�cient, we first sample 60 design points (X̃ =

FIG. 3. (Color online) 60 design points X̃ generated by the
Latin hypercube algorithm, projected in the (↵, �) dimen-
sions. The flat histograms on the edge show an uniform prior
distribution of the parameters.
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FIG. 2. (Color online) An example of the spatial di↵u-
sion coe�cient parametrization. The linear component uses
(D2⇡T )linear = ↵ · (1 + �(T/Tc � 1)) with (↵, �) = (1.9, 1.6)
and is plotted as black dots. The dashed black line is the
pQCD component, while the rainbow lines represent the dif-
fusion coe�cient Eqn.(9) with parameter � varying from 0 to
1 while the color change from violet to red.

the color changes from violet to red in the reverse rain-
bow color scheme. For a large value of � (red) the com-
bined di↵usion coe�cient quickly converges to the pQCD
calculation, while for a small value of � (violet) the dif-
fusion coe�cient still follows the linear contribution even
for large momenta.

III. PARAMETER CALIBRATION

In this section we summarize the workflow of the
Bayesian analysis that allows us to determine the high
likelihood parameter ranges of (↵, �, �) that govern the
di↵usion coe�cient. More details on the Bayesian anal-
ysis can be found in [16, 36, 38, 40].

We first evaluate the improved Langevin model for a
limited number of parameter values that are selected us-
ing a Latin hypercube algorithm, and calculate the heavy
quark observables as outputs from the model for these
values. The mapping from inputs to outputs can then be
used to train a set of Gaussian process emulators, which
act as fast surrogate model of our Langevin model and are
able to predict the output for any arbitrary input point
in the parameter space. A Markov chain Monte Carlo
(MCMC) random walk through the parameter space is
then performed in order to calibrate the model param-
eters on the experimental data. After the MCMC equi-

librates, we obtain the posterior distributions of the in-
put parameters, and thus the posterior estimate of the
parametrized di↵usion coe�cient.

A. Training data preparation

Over the last few years, significant progress has been
made related to the measurement of heavy flavor observ-
ables, such as yields and/or flow cumulants of heavy fla-
vor mesons, single electrons from heavy flavor hadron
semi-leptonic decays, heavy flavor tagged jets, quarko-
nium yields, spectra and elliptic flow etc. However, those
data sets di↵er greatly regarding the statistical and sys-
tematic uncertainties and it is therefore not feasible to
combine all of them for our current analysis. For this
study, we only focus on the D-meson RAA and v2, which
are very sensitive to the interaction mechanics between
heavy quarks and the medium. These have been mea-
sured in three di↵erent systems at RHIC and the LHC:
AuAu collisions at

p
sNN = 200 GeV, PbPb collisions at

p
sNN = 2.76 TeV, and PbPb collisions at

p
sNN = 5.02

TeV. Table I summarizes the measurements and kine-
matic/centrality cuts of the observables that have been
used.

To illustrate the degree to which the model’s calcu-
lation are a↵ected by the particular form of the tem-
perature and momentum dependence of the di↵usion
coe�cient, we first sample 60 design points (X̃ =

FIG. 3. (Color online) 60 design points X̃ generated by the
Latin hypercube algorithm, projected in the (↵, �) dimen-
sions. The flat histograms on the edge show an uniform prior
distribution of the parameters.
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which are the nth order coe�cients in the azimuthal an-
gle Fourier expansion of the emitted hadron spectra. In
our calculation, the second order harmonic elliptic flow
v2 is calculated via both: the event-plane method [58]
and the cumulant method [59], while the triangle flow is
calculated via the cumulant method [59].

B. Parameterization of the di↵usion coe�cient

One of the goal of the heavy-ion community for the
next few years is to quantitatively determine the heavy
quark di↵usion coe�cient at su�ciently high precision.
Since the di↵usion coe�cient is not a quantity that can
be directly measured, its determination requires an inter-
play between both experiment and theory, meaning the
values of the parameters which encode the heavy quark
di↵usion coe�cient are obtained from a comparison be-
tween experimental measurement and the corresponding
theoretical calculations.

At high temperature and large momentum, the dif-
fusion coe�cient can be calculated using perturbative
QCD [60, 61]: The simplest possible diagram for heavy
quarks interacting with light partons is given by two
2 ! 2 elastic scattering processes (Qq ! Qq, Qg !

Qg), where the heavy quark transport coe�cient equals
to [62]:

q̂ =
⌦
(~pQ0)2 � (p̂Q · ~pQ0)2

↵
. (7)

where ~pQ(~pQ0) is the in-(out-)going momentum of the
heavy quark. hXi is defined as:

hXi =
�

2EQ

Z
d3pq

(2⇡)32Eq

d3pQ0

(2⇡)32EQ0

d3pq0

(2⇡)32Eq0
· X · fq(~pq)

(2⇡)4�4(~pQ + ~pq � ~pQ0 � ~pq0)
X

|M|
2
Qq!Q0q0 .

(8)

where ~pq(~pq0) is the in-(out-)going momentum of the light
parton (light quark or gluon), and M12!34 are the scat-
tering matrices between heavy quarks and light partons.
The leading-order pQCD calculation of di↵usion coe�-
cient with respect to temperature and heavy quark mo-
mentum is plotted in Fig. 1.

It has been found in previous comparisons to data that
the perturbative calculations are not su�cient to explain
the experimental findings such as the single non-photonic
electron suppression stemming from decay of the heavy
flavor mesons (“single electron puzzle”) [63], or fail to
to simultaneously describe both the heavy quark nu-
clear modification factor RAA and elliptic flow v2 (“heavy
quark RAA and v2 puzzle”) [64]. Moreover, it has been
argued that the convergence of the perturbative terms is
rather poor [25, 65]. In order to compensate for non-
perturbative e↵ects, one may introduce a K-factor to
scale the scattering cross section by an ad-hoc param-
eter, which will be adjusted until the model is able to
describe the experimental data. In this study, we use a

FIG. 1. (Color online) A leading order pQCD calculation
of q̂ with respect to temperature and momentum. For the
calculation of q̂, a fixed coupling ↵s = 0.3 is used, and a
Debye screening mass according to m2

D = 4⇡↵sT
2. All s, u, t

channel contributions for Qq ! Qq, Qg ! Qg are included.

more generalized parametrization of the di↵usion coef-
ficient, which combines a linear temperature dependent
component and a pQCD component:

Ds2⇡T (T,p) =
1

1 + (�2p)2
(Ds2⇡T )linear

+
(�2p)2

1 + (�2p)2
(Ds2⇡T )pQCD.

(9)

The linear component (Ds2⇡T )linear = ↵·(1+�(T/Tc�

1)), which accounts for non-perturbative e↵ects, is the
di↵usion coe�cient in the p = 0 GeV/c limit and can be
compared to lattice QCD calculation of the spatial dif-
fusion coe�cient at zero momentum. The pQCD com-
ponent is the contribution from perturbative processes,
and is related to q̂pQCD, which has been calculated above,
by (Ds2⇡T )pQCD = 8⇡/(q̂/T 3). It should be noted that
the standard spatial di↵usion coe�cient Ds is defined at
the zero momentum p = 0 GeV/c limit. However, in
this work we use the notation Ds to refer to the di↵usion
coe�cient in the full momentum range.

The parameter ↵ represents the spatial di↵usion co-
e�cient at zero momentum near Tc, parameter � is the
slope of Ds2⇡T (p = 0) above Tc. The linear shape of
the parametrization is inspired by the approximately lin-
ear temperature dependence of the specific shear viscos-
ity [38], as we assume an underlying relationship between
the transport properties of the QGP medium [66]. The
parameter � controls the ratio between the linear com-
ponent and the pQCD component. For p < 1/�2 the lin-
ear component dominates while for p > 1/�2 the pQCD
component is dominant. A small value of � indicates non-
perturbative processes a↵ect the heavy quark dynamics
into the very high momentum region, and a large value of
� indicates a quick conversion to the pQCD dominated
region. To better illustrate the dependence of the spatial
di↵usion coe�cient on �, we plot Ds2⇡T as a function
of temperature (at fixed momentum) and momentum (at
fixed temperature) for di↵erent values of � in Fig. 2. As
shown in Fig. 2, the value of � changes from 0 to 1 while
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Bayesian parameter estimation has been actively used in recent years to 
extract a variety of properties of the quark-gluon plasma

Soft sector
Handful of analyses: Shear and bulk viscosity, initial state, particlization, …
Small systems: p-Pb, O-O

Hard sector
Jets: proof-of-principle extraction of  using inclusive hadron  data

Heavy quarks: first Bayesian extraction of  using  meson 

̂q RAA
Ds D RAA, v2

Some work done on model sensitivity and model selection 
— important for future!
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JETSCAPE
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James Mulligan, UC Berkeley JETSCAPE 2020 Online School, July 2020 5

Initial  
State 

Geometry

Hard  
scattering

Initial soft 
density

Medium-modified 
Parton shower

Viscous 
Hydrodynamics

Jet  
hadronization

Cooper-Frye 
hadronization

Hadronic 
cascade

Module 1

…
Module 2

Q > Q0
Q < Q0

JETSCAPE Manual: 1903.07706
https://github.com/JETSCAPE/JETSCAPE

JETSCAPE Event Generator
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Measuring   : inclusive hadron suppression 

BNL 2/2/2021 Jet quenching status report 46

JET Collaboration
Phys.Rev. C90 (2014) 1, 014909

q̂

For a 10 GeV light quark at time 0.6 fm/c:
RHIC : q̂ ⇡ 1.2± 0.3 GeV

2/fm

LHC : q̂ ⇡ 1.9± 0.7 GeV
2/fm

Fit pQCD-based models to 
single-hadron 
suppression data at RHIC 
and LHC 

Reasonable and 
improvable precision

q̂ ⇡ 0.02 GeV2/fmCold matter (e+A at HERA):

Previous work: Separate fits of  at RHIC and 
LHC for various pQCD models

̂q

JET Collaboration, PRC 90 (2014)
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