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Abstract

Projections of future climate change rely heavily on climate models, and combin-
ing climate models through a multi-model ensemble is both more accurate than a
single climate model and valuable for uncertainty quantification. However, Bayesian
approaches to multi-model ensembles have been criticized for making oversimplified
assumptions about bias and variability, as well as treating different models as statisti-
cally independent. This paper extends the Bayesian hierarchical approach of [Sansom
et al| (2017) by explicitly accounting for spatial variability and inter-model depen-
dence. We propose a Bayesian hierarchical model that accounts for bias between
climate models and observations, spatial and inter-model dependence, the emergent
relationship between historical and future periods, and natural variability. Extensive
simulations show that our model provides better estimates and uncertainty quantifi-
cation than the commonly used simple model mean. These results are illustrated
using data from the CMIP5 model archive. As examples, for Central North America
our projected mean temperature for 2070-2100 is about 0.8 K lower than the simple
model mean, while for East Asia it is about 0.5 K higher; however, in both cases,
the widths of the 90% credible intervals are of the order 3-6 K, so the uncertainties
overwhelm the relatively small differences in projected mean temperatures.
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1 Introduction

The reports of the Intergovernmental Panel on Climate Change (IPCC) provide regular
updates on the state of climate science; the most recent report was the Fifth Assessment
Report published in 2013 (Stocker et al., [2013); the Sixth Assessment Report is due to be
published in 2021. The science in these reports relies heavily on climate models, which form
the basis for projections of future climate under a variety of assumptions about greenhouse
gases and other anthropogenic emissions. The Coupled Models Intercomparison Project,
version 5, popularly known as CMIP5, is a compilation of climate model data from modeling
groups around the world (Taylor et al., 2012)). These models allow the user to calculate
projections for a very large number of meteorological variables, on a wide variety of spatial
and temporal scales. For the Sixth Assessment Report, CMIP5 will be replaced by a
considerably expanded set of model simulations, CMIP6, but results from these simulations
are not yet generally available.

From an early stage of the development of climate science around large modeling exer-
cises of this nature, it has been generally recognized that there are many advantages to be
gained by combining results from different climate models rather than by treating the mod-
els one at a time — known as the multi-model ensemble approach. Raisanen and Palmer
(2001)) pioneered an explicit probabilistic approach and assumed equal weighting over all
the models. This was quickly contrasted, however, by the Reliability Ensemble Average
approach (Giorgi and Mearns, 2003|), which weighted models according to their agreement
with historical data as well as taking account of how well future projections from different
models agreed with each other.

This led to a series of papers taking a Bayesian statistics approach in which prior dis-

tributions were placed on certain unknown model parameters and a posterior predictive



approach was taken to derive probabilistic projections for future climate variables (Tebaldi
et al., 2004, 2005; Min and Hense, |2006; Tebaldi and Sansd, 2009; [Smith et al., |2009).
However, as first noted by |Greene et al. (2006) and elaborated further by [Tebaldi and
Knutti (2007), these simple Bayesian approaches may not produce realistic projections of
uncertainty. They essentially treated climate model projections as independent perturba-
tions of some unknown “true” climate variable, ignoring both systematic biases between
models and observations and the fact that many climate models tend to be correlated. The
latter statement is true, in part, because of direct collaboration between modeling groups
(for example, many of the supposedly different models in CMIP5 are actually different
versions of climate models produced by the same modeling group), but even in the absence
of such collaboration, climate models from different modeling groups use similar physical
assumptions and computational methodology, so it is natural to expect that their errors
will be correlated. |Li et al.| (2016) also indicated that some climate models are in a closer
agreement than others.

Another comment about these early approaches to multi-model ensembles is that most
statistical approaches were either for the marginal distribution of a single climate variable
or, at most, the joint distribution of a small number of climate variables, e.g., temperature
and precipitation (Tebaldi and Sansd, [2009). However, Furrer et al. (2007) made an early
attempt at extending the approach to a spatially-correlated random field.

Over the past decade, these approaches have been greatly extended to allow for more
complex and realistic representations of model error and the associated uncertainties. Buser
et al.| (2009) allowed for model bias (the systemic discrepancies between model output and
observations that are not eliminated by repeated sampling) and also considered the effect
of inter-annual variability.

Chandler| (2013)) summarized the strength and weaknesses of Bayesian approaches to

multi-model ensembles, noting, for example, that such approaches could fail if there were



errors common to all the models, and also that approaches such as the Reliability En-
semble Average, although designed to give higher weight to the more reliable models, in
practice often performed worse than simple uniform averaging over all the models (Weigel
et al.l [2010). He proposed an alternative approach, independently developed by Rougier
et al.| (2013), which was based on the notion of exchangeability and characterized by (Chan-
dler| (2013)) as “reality is treated essentially as though it were another simulator.” In this
paradigm, increasing the number of simulators will not necessarily reduce the uncertainty
to zero. However, the approach in effect decomposes the errors in a climate model as
the sum of its deviation from some overall average “consensus” model, and the deviation
between the consensus model and the true Earth system.

Another idea to appear around the same time was that of an “emergent relationships”
(or “emergent constraints” ), which refers to some fixed relationships that are common to all
climate models; Bracegirdle and Stephenson| (2012} 2013)) showed examples for Arctic sea
ice. In effect, such a model would imply the existence of some fixed parameter(s) describing
the relationships between present and future climates that are common to all models.

These ideas have all been brought together in the recent paper (Sansom et al., |2017)
which, to quote the authors, “accounts for model uncertainty, model inadequacy, internal
variability, natural variability, observation uncertainty and emergent relationships”. How-
ever, it does not account for spatial correlation nor dependence between climate models.

The model dependence issues have also been addressed in previous literature. [Bishop
and Abramowitz| (2013) and |Abramowitz and Bishop| (2015) pointed out this possible cli-
mate model dependence issue and introduced a replicate Farth paradigm to seek model
dependence from error correlation in some transformed ensemble projections. A recent
paper by |Abramowitz et al. (2019)) has reviewed all the current approaches to model de-
pendence and discussed their possible application to the forthcoming CMIP6 ensemble.

The present paper extends the model proposed by [Sansom et al. (2017) by incorporat-



ing spatial correlation and dependence between climate models. In common with the main
graphical model by |Sansom et al.| (2017)), we propose in Section 2 a hierarchical model
whose components include climate model outputs and observations, latent variables, and
model parameters, but the main objects considered are spatial random fields, represented by
Gaussian processes with parametric covariance functions. We propose an MCMC sampling
approach to estimate the parameters of the spatial random field, a parameter representing
an emergent relationship, and also, a covariance matrix for inter-model dependence. The
latter therefore allows, explicitly, for the possibility that different climate models may be
dependent because of common modeling strategies or for other reasons that may cause cli-
mate models by different modeling groups to produce similar results. Our extension to take
into account various forms of dependence results in more precise uncertainty quantification.

The rest of the paper is organized as follows. Section |2 describes the hierarchical
model and MCMC sampling strategy in detail. Section |3| contains detailed simulations to
understand how the model performs on simulated synthetic data. Section {4f then shows
how the method applies to real-data examples, the near-surface temperature in Central
North America and East Asia. Section [5| summarizes the benefits of using our approach in
analyzing CMIP5 model outputs and points out directions for potential improvement that

may be used in processing upcoming CMIP6 results.

2 Bayesian hierarchical model

A typical climate model generates averages of a meteorological variable, such as tempera-
ture or precipitation over a finite set of grid cells at a specified temporal resolution. In our
modeling framework, we assume that the data we obtained from the climate models are

integrated over time to create a map of historical and future means.



2.1 Climate model layers

Climate models are executed under specific initial conditions and generate realizations
that bring internal variability, where each realization is called a climate model run. We
assume that the realizations of each climate model have a different underlying model mean
deviating from the consensus field that all climate models agree. Let D be the spatial grid
for the study domain. For a particular climate variable of interest, we denote the ensemble
consensus random field of all the climate models in the historical and future periods at
location s € D by ug(s) and pp(s), respectively.

Suppose that there is a total number of M available climate models. For each model
m = 1,..., M, the underlying climate model mean in the historical and future periods at
location s are denoted by Xp,,(s) and Xp,,(s), respectively. Considering that the historical
and future periods are set far apart, they are assumed to have independent noises. Then,

the proposed statistical models for Xy, (s) and Xg,,(s) are as follows,

Xum(s) = pr(s)+ eam(s),

Xrm(s) = pr(s)+ epm(s) + B{Xum(s) — pu(s)},
where the remainder random processes €, (s) and €, (s) are the two independent noise
processes, assumed to be zero-mean spatial Gaussian processes. The additional term in
the climate model mean in the future period accounts for the consistent bias in the climate
model means in the two periods, and the coefficient 3 is called the emergent relationship.

We assume the covariance functions for the two processes €y, (s) and €py,(s) are as follows:

cov(ermp(si), ermq(8;)) = T clllsi = sl Vi) vg, (1)
COV<€FP<SZ')7 EFq<Sj)> = TEIC(“SZ‘ — 8;[57F) Vpgs
where s;, s; are two arbitrary locations in the spatial domain D, and p,q = 1,..., M are

any two climate model indices, 7y and 7r are the inverse of sill parameters accounting

for the spatial variance, vy and «r are the range parameters in the Whittle covariance
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function ¢(-;vn), ¢(+;vr), and v,, controls the non-spatial correlation between model p and
model ¢. We write all the v,,’s for p,q =1,..., M as a matrix V with (p, ¢)-th entry wv,,.
It is easy to observe that the covariance functions would remain the same if a constant is
multiplied to 7y, 7r, and V' all together. Therefore, to make 74 and 7 identifiable, vy is
fixed to be one, which implies Tgl and 7, ! are the variances at any locations in the climate
model 1. It is noteworthy that 75 'c(||s; — s;l|;vm) and 7 c(||s; — s;||;7r) describe the
spatial covariance while V' accounts for the climate model dependence. Thus, a separable
covariance structure is essentially assumed between these two types of covariances.

Note that the climate model means Xp,,(s) and Xpg,,(s) are latent states that we do
not observe. The data we have in the climate model outputs are individual climate model
runs simulated from the corresponding climate model with a particular initial condition.
Therefore, it is natural to treat different climate model runs as the corresponding climate
model mean plus some noise associated with internal variabilities. The internal variability
may not lead to white noise and the correlation among different locations could exist.
Thus, we also use spatial Gaussian processes to model the internal variability. Then, for
each climate model m, the climate model run r =1, ..., Ry, in the historical period and
the climate model run ' = 1,..., R, in the future period, where Ry, and Rp,, are the
total number of model runs for model m in the historical and future periods, respectively,

are modeled as
XHmr(S) = XHm<S) + GHmT(S>7

Xrmr(8) = Xpm(s) + €rmr(s),

where €p,,,(S) and € (s) are zero-mean Gaussian processes with covariance function

COV(EHmr(Si)a EHmT’(Sj)) = gb;I;zC(HSZ - SJ'H;’yHm)? (2>

oV (€pmr (), €pmr (85)) = dpmc(llsi — sl Yrm)-

The inverse of the sill parameters ¢g,, and ¢p,, are assumed to follow the conjugate



distributions, which are Gamma distributions as follows,

-1 -1
U7H’ VH¢H )7 ¢Fm ~ Ga(V_F VF(bF )a (3)

¢Hm ~ Ga( 9 ) 9

where vy, ¢, vr, and ¢p are unknown hyper-parameters.

2.2 Observation Layers

Section describes how the climate model output is related to the underlying ensemble
consensus field. On the other hand, since all the climate models considered in this work
try to mimic the climate of the real world, the consensus field is also linked to the real-
world climate and subsequently the observations. We elaborate these connections in this
section. We call the climate that is actually occurring on the earth the actual climate and
treat it as a random realization from a particular distribution, the mean of which is called
the expected climate and denoted by Yj(s) and Yg(s), for the historical and the future
periods, respectively. Since the climate models attempt to simulate the real-world climate,
the expected climate can also be treated as a realization from the ensemble consensus field
with some uncertainty, which was also used and discussed by [Sansom et al.| (2017). That
being said, the expected climate is viewed as a counterpart to the climate model mean
described in Section [2.1] Thus, the same statistical models as used for the climate model

means Xy, (s) and Xpg,,(s) are assumed for the expected climate. More specifically,

Yu(s) = pn(s)+en(s),
Yr(s) = pr(s)+er(s) + B{Yu(s) — pu(s)}.

(4)

The remainder processes ey (s) and ep(s) are also assumed to be zero-mean spatial Gaussian
processes. However, the covariance function has no model dependence component but a

predetermined scaling factor x > 0 in front of the spatial covariance accounting for the



potential inadequacy of climate models in characterizing the variability, i.e.,

cov(en(si) en(s;)) = w1y c(llsi = sjlliym),

cov(er(si),er(s;) = wp'c(llsi —sjllive).
Then, the actual climate Yy,(s) and Yg,(s) for the historical and the future periods,
respectively, should be the expected climate plus some noise corresponding to the natural

variability, and we use white noise to model these natural variabilities as shown below,

Yia(s) ~ N(Yu(s), 6pa),

Yra(s) ~ N(Ye(s), dpa)-
The precision parameters of the white noise ¢r, and ¢y, are assumed to follow Gamma
distributions with the same mean as ¢y, and ¢p,, shown in Formula but different
variances, respectively. More specifically, ¢, ~ Ga(vy/(2x),veo;'/(2k)) and ¢p, ~
Ga(vr/(2k),vrds'/(2k)). We see that the mean of ¢y, and ¢u, (¢ra and ¢p,,) are
the same, but the shape and rate parameters in the assumed Gamma distributions are
different with a common scaling factor x. The parameter x accounts for how the actual
climate might be different than a realization from another “climate model” due to the
potential inadequacy of the internal variability (as expressed through the implemented
climate models) to truly capture natural variability.

Finally, because observations can have measurement errors or errors from other sources
on top of the actual climate, the observations denoted by W;(s) for ¢ = 1,..., N, where
N is the total number of observational data sets, are modeled as actual climate plus white
noise, i.e.,

Wi(s) ~ N (Yua(s), 7y'),

where 7y is the unknown hyper-parameter for the precision of the white noise. We summa-
rize our full Bayesian hierarchical model in Figure [T where the relationship among three

types of variables—data, latent states, and parameters—is illustrated.
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Figure 1: Illustration of the proposed Bayesian hierarchical model. Diamonds represent the

available data, rectangles represent the latent states, and circles represent the parameters.

2.3 Inference

The advantage of using a Bayesian hierarchical model is that it naturally integrates all
the model components in different layers into a single framework, and all uncertainties in
different layers propagate to the final results. However, the obtained posterior distributions
of latent states or parameters are not only conditional on the data but also depend on the
prior distributions we specified for the parameters. To alleviate the effects of priors, we use
non-informative prior distributions whenever possible, hoping that the priors will have less

influence on the posterior results.
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The prior distributions for all the parameters are specified as follows. We propose
normal prior distributions for ug(s) and pg(s) as ug(s), pr(s) ~ N(0,10°), and an inverse
Wishart prior distribution for V as V ~ [ W(df/, M + d+ 1), where V is the mean of V
in the prior and d is a predetermined integer that controls the degrees of freedom in the
prior or how informative the prior is. When d is large, the random realization of V' will be
closer to V, i.e., the prior plays a more important role in the posterior. Since we want to
infer the mean of V' more from the data, we use the smallest possible integer, one, to make
the priors less informative. Vague priors for all other parameters are proposed as 7, 7 ~
Ga(1073,1073), vg,vr ~ Unif(0,10%), B ~ N(0,10%), vy, vp ~ Ga(1073,1073), ¢y, dop ~
IG(1073,1073), Yam, Vem ~ Unif(0,10%), 7y ~ Ga(1073,1073), where IG stands for the
inverse Gamma distribution and Un:f stands for the Uniform distribution.

To estimate the posterior distribution of all the latent states and parameters, we use
Markov Chain Monte Carlo (MCMC) with Gibbs sampling and Metropolis-Hasting for pa-
rameters without an analytic form of the marginal posterior distribution. All the formulae
for the Gibbs and Metropolis-Hasting updates are given in Section[S4]in the Supplementary
Materials. The constant x that reflects how inadequate the climate models represent the
actual earth system is not identifiable in this Bayesian hierarchical setup. Due to our lack
of knowledge about adequacy of the climate models, we assume x = 1 in the simulation
and application studies in Sections [3 and [4, the value of which was also used in [Sansom
et al| (2017). Domain experts may have insights into other choices of x values which may
improve the inference of the future climate, if the specified value is more reflecting the true

inadequacy. However, we simply use x = 1 for the most general case.
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3 Simulation study

In Section [2| we have proposed a new Bayesian hierarchical model, the novelty of which
is that both the climate model dependence and the spatial correlation are well accounted
for. In order to investigate the properties of this model and the validity of our inference
procedures, we conduct extensive simulations by generating synthetic data for which the
underlying model is known. We test different aspects of the proposed model and gain
insights into what part of the model is worth modeling and what model components we
may not be able to estimate even if they exist. Careful simulation studies are particularly
necessary for a complex model like the one we proposed because parameters in certain layers
may not be estimated very well, and we need to investigate whether this would affect the
estimation of variables of our primary interest.

In the simulation study, we run experiments with the following parameter setting. We
choose n = 20 x 20 = 400 locations over a regular grid in the two-dimensional domain
[0,1] x [0, 1]. The number of climate models is M = 38, each of which has Ry, = Rp,, = 10
model runs. The number of observations data sets is N = 5. The true values of the
consensus fields pj;, ©5 and the climate model dependence matrix V* used to generate the
synthetic data are chosen as shown in Figure [2] The chosen values of V* make most pairs
of climate models independent, while several clusters of climate models with correlation
ranging from strong to weak exist. The expected climate is a latent state that is randomly
generated from Formula , and one realization as an example is also shown in Figure . We
fix the true parameter values as v;; = 0.5, = 0.5, 7 = 1.5, 7 =2, 7y, = 2, 8" = 2,0} =
10, ¢ = 10, vy, = 100, vy, = 100, ¢, = 10, ¢%, = 10. The selected true values vy,,, Yim
for m =1,..., M are shown in Figure 3| while the true values ¢%,,, ¢%,, for m=1,..., M
are randomly generated from the Gamma distributions specified in Formula based on

the chosen vj;, v}, ¢}, ¢}, one realization of which is also shown in Figure[3] Note that the
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Figure 2: Top panels show the fixed consensus random fields p; and u} in the historical
and future periods, respectively, and the model dependence matrix V* used to generate the
synthetic data in the simulation study. Bottom panels give a realization of the randomly

generated expected climate Y}; and Y} in the historical and future periods, respectively.
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Figure 3: The fixed range parameters 7y,,, 7, and one realization of the randomly

generated inverse sill parameters ¢3;,,, @5, for m =1,..., M in the simulation design.
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choice for vy, Vi, 1S arbitrary, which allows us to cover a range of values corresponding
to moderate spatial correlation that vary for different models.

We estimate all the parameters or latent states in the Bayesian hierarchical model
through an MCMC with 30,000 iterations, where the first 10,000 iterations are considered
burn-in and discarded. The prior mean of the climate model dependence matrix, V, is
chosen as an identity matrix because we try to make the prior as non-informative as possible
and thus assume the prior has no knowledge about the correlation at all. The posterior
mean of each parameter or latent state in the last 20,000 iterations is used as the posterior

estimate. We examined multiple independent MCMC runs with different appropriate initial

values, and the difference among their results are subtle. We show in Figure[d] the differences
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Figure 4: Differences between the estimates and the true values of Yy, Yr, and V. The
marker ~ represents the posterior means in the MCMC using our proposed Bayesian hier-
archical model; the marker ~ represents the multi-model means calculated as the averages

of all the climate model runs; the superscript * represents the true values.
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between the posterior estimates and the true values of variables of our primary interest—the
historical and future expected climate Yy and Y, as well as the climate model dependence
matrix V', from one randomly selected MCMC run. Since the multi-model mean, which is
the straight average of all available climate model outputs, is commonly used in forecasting
the future climate in the IPCC report, we also provide the differences between the true
expected climate and the multi-model mean in Figure [4f It can be observed that our
posterior estimates lead to more accurate values in both discovering the historical expected
climate and forecasting the future expected climate. Furthermore, since our inference
is from a Bayesian model, it is very convenient to characterize the uncertainty of the
expected climate, which, however, is challenging for the commonly used multi-model mean
estimates. Uncertainty quantification is particularly important for making probabilistic
forecasts. The estimated posterior distributions through the 20,000 MCMC iterations are
shown in Figure [} For most parameters or latent states, we observe that the estimated
posterior distributions are Gaussian-like and the posterior means are accurate estimates,
although the estimation of certain parameters such as 74, 7r, vy, and v is less satisfactory.
The latter is not surprising as it is common that some parameters are difficult to estimate
in a complex Bayesian hierarchical model. More importantly, the expected climate Yy and
Yr, which are of our primary interest, have superior posterior estimates, regardless of a few
other poorly estimated parameters.

To have more assessment of the estimation performance, we show MCMC results from
50 generated synthetic data sets based on the same parameter setting (¢}, and ¢}, are
randomly generated for each data set and may be different). The histograms of the 50
differences between the posterior estimates and the true values for several parameters and
latent states are shown in Figure [6] We notice that 8 tends to be slightly underestimated.
We believe the underestimation is partially caused by the relatively small number of climate

model runs. To verify our conjecture, we conducted experiments where a reduced number of
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Figure 5: The trace plots, the histograms, the posterior means (blue), and the true values
(red) of different parameters or latent states in the MCMC. Note that in the bottom panels,

we only show the trace plots of some latent states at location s = (0,0).

climate model runs and observation data sets are used, in accordance to the actual number
of climate model runs in CMIP5 and the observation (reanalysis) data sets discussed in
Section[dl We found that the underestimation of 3 is more significant in such case; however,
the estimation of the expected climate is still accurate. Details of this investigation are
provided in Section in the Supplementary Materials. The overall conclusion is that
the estimation of # may be less reliable if the number of climate model runs is small, but

the estimate for the expected climate remains intact. If learning the emergent relationship
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the posterior mean using our proposed Bayesian hierarchical model in the MCMC; the
superscript * represents the true values. Note that in the bottom panels, we only show the

histograms of some latent states at location s = (0,0).

[ is of special interest, a large number of climate model runs are required.

The sample mean of the differences between the posterior estimates and true values of
the whole expected climate fields Yy and Yz in the 50 experiments are shown in Figure [7]
For comparison, we also show in Figure [7] the sample mean of the differences between
the multi-model mean estimates and the true values in the 50 independent experiments,
where we see our results yield much more accurate estimates. Our estimates of unknown
parameters and latent states in the 50 experiments in general perform very well, especially
for the future expected climate Y, which is the quantity we are mostly interested in
and trying to forecast. Examining the accuracy of credible intervals allows us to assess the
performance of the variability estimation; we therefore provide the 95%- and 99%-quantiles

in the posterior distribution and the number of experiments whose true values fall into
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the estimated 90% credible intervals (the interval between the 5%- and 95%-quantiles) in
Figure m The 95%- and 99%-quantiles are treated as the moderate and severe extremes,
respectively. An artifact is observed that the variability along the area border is generally
larger than in the interior area because for the random process at locations along the
border, there are fewer other moderately-correlated locations. If the variability of some
locations along the border is of interest, this artifact can be easily resolved by expanding
the area slightly. Comparing the number of experiments whose true values fall into the 90%
credible intervals to the theoretical benchmark, 45, which is 90% of the 50 experiments, we

conclude that the variability of the estimated expected climate is precisely quantified.
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Figure 7: The first column shows the sample mean of the differences between the multi-
model means (Yg, Yr) and the true values (Y}, Y}) in the 50 independent experiments.
The second columns shows the sample mean of the differences between the posterior means
(Y, Yr) and the true values. The third and forth columns show the sample mean of
the differences between the posterior 95%-quantiles (Yy 5%, Yros%) or the posterior 99%-
quantiles (YHygg%, }A/F,gg%) and the posterior means. The fifth column shows the number of

cases out of the 50 experiments whose true values fall into the 90% credible intervals.

To demonstrate the importance of including spatial correlation and climate dependence

in the Bayesian hierarchical model, we conducted experiments where these components are
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ignored. The model that ignores the spatial correlation and climate model dependence
acts like the model proposed by [Sansom et al.| (2017)) for combining multiple climate model
runs. Using this simplified model, we found a larger bias in the posterior mean of the ex-
pected climate as well as less accurate estimated variability, leading to a poorly estimated
credible interval. This demonstrates the necessity of taking these two types of correlations
into account in the Bayesian hierarchical model, observing the important role these cor-
relations played in making inference of the expected climate. Detailed results of all these
investigations are given in Section in the Supplementary Materials. Noting that the
study areas in the application in Section [4| have a smaller number of locations than what
we have in the simulation study, we also conducted experiments on the synthetic data with
the same number of locations as in Section 4] We found that the results are quite similar

and for succinctness, we do not present these additional experiments.

4 Application

Near-surface air temperature plays an important role in climate research and is a common
output in many climate model products. We use the near-surface air temperature fields
from 38 climate models with a total number of 81 climate model runs from CMIP5. This
climate model data was also used by Herger et al.| (2018]). The number of available model
runs for each model is given in Table in the Supplementary Materials; the table also
shows the model indices that we arbitrarily assigned.

When climate models construct projections for future climate change, it is necessary to
make assumptions about future emission patterns and their consequences for greenhouse
gas levels in the atmosphere. The IPCC has treated this issue by formulating several
Representative Concentration Pathways (RCPs) that are trajectories of greenhouse gas

concentrations adopted for its Fifth Assessment Report in 2014. The major pathways used
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for climate modeling are RCP2.6, RCP4.5, RCP6, and RCP8.5, where the labels refer to
possible ranges of radiative forcing values in the year 2100 (in watts per square meter). In
this paper, we use RCP4.5 and RCP8.5. Loosely, RCP4.5 corresponds to a moderate degree
of emission control in which greenhouse gases peak around 2040 and then decline. On the
other hand, RCP8.5, often referred to colloquially as the “business as usual” scenario,
assumes that emissions will continue to increase throughout the twenty-first century.

We have historical values simulated by climate models from the year 1956 to 2013
and forecasted future values from 2006 to 2100 under RCP4.5 or RCP8.5 forcings. We
truncate the periods to an equal length for the past and future as 1971-2000 and 2071-
2100, respectively; we choose these periods to eliminate the overlap between the historical
and future periods, to avoid the potentially less trustworthy simulation results in the first
several years in the climate model products, and to put emphasis on the long-term forecast.

For the observation data sets, we use two reanalysis data sets, which were also used
in Herger et al.| (2018): Berkeley BEST Land (http://berkeleyearth.org/data/) and
CRU TS (https://crudata.uea.ac.uk/cru/data/hrg/cru_ts_3.23/). There are three
more reanalysis data sets studied in |Herger et al. (2018)). However, two of them have lower
resolution, and another one is the Berkeley BEST Global data, which is highly correlated
with the Berkeley BEST Land data. Hence, we exclude those three data sets in our analysis.

We investigate the near-surface air temperature in two regions with different character-
istics: the Central North America (CNA) region and the East Asia (EAS) region, illustrated
in Figures[§and [0 Figure[§shows the average of the near-surface temperature during 1971
2000 over the entire globe using all climate model outputs; Figure [J] shows the average of
the observation data sets and climate model runs during 1971-2000 as well as 2071-2100
under RCP4.5 or RCP8.5 in the two study regions. For the EAS region, because a single
spatial covariance model such as the stationary isotropic Whittle covariance function may

not adequately represent the dependence between the continent and island locations, we
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Figure 8: The average of the near-surface temperature (in kelvins) in all climate model

runs during 1971-2000 over the globe.

focus specifically on mainland temperatures and thus exclude Japan for instance. The
four application cases to investigate are the near-surface air temperature in CNA under
RCP4.5, in EAS under RCP4.5, in CNA under RCP8.5, and in EAS under RCP8.5. In
each case, we run MCMC with 130,000 iterations. The first 30,000 iterations are used as
burn-in and discarded. We choose every 5" value in the remaining 100,000 iterations to
reduce auto-correlations existing in consecutive iterations in the MCMC. After thinning,
we have 20,000 samples representing the posterior distribution.

In each application case, we compare our results with the multi-model mean, which is

the average of all the available climate model runs used in the current IPCC report. In
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Figure 9: The average of the near-surface temperature (in kelvins) in the two reanalysis
data sets during 1971-2000 (“Observation-H”), in all the climate model runs during 1971
2000 (“Model-H”) and during 2071-2100 under RCP4.5 (“Model-F-RCP4.5”) or RCP8.5
(“Model-F-RCP8.5”) in the Central North America (CNA) region and the East Asia region
excluding islands (EAS).

addition, [Sansom et al. (2017)), hereafter SSB, proposed a model discussed in Section |I|and

studied as a simpler version of our model (without accounting for spatial correlation and
climate model dependence) in the simulation study with results provided in Section
in the Supplementary Materials. More specifically, in the SSB model, Formulas and
are modified by removing the spatial correlation c¢(||s; — s;||) and the climate model

dependence v,, as follows,

cov(emp(si), emg(sy)) T clllsi —sillsvm)veg — T,
cov(erp(si)s erg(s)) o mrielllsi = sl R — TR
cov(€mmr (i) €umr (7)) + Opmclllsi = sjllivam) — s
oV (epmr(8i), €pmr(8)) = Dpmelllsi = sjllivem)  — Opp
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Figure 10: Two model runs and their differences (in kelvins) from the climate model
CanESM2. Top panels show the monthly average of the near-surface air temperature
in January 1981, and bottom panels show the average during the historical period from

1971 to 2000.

We clearly see the spatial correlation in the climate model runs in Figure where two
model runs of CanESM2 in a specific month and the average over the historical period are
shown. Looking at the differences depicted in the right panels in Figure we observe the
spatial correlation in the deviation of climate model runs from the climate model means,

because we would see white noises in the absence of spatial correlation.

4.1 Results for the two regions under the two forcings

Figure 11| summaries our posterior results compared to the SSB model and the multi-model
mean using climate model outputs in the CNA region where RCP4.5 is used for the future
forecast. The multi-model mean provides much higher temperature estimates than our
posterior mean at the majority of locations. The difference between the estimated temper-
atures from the SSB model and our model is comparatively small and has both positive and

negative values. However, the SSB model yields a larger variability in the historical period
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Figure 11: Results in the CNA region from different approaches, where the climate model
outputs under RCP4.5 is used. Yy and Yy are the posterior mean of the expected climate
in the historical and the future periods using our proposed hierarchical model, whereas Y;I
and }719 are the posterior mean using the SSB model. Yy and Yy are the multi-model mean,
i.e., the average using all climate model runs. S/Zl() is the estimated standard deviation in

the MCMC. Unit: kelvin.

and a smaller variability in the future than our model does. Recall that in the simulation
study (results given in Section in the Supplementary Materials), we have shown
that the SSB model fails to provide accurate mean and variability estimates. Trace plots
of selected parameters and latent states from two MCMC runs of our proposed Bayesian
hierarchical model are given in Figure in the Supplementary Materials. Although the
estimates of the spatial parameters, particularly those associated with the climate models
with only one model run, are not optimal, the estimates of the most important latent states

Yy and Yr are robust and trustworthy. This agrees with the findings in our simulation
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Figure 12: Results in the CNA region from different approaches, where the climate model

outputs under RCP8.5 are used. The same notation as in Figure [L1]is used.

study where the number of climate model runs and observational products is identical to
those in CMIP5 (detailed results are given in Section in the Supplementary Mate-
rials). The posterior distribution of the climate dependence matrix V' and the emergent
relationship 3 are also stable, but S may be underestimated based on our findings in the
simulation study. If learning the emergent relationship S and all the spatial parameters is
also of interest, more climate model runs are required, especially from the climate models
that have only one model run (see Figure in the Supplementary Materials).

Figure 12| shows the results in the CNA region where the climate model outputs under
RCP8.5 are used for the future forecast. Compared to the results under RCP4.5, the future
expected climate Yy for the near-surface temperature under RCP8.5 has higher values,
which behaves as expected because of the higher emission level that contributes to global

warming. The comparison between our model result and the multi-model mean or the SSB
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Figure 13: Results in the EAS region from different approaches, where the climate model

outputs under RCP4.5 are used. The same notation as in Figure [11]is used.

model is similar to that in the RCP4.5 case. The multi-model mean tends to provide much
higher temperatures. The SSB model gives both higher and lower temperatures and yields
a larger variability in the historical period but a smaller variability in the future.

The inference results from different approaches in the EAS region are shown in Figure
under RCP4.5 and Figure [14f under RCP8.5. Most conclusions are similar to those in the
CNA region except that the multi-model means now tend to have lower values at the
majority of locations, especially in the southern part of the EAS region. We are not sure
what causes the opposite signs of difference between the multi-model mean and our results
in these two regions. One possible reason may be the different availability of observational
records in these two regions that can be used to validate the climate models, but more

scientific research is needed to interpret this finding.
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Figure 14: Results in the EAS region from different approaches, where the climate model

outputs under RCP8.5 are used. The same notation as in Figure [11]is used.

4.2 Probabilistic investigation of the difference between the multi-

model mean and our approach

In Section we purely discussed the difference between the multi-model mean and the
posterior mean with our proposed model. However, the proposed Bayesian statistical model
naturally yields a full posterior distribution, which allows us to examine the multi-model
mean estimation in the context of the posterior distribution. Figure [I5] shows the corre-
sponding probabilities of the quantiles in the posterior distribution equal to the multi-model
mean estimates for the future forecast, under both RCP4.5 and RCP8&.5. We observe that
at the majority of the locations in the CNA region under either forcing, the multi-model
mean estimates correspond to very high quantiles in our posterior distribution, indicat-
ing large chances for overestimating the future near-surface temperature. However, in the

EAS region, the multi-model mean estimates tend to underestimate the future near-surface
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Figure 15: The corresponding probabilities of quantiles in the posterior distribution of the
future expected climate Yz from our proposed model equal to the multi-model mean in

each of the four application cases.

temperature at most locations, especially in the southern part. The overestimation or un-
derestimation patterns are quite similar under the two different forcings in the same region.

Table [1| further summarizes the climate impact of our work, where the differences of the
predicted mean temperature for 2070-2100 over the entire CNA or EAS region between
our method and the multi-model mean as well as the resulting 90% credible intervals by
our method are given. Our projected mean temperature in the CNA region for 2070-2100
is about 0.8 K lower than the multi-model mean, while in the EAS region it is about 0.5 K
higher; however, in both cases, the widths of the 90% credible intervals are of the order 3-6
K, so the uncertainties overwhelm the comparatively small differences in projected mean
temperatures. Similarly, we also provide these results for the SSB model inference. We see
that the SSB model leads to higher mean temperatures than our model, and the widths of
the 90% are comparatively smaller, especially for the EAS region.

4.3 Summary of climate model dependence results

A byproduct of this investigation is the posterior estimate of the climate model dependence
matrix V. We normalize the posterior mean of V' to a correlation matrix and show the

estimates for the four application cases in Figure [16, The estimated correlation matrices
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Table 1: Differences of the predicted mean temperature for 2070-2100 over the entire CNA
or EAS region between our method or the SSB model and the multi-model mean as well

as the 90% credible intervals resulting from our method or the SSB model. Unit: kelvin.

Region Mean Difference | 90% Credible Interval of Region Mean
Region and Forcing ~ — A - " A
Yr —Yp Yi—Yp Yr Y},
CNA, RCP4.5 0.71 -0.67 [285.02,288.42)] [285.16,288.21]
CNA, RCP8.5 -0.84 -0.65 [286.55,290.77] [287.25,290.68]
EAS, RCP4.5 0.49 0.51 [281.06,286.22] [282.10,285.24]
EAS, RCP8.5 0.42 0.48 [282.60,288.75] [284.21,287.59]

look similar under different forcings in the same region but look quite distinct in different
regions. Generally speaking, the climate models are more correlated with each other in
the EAS region. One possible reason is that more observations in the CNA region can be
used to calibrate climate models individually, leading to more independence among climate
models in this region.

Correlation estimates among climate models
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Figure 16: Correlation estimates among all the climate models for each of the four appli-

cation cases.

It is also observed that all the high correlations are positive, indicating the agreement

of climate model outputs. Table [2 lists the climate model pairs that have estimated cor-
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Table 2: Climate model pairs with estimated correlations greater than 0.7 in all four
application cases. “C45” stands for the estimated correlation in the CNA region under
RCP4.5, “C85” stands for the estimated correlation in the CNA region under RCP8.5,
“E45” stands for the estimated correlation in the EAS region under RCP4.5, and “E85”

stands for the estimated correlation in the EAS region under RCP8.5.

Model 1 Model 2 C45 C8 E45 E85
CCSM4 CESM1-BGC 0.98 0.98 0.98 0.98
CMCC-CMS MPI-ESM-LR 0.79 0.78 0.74 0.83
GFDL-ESM2G GFDL-ESM2M 0.89 0.88 0.99 0.99
GISS-E2-H GISS-E2-H-CC 093 093 097 0.97
GISS-E2-R GISS-E2-R-CC 094 096 0.98 0.98

HadGEM2-A0 HadGEM2-CC 0.76 0.77 0.92 0.93
IPSL-CMbJA-LR IPSL-CM5B-LR 0.81 0.79 0.90 0.94
MIROC-ESM  MIROC-ESM-CHEM | 0.88 0.94 0.98 0.99
MPI-ESM-LR MPI-ESM-MR 094 094 093 0.95
NorESM1-M NorESM1-ME 095 096 0.98 0.99

relations greater than 0.7 in all four application cases. Except for the pairs CCSM4 versus
CESM1-BGC and CMCC-CMS versus MPI-ESM-LR, all the other highly correlated climate model
pairs share the same main climate model but are coupled with different geophysical compo-
nents. Both CCSM and CESM are climate models operated by National Center of Atmospheric
Research in the USA, where the former is a subset of and has been superseded by the latter.
Therefore, there is no surprise for this pair to be highly correlated, and as a matter of fact,
this pair has the largest correlation among all the climate models. An interesting finding
is the high correlation between CMCC-CMS, which is operated by the Euro-Mediterranean
Center on Climate Change in Italy, and MPI-ESM, which is operated by the Max Planck In-
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stitute in Germany, although the correlation between this pair is comparatively lower than
the other pairs. This high correlation may be due to the fact that both climate models
make use of the atmospheric model component ECHAM. More domain expertise may be

required to fully interpret the correlation between this climate model pair.

5 Discussion

In this paper, we have extended previous approaches to multi-model ensembles by incor-
porating two features of climate models that have been analyzed on their own in previous
papers, but not in conjunction with the other sources of variability in climate model projec-
tions: spatial correlation and dependence among climate models. As a result, we are able
to produce posterior distributions for spatial climate model projections that incorporate
natural and internal variability, biases and correlations in climate model outputs, emergent
relationships, and the agreement of historical climate model runs with observational data.
The results of Sections [4.1] and illustrate some comparisons between our approach and
the earlier SSB approach, as well as the uniform model averaging approach.

There are still a number of limitations of our statistical model. In particular, it assumes
that the spatial fields have a stationary isotropic structure and that the joint distributions
of spatial fields over several models have a separable covariance structure, as is evident
from Formula [I} These assumptions may be reasonable when applied to relatively small
regions, but we would not expect a stationary isotropic spatial covariance function to be
applicable over the whole earth. In addition, it would be worthwhile to investigate adding
a temporal component to the model in order to accommodate inter-annual variability.

It could also be of interest to explore in more detail the potential of this approach to
model climate extremes. Section has shown how we can use quantiles of the posterior

distribution to compare one set of model projections with another, but it would require
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a separate investigation to determine how robust the present approach is for calculating
extreme quantiles of future climate variables.

As climate science moves from CMIP5 to CMIP6, there is likely to be even more demand
for advanced statistical approaches for multi-model ensembles.

The code and data used in analyzing the near-surface temperature in the Central North
America region and the East Asia region can be found in https://github.com/hhuang90/
Combine-CMIPb5.

Acknowledgment

We thank Gab Abramowitz and Nadja Herger for providing the gridded near-surface air
temperature data in CMIP5 and the reanalysis data sets. We thank Michael Wehner for

providing information in interpreting our findings of highly-correlated climate model pairs.

References

Abramowitz, G. and C. Bishop (2015). Climate model dependence and the ensemble
dependence transformation of CMIP projections. Journal of Climate 28, 2332-2348.

Abramowitz, G., N. Herger, E. Gutmann, D. Hammerling, R. Knutti, M. Leduc, R. Lorenz,
R. Pincus, and G. A. Schmidt (2019). Esd reviews: Model dependence in multi-model

climate ensembles: weighting, sub-selection and out-of-sample testing. FEarth System

Dynamaics 10, 91-105.

Bishop, C. and G. Abramowitz (2013). Climate model dependence and the replicate Earth
paradigm. Climate Dynamics 41, 885-900.

Bracegirdle, T. J. and D. B. Stephenson (2012). Higher precision estimates of regional polar

33


https://github.com/hhuang90/Combine-CMIP5
https://github.com/hhuang90/Combine-CMIP5

warming by ensemble regression of climate model projections. Climate Dynamics 39,

2805-2821.

Bracegirdle, T. J. and D. B. Stephenson (2013). On the robustness of emergent constraints
used in multimodel climate change projections of arctic warming. Journal of Climate 26,

669-678.

Buser, C. M., H. R. Kiinsch, D. Liithi, M. Wild, and C. Schér (2009). Bayesian multi-model
projection of climate: Bias assumptions and interannual variability. Climate Dynam-

1cs 33, 849-868.

Chandler, R. E. (2013). Exploiting strength, discounting weakness: combining information
from multiple climate simulators. Philosophical Transactions of the Royal Society A:

Mathematical, Physical and Engineering Sciences 371, 20120388.

Furrer, R., R. Knutti, S. R. Sain, D. W. Nychka, and G. A. Meehl (2007). Spatial patterns
of probabilistic temperature change projections from a multivariate Bayesian analysis.

Geophysical Research Letters 34, LO67T11.

Giorgi, F. and L. O. Mearns (2003). Probability of regional climate change based on the
Reliability Ensemble Averaging (REA) method. Geophysical Research Letters 30, 1629.

Greene, A. M., L. Goddard, and U. Lall (2006). Probabilistic multimodel regional temper-
ature change projections. Journal of Climate 19, 4326-4343.

Herger, N., G. Abramowitz, R. Knutti, O. Angélil, K. Lehmann, and B. M. Sanderson
(2018). Selecting a climate model subset to optimise key ensemble properties. FEarth

System Dynamics 9(1), 135-151.

Li, B., X. Zhang, and J. E. Smerdon (2016). Comparison between spatio-temporal random

processes and application to climate model data. Environmetrics 27(5), 267-279.

34



Min, S. K. and A. Hense (2006). A Bayesian approach to climate model evaluation and
multi-model averaging with an application to global mean surface temperatures from

IPCC AR4 coupled climate models. Geophysical Research Letters 33(8), LO8708.

Réisénen, J. and T. N. Palmer (2001). A probability and decision-model analysis of a

multimodel ensemble of climate change simulations. Journal of Climate 14, 3212-3226.

Rougier, J. C., M. Goldstein, and L. House (2013). Second-order exchangeability analysis
for multimodel ensembles. Journal of the American Statistical Association 108(503),

852-863.

Sansom, P. G., D. B. Stephenson, and T. J. Bracegirdle (2017). On constraining projections
of future climate using observations and simulations from multiple climate models. arXww

preprint arXww:1711.04139.

Smith, R., C. Tebaldi, D. Nychka, and L. Mearns (2009). Bayesian modeling of uncertainty
in ensembles of climate models. Journal of the American Statistical Association 104, 97—

116.

Stocker, T., D. Qin, G.-K. Plattner, M. Tignor, S. Allen, J. Boschung, A. Nauels, Y. Xia,
V. Bex, and P. M. (eds.) (2013). Climate Change 2013: The Physical Science Basis. Con-
tribution of Working Group I to the Fifth Assess- ment Report of the Intergovernmental

Panel on Climate Change, Cambridge University Press, Cambridge, United Kingdom
and New York, NY, USA..

Taylor, K. E.; R. J. Stouffer, and G. A. Meehl (2012). An overview of cmip5 and the
experiment design. Bulletin of the American Meteorological Society 93(4), 485-498.

Tebaldi, C. and R. Knutti (2007). The use of the multi-model ensemble in probabilistic

35



climate projections. Philosophical Transactions of the Royal Society A: Mathematical,

Physical and Engineering Sciences 365(1857), 2053-2075.

Tebaldi, C., L. Mearns, D. Nychka, and R. Smith (2004). Regional probabilities of pre-
cipitation change: A Bayesian analysis of multimodel simulations. Geophysical Research

Letters 31(24).

Tebaldi, C., L. Mearns, D. Nychka, and R. Smith (2005). Quantifying uncertainty in
projections of regional climate change: A Bayesian approach to the analysis of multi-

model ensembles. Journal of Climate 18, 1524-1540.

Tebaldi, C. and B. Sansé (2009). Joint projections of temperature and precipitation change
from multiple climate models: A hierarchical Bayesian approach. Journal of the Royal

Statistical Society: Series A (Statistics in Society) 172(1), 83-106.

Weigel, A. P., R. Knutti, M. A. Liniger, and C. Appenzeller (2010). Risks of model
weighting in multimodel climate projections. Journal of Climate 23, 4175-4191.

36



Supplementary Materials

S1 Additional results in the simulation studies

In this section, we present in detail the additional results in the simulation studies when
we ignore certain model parts in the inference procedure or reduce the number of climate

model runs and observational data sets.

S1.1 Simplified model inference

We show results of different scenarios of ignoring certain parts in the full Bayesian hierar-

chical model in the inference procedure.

S1.1.1 Absence of climate model dependence

The climate model dependence is ignored here, which means the covariance structure in

Formula (]} is changed to Formula (SI)).

COV(EHp(Si)aEHq(Sj)) = Tﬁlc(HSi—SjHWH)a

(S1)

cov(erp(si)s erq(sy)) = 7 clllsi — sl vr)-
We also conducted 50 independent experiments using the same synthetic data as in Sec-
tion [3] which is generated from the full model described in Section [2] with true parameter
values specified in Section[3] The posterior inference results are given in Figures[S1]and [S2]
Compared to the full model inference results in Figure [7], we see the errors of the posterior
means are similar but the deviation of posterior 95%- and 99%-quantiles from the posterior
means are much smaller, indicating an underestimated estimate variability. This is also
demonstrated by the number of cases for the true values of Y and Y7 falling into the 90%

credible intervals where we may consider 45 as a theoretical benchmark.
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Figure S1: The histograms of the differences between the posterior estimates of parame-
ters or latent states and the true values in the 50 independent experiments where we use
Formula for the random process covariance in the climate model means. The marker
" represents the posterior mean using our proposed hierarchical model in the MCMC; the

superscript * represents the true values.

S1.1.2 Absence of spatial correlation in climate model means in the inference

In this section, we ignore the spatial correlation in the climate model runs by removing the
spatially-correlated noises in Formula and using white noises shown in Formula (S2)

instead.
Xttmr(s) ~ N(Xum(s), dph)

Xme(S) ~ N(Xpm<S),¢;x71n)

In addition, the spatial correlation in the climate model means specified in Formula (1) is

(52)

also ignored where we change the covariance structure to Formula (S3]).

COV(EHP(Si)a qu(Sj)) = Tﬁlvpm

cov (EFP(Si)v €Fq(sj)) = Tlglqu’

(S3)

We use the same 50 sets of synthetic data as in Section[3] The posterior inference results
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Figure S2: Summary of the results where we use Formula for the random process
covariance in the climate model means. The leftmost panels are the sample mean of the
differences between the posterior means (Y, Yr) and the true values (Y7, Y7) in the
50 independent experiments. The middle panels show the sample mean of the differences
between the posterior 95%-quantiles ()A/H,%%, ?F795%) or the posterior 99%-quantiles (}A/H,gg%,
}A/F,gg%) and the posterior means in the 50 experiments. The rightmost panels show the
number of cases out of the 50 experiments for the true values falling into the 90% credible

intervals.

are given in Figures [S3 and [S4 Note that compared to Figure [S2| we use different scales
and find larger errors on the posterior means. The estimated variability becomes larger
than the full model inference results in Figure [7] by looking at the deviations of posterior
95%- and 99%-quantiles from the posterior means. We also find that the phenomenon for
the larger estimate variability in the border than the interior area has disappeared in this

case because no spatial correlation is assumed.
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Figure S3: The histograms of the differences between the posterior estimates of parame-
ters or latent states and the true values in the 50 independent experiments where we use
Formula for climate model runs and Formula for the random process covariance

in the climate model means. The same notation as in Figure [S1] is used.

N " N N N N « N N
mean(Yy — Yj') mean(Yy,95% — Yh) mean(Yy,99% — Yh) #{Y €[Yh,5% Yh,05%]}
q q - F 50
1.0 WS 0.15 L 0.617 1.0 0.876 1.0 B L™ I
.l. 1 0.10 L 0.616 [0.874 = B 48
L] o a -
g = " -II 0.05 2 L0.615 2 L 0.872 g B 6
< £ | £ - 0.870 ] B 44
Tosis 'm 0.00 kel 0.614 kel ke
g 0518 n ’ S g 05 L 0.868 g 051 - a2
g = o ﬂ ~0.05 S F0.613 S . ] i
S | w ’ > L 0.612 > t0.866 L B gl 5. 40
| . m | 010 L o611 to.864 | A 38
oodm & | N |  n —0.15 i U 0.0 Lk 0.862 004 m T sm ¥ 36
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
x coordinate x coordinate x coordinate x coordinate
mean(Yg — Y¢*) mean(Y, os% — Yr) mean(Y 99% — Yr) #{YZ €[Ye 5%, Yr,05%]}
- 50
04 2.82
F2.81 48
o 0.2 g © +2.80 P 46
2 2 2 r27e g 44
2 0.0 B B r2.78 2
8 8 8 8 42
8 8 S t2.77 ]
> -0.2 > > t2.76 > 40
F2.75 38
0.4 LF2.74 . 36
0.0 0.5 1.0 0.0 0.5 1.0
x coordinate x coordinate x coordinate x coordinate

Figure S4: Summary of the expected climate results where we use Formula for climate
model runs and Formula for the random process covariance in the climate model

means. The same notation as in Figure [S2]is used.



S1.1.3 Simplest model inference

Section acts like a combination of Section and Section |[S1.1.2] where we ignore
both the spatial correlation and the climate model dependence in the climate model means
and the spatial correlation in the climate model runs. Therefore, the climate model runs

described in Formula ([2)) are changed to Formula (S2)), and the covariance specified in

Formula is changed to Formula .

cov(emp(si), €mq(s;)) = 75" cov(erp(si), erg(sy)) = 7 (S4)

Then, this simplest model is similar to that in ? where no spatial random process is
used and no climate model dependence is considered. We use the same 50 sets of synthetic
data as in Section [3] The posterior inference results are given in Figures [S5| and [S6, We
see the underestimated posterior variabilities are similar to those in Section [S1.1.1, and the
posterior means have much larger errors than all the results presented before. A detailed
comparison among all these simplified models and the full model inference results are given

in Section [S1.1.41

S1.1.4 Summary of the different simplification models in the inference

Figure [S7]summarizes the posterior estimate bias of Yy and Y in different model inferences
as well as the number of cases out of the 50 experiments for the true parameter values falling
into the 90% credible intervals. For ease of comparison, we use the same scale among
different model results in Figure [S7] We see these simplified models lead to larger bias or
erroneous variability, and the simplest model (SSB model) shows the largest estimate error

in both the mean and the variability.
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Figure S5: The histograms of the differences between the posterior estimates of parame-
ters or latent states and the true values in the 50 independent experiments where we use
Formula for climate model runs and Formula for the random process covariance

in the climate model means. The same notation as in Figure [S1]is used.
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Figure S7: The differences between the sample mean of posterior means (YH, lA/F) in the 50
independent experiments and the true values (Y7}, Y7) as well as the number of cases out
of the 50 experiments for the true values falling into the 90% credible intervals in different

models.



S1.2 Inference results for synthetic data with the same number

of climate model runs and observations as CMIP5

In Section we do not ignore any parts of the model in the inference procedure but
reduce the number of climate model runs and observations to make the number of data sets
consistent with the available data in CMIP5 and the reanalysis products. More precisely,
the number of climate model runs in different climate models are reduced according to
Table [S1. The number of observation sets is reduced to two, the same as what we have in
Section [d] Note that we still use the same 50 sets of synthetic data in Section [3|but choose
only a subset. The differences between our estimate and the true values of the expected
climate and the climate model dependence V are given in Figure [S§ For comparison,
we also show the difference between the multi-model mean results and the true values in
Figure Trace plots and histograms in the MCMC in one experiment are given in Fig-
ure[S9  We see though the expected climate Yy and Y still have good posterior estimates
and perform much better than the multi-model mean results, some other parameters have
biased posterior means or do not reach stationary distributions in the MCMC. In addi-
tion, looking at the spatial parameters ¢, @ Fm, Yam, Yrm for climate model 1, which has
one model run, and climate model 4, which has 6 model runs, illustrated in the first two
rows in Figure [S9] we see the posterior estimation of spatial parameters heavily depends
on the number of climate model runs, where ¢4, @r4, YH4, Y4 have much better posterior
distributions and we do not really get good stationary distribution for ¢g1, dr1, Y1, Vr1-
To have a better view on this, we summarize the spatial parameter posterior estimates
associated with different climate models in the 50 experiments in Figure [S10, where the
absolute sample means of the relative differences between the posterior estimates and the
true values are given and the climate models that have relative errors less than 20% or

greater than 80% are highlighted. We see most of the cases for the accurate posterior
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Figure S8: Differences between the estimates and the true values of Yy, Yr, and V. The
marker " represents the posterior means in the MCMC using our proposed Bayesian hierar-
chical model; the marker ~ represents the multi-model means calculated as the averages of
all the climate model runs; the superscript * represents the true values. The results come
from the synthetic data with the same number of climate model runs as in CMIP5 and

observations as in the reanalysis products.

estimates are associated with climate models with more than one model runs and all the
bad estimators come from the climate models with only one model run. The histograms of
other parameter posterior means in the 50 experiments are given in Figures and the
posterior details about the expected climate are given in Figure[S12] Compared to what we
get in Section 3, we see that the estimates of Yy and Y still have similar posterior means
but slightly larger parameter estimate variabilities and longer credible intervals. However,
[ is more underestimated.

In conclusion, given the data with the same size as CMIP5, we are less confident about
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Figure S10: The absolute sample means of the relative differences between the posterior
estimates and the true values for ¢y, @Fm, Yam, Yem in the logarithm scale. Two thresh-
olds for 20% and 80% are drawn in each case, respectively. All the climate models above
the 80% threshold are marked with the corresponding number of climate model runs on the
top; all the climate models below the 20% threshold are marked with the corresponding
number of climate model runs on the bottom. The marker ~ represents the posterior mean,
and the superscript * represents the true values. We use the synthetic data with the same

number of climate model runs as in CMIP5 and observations as in the reanalysis products.

the estimate of the emergent relationship. However, the estimate for the future expected
climate Yr is still accurate and can show us what the future may look like under given
forcings by use of the climate model outputs. Furthermore, the estimates of the spatial
parameters in the proposed Bayesian hierarchical model are mostly accurate for the climate
models with more than one model runs.

On the contrary, we generally do not obtain

satisfactory posterior results for spatial parameters associated with climate models with
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Figure S11: The histogram of the differences between the posterior estimates of parameters
or latent states and the true values in the 50 independent experiments. The results come

from the inference using the synthetic data with the same number of climate model runs

as in CMIP5 and observations as in the reanalysis products.

only one run. If the emergent relationship and spatial parameters are also of great interest,

more runs of climate models are required, especially for those with only one run.
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Figure S12: Summary of the results using the synthetic data with the same number of
climate model runs as in CMIP5 and observations as in the reanalysis products. The first
column shows the sample mean of the differences between the multi-model mean estimates
(Yg, Yr) and the true values (Y3, Y7) in the 50 independent experiments. The second
columns shows the sample mean of the differences between the posterior means (YH, YF)
and the true values. The third and forth columns show the sample mean of the differences
between the posterior 95%-quantiles (?H795%, YF’gg)%) or the posterior 99%-quantiles (YH,gg%,
YF’gg%) and the posterior means. The fifth column shows the number of cases out of the

50 experiments for the true values falling into the 90% credible intervals.
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S2 More CMIP5 data details
Table [S1| gives the number of model runs available for each model in CMIP5.

Table S1: Name and the corresponding number of model runs for each climate model in
CMIP5. “R” stands for the number of model runs. “I” stands for the arbitrarily assigned

model index in our study when we present our application results.

Model Name R 1 Model Name R I Model Name R 1
ACCESS1-0 1 1 FIO-ESM 3 14 IPSL-CM5B-LR 1 27
ACCESS1-3 1 2 GFDL-CM3 1 15 MIROC-ESM 1 28
BNU-ESM 1 3| GFDL-ESM2G 1 16 | MIROC-ESM-CHEM 1 29
CCSM4 6 4 | GFDL-ESM2M 1 17 MIROC) 3 30
CESM1-BGC 1 5 GISS-E2-H 5 18 MPI-ESM-LR 3 31
CESM1-CAM5 3 6 | GISS-E2-H-CC 1 19 MPI-ESM-MR 1 32
CMCC-CM 1 7 GISS-E2-R 5 20 MRI-CGCM3 1 33
CMCC-CMS 1 8| GISS-E2-R-CC 1 21 NorESM1-M 1 34
CNRM-CM5 1 9 | HadGEM2-AO 1 22 NorESM1-ME 1 35
CSIRO-Mk3-6-0 10 10| HadGEM2-CC 1 23 bee-csm1-1 1 36
CanESM?2 5 11| HadGEM2-ES 4 24 bee-csml-1-m 1 37
EC-EARTH 4 12 | IPSL-CM5A-LR 4 25 inmem4 1 38
FGOALS-g2 1 13 | IPSL-CM5A-MR 1 26

S3 More MCMUC results for the application

Figure gives two trace plot results of selected parameters and latent states from two

MCMC runs for our proposed Bayesian hierarchical model using climate model outputs
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Figure S13: Posterior distributions and posterior means of different parameters and latent
states in two independent MCMC runs with our proposed Bayesian hierarchical model

using the climate model outputs under RCP4.5 for the future forecast in the CNA region.

under RCP4.5 for the future forecast in the CNA region. We see that in different MCMC
runs, there is a certain variation in the posterior estimates of spatial parameters possibly
due to the less stable distribution of vp,, and vp,,, especially for those associated with
climate models that have only one model run (for example, vy, and vg;). However, the
expected climate Yy, Y, which we are mostly interested in, and the emergent relationship g

have quite stable posterior means. In Section [S1.2] where the number of climate model runs
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and observations are reduced to the same as CMIP5, we see that vy, and g, estimates
are quite noisy, but the estimate Yy and Y as well as their uncertainties are still accurate.
The estimate of 3 tends to be underestimated. Hence, we are confident about the accuracy
of the posterior results of Y and Yz and think that S may be a little underestimated. We
also believe that if some climate models (especially for those that only have one model run)
can be run more times and provide more replicates, the estimates of vy, and vg,, will be

much better and the underestimation of S will be alleviated.

S4 Formulae for the Gibbs updates

We introduce some notation for aggregated variables for ease of presentation. Assume that
we have data over n locations si,...,s, € D. We denote the climate model outputs by
X = (XHW(S),XFW/(S) -m=1,....M,r=1,...,Rym, v =1,..., Rpyp,s = sl,...,sn).
We also denote all the observations by W = (VVZ(S) ©S = S1,...,8,,0 = 1,... ,N). For
the latent states, we denote X = (Xgm(s), Xpm(s) :m =1,...,M,s = s1,...,8,), Y =
(Yu(s),Yr(s), Yua(s),Yra(s) : s = s1,...,8,), and & = (ug(s), ur(s) : s = s1,...,8,).
For the parameters, we denote A = (@mm, Orm, Yirm, Yem : m = 1,..., M) as a vector of
parameters involved in the spatial models of the climate model mean and 6 = (5, Ty, ¢pa,
OFa, O, OF, VH, VE, TH, TF, YV, VF, V') the vector of all other parameters.

The joint posterior of x,Y,&, A, 0 given X, W is

Pr(X?Y7£’ A70 | X‘7 W)
X Pr(X7W ‘ X7Y7€? A? 0) Pr(X7Y7€? A? 0)
=  PrX[x,AN)Pr(W|Y,0)Pr(x|0,£) Pr(Y | £,6) Pr(§) Pr(X | 6) Pr(6).

We also define some vectors and matrices as follows to present the formulae in this

16



section.

Yg = (Ya(s1),...,Yu(sa) ", Yp = (Yr(s1),-.-,Yr(sn)",

YHa (YHa(Sl)y-~~7YHa(S’rL))T7 YFra = (Yra S1)7 YFa(Sn))T7
xp(s) (XH1(), .-, X (s) ", xp(s) (XF1 L Xru(s) T,
Xy = (mH(sl),..‘,wH(sn))T, Xr = (xp sl) mF(sn))T.
Trm = (Xam(s1),..o, Xgm(sn)) ™, Tpm = (Xpm( Sl) s Xpm ()T
Thmr = (Xgmr(s1),-- Xgmr(sn))", TFmr (XFmr(31)s - o s Xpmr(sn)) ™,
K (g (s1), -, ,U'H(Sn))Tv rE = (up(s1),... 7N'F(Sn))T-

w; = (Wi(s1),..., Wi(sa)) "

The probability density function of Y given W, 8, & is,

Pr(Y | W,0,¢)

x Pr(W|Y,0)Pr(Y |6,¢)
N

o< HeXp (—TTW(yHa_wi)T(yHa_wi)) X
i=1
exp (—;—i(yH - MH)ngl (ypg — HH)) X
exp <_72;i{yp —pr = Byn — b))} S {yr —pr — Blyn - ”H)}) x

exp (_(b%(yHa —yu)" (Yo — ’.'JH)) X exp (—@

B (Yra —YF) " (Ypa — ’!JF)) )

where ¥y is an n x n matrix with (¢, j)-th entry as c(||s; — s;||; yu), Xr is an n x n matrix
with (4, j)-th entry as c(|[s; — s;||;v#), and ¢(+; -) is the Whittle covariance function. Then,
the full conditional distribution of Y is,

Ypa |-~ N(yF,aﬁEi ),
N
Yl .~ N(¢ Fyre (¢HayH+;TWwL) (bra + Nrw)~! )
ypl... ~ N((?E + ¢ral) 1[%2;1&@ + By — )} + dra¥ral,
(72 +éral)” )
Yoo~ N((TFB oy Jr*Z "+ émal)” 1(LBEF (yr — F+BMH)+%H2,§1MH+¢HayHG),
(TFﬁ ZH + émal)” l),

where [ is the n X n identity matrix.
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The probability density function of x given X, 0, &, A is

Pr(x|X,6,€ )

% Pr(X | xA)Pr(x | 0,€)
M Rpgm

X H H exp (_7(1:Hm'r me) Z ! (me'r me)) X

m=1 r=1
M Rpm

H H exp (_7(@'Fmr Zpm) S (B Fmr — CBFm)> X

m=1 r=

exp (—7{VCC(XHW) 1y @py} (VeSy) Yvee(Xpm) — 1y ® ILH}) X
exp (—%F [Vee(Xpm) — 1 @ pp — B{vec(Xpm) — 1n @ pp }] " (V @ Bp)~1x
[vec(Xpm) — 1 ® pp — B{vec(Xpm) — 1y ® uH}]),
where 1,; is the M-dimensional vector with all values equal to one, ® is the Kronecker
product, X, is an n x n matrix with (¢, j)-th entry as c(||s; — s;||; Yam), Lrm s an n x n
matrix with (¢, j)-th entry as ¢(||s; —s;||; v#m), and ¢(+; -) is the Whittle covariance function.
When Mn (the dimension of the matrix V ® X ) is large, it is computational expensive
to update all xp,, at the same time, so we choose to update each g, sequentially. This
also applies for xp,,. We define some notation for operations to an arbitrary matrix K.
K (;,m) denotes the element in the m-th row and m-th column of K, K ) denotes the
trimmed m-th column of K consisting of values from i-th row to j-th row, K, ;.;) denotes
the trimmed m-th row of K consisting of values from 4-th column to j-th column, K.; ;.
denotes the sub-matrix of K consisting of values from i-th row to j-th row and from ¢-th

column to j-th column. Then, the full conditional distribution of x is,

Tim |~ N((RemérmSpn, + Qp') HbrmSpn, S @pme + Qp'vr), (RpmasFME;}nw;l)-l),
—1 —1 2 —1\—1 —1 Rygm —1 -1,/
cgm|... ~ N (RHm¢HmEHm+QH +B QF ) (¢HmEHm Zrzl mer+QH 'UH+QF 'UH)7

(Rum@amSa, + Q5" + BQQ?)*),
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where [ is the n x n identity matrix, and

vp ILF+5($Hm—NH)“’(V(m,Lm—l)V(lm 11im— 1)®I)><
[vee(X Fm (1:n,1:m-1)) = Lm—1 ® pp — B{vec(Xtrm (1:n,1:m-1)) — Lm—1 ® pp }]
= pp+B@EHm —pg)t
(XFm(1:n,1:m=1) = BXHm@1:m,1:m—1))V, (1 me1,1:m—1) V(1im—1,m)+
(V(m,lzm—nv(l m—1,1:m—1) 1m— 1)(5#1{ ILF)»
Qr = TEI{V(mym) - V(m,lim—l)vu im—1,1:m— 1)V(1i"l—1,m)}21’7
VH = pgt (‘/(m,limfl)‘/(zzhlﬂ,hmﬂ) ® D{vee(Xtm (1:n,1:m—-1)) — Lm-1 ® pp |
Pu +XHm(1=n71:m—1)V(Iinfl,l;mfnv(l:mfl,w - (‘/'(mvhm*l)V(Izlmfl,lszl)lm_l)”H7
vy = Blerm —mp + B + Vi tom 1)V 1 1:m-1) © 1)
{Bvec(X Hm (1:m,1:m—1)) = vec(XFm 1 1:m—1)) + Im—1 @ p — Blm—1 @ pp }]
= B{xrm —pr+Buy—
(XFm(1in,1:m—1) — ﬁXHm(Ln,l;m—l))V(I:lm,l’ltm,l)v(l:mfl,m)‘*‘
Vi tom=1)Virom —11:m -1y tm=1) (B — bp) },
Q= i (Vi) ~ Vim0 Vi vy Vet Y20

The probability density function of & given Y, x, 0 is

Pr(¢|Y,x,0)
Pr(Y | £,0)Pr(x | £,0) Pr(£)
x exp <77—:(yH - HH)TE;Il(yH - HH)) X
exp (**{yF r = Bn — )} S {yr — mp — Blyn —p)}) x
exp (——{vec(XHm) — 1y @py} (VeSy) Hvee(Xpm) —1u & “’H}) x
(=5 [vee(Xrm) = Lar @ iy — Blvee(Xaim) = Lnt ® g }]) " (V ® Bp) "1 x

[vec XFm)—1M®HF {Vec(XHm)—lM@)p,HH)X
1076 1076
exp ( ———phky | exp | ———HppE ),

Then, the full conditional distribution of £ is

- - “1[TF ¢— -
pp .o~ N((%2F1+Q#;+10_61) 1[?FEF1{3/F*5(ZIH*ILH)}JrQu;'UuF],
TF «—1 -1 —671—1
{— ZF +Qup +107°1}
K

T B2

I . N((T—Hz_l—i- Sot 4 Qul + 82QpL +10761) 7!
ﬁ _ _
{*EH1 HJrTE (MFJMBZJH*ZIF)JFQHHUMH +Qu117”LH}’

Tﬁ - - e -1
S+ Qi+ Q- 1070n) ),

(—2 +
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where

vup = Bpg+ AL,V Iy T N XEm — BXEm)V 1)y,
Qup = TR AT,V l1y) 'SR,

vuy = AL,V T1y) T Xg, Vi,

v = B{pr— Q3 V14 (Xpm — BXEm)V "},
Quy = 717'A%, V1)) 'Sy

The probability of A given X, x, 0 is

Pr(A X, x,0)

x Pr(X|x,\0)Pr(X]|0)
M RHm, ¢H
2 —
x I | | | ¢n/ det(Xpm)” 1/2 exp (* 2m (TEMr — mHm)TEH}m(mHmr - mHm)) X

m=1 r=1
M Rpm

H H d)n/? det(Spm) "2 exp (_(ZSFTm(meT - me)TEE:n(mFmr - me)) x
m 1 r=1

v VHOHm v VEPFm
H¢>H/“ p(—5 ) Hw/“xp(—%).

m=1

Then, the full conditional distribution of X is

Rpm
brm | ...~ Ga( (nRerm + vir) { Z @ Hmr — im) S (T Hmr — THm) + qus;ﬁ})
1 RFm
PFm | el Y Ga(i(nRFm‘i’VF) { Z (mFmr me) E;in(wF'mr 7mFm)+VF¢;1})~
Ry, $H
Pr(W/H’m | .. ) X det(ZHm)_RHm/2 X H exp (_Tm(mH'mr - mHm)TEI_-[,lm(mHmr - mHm)) X 1[0,106]
r=1
frn oF
Pr(ypm | ...) o det(Sppm) Rrm/2 x ] exp (—T’"(mFW —&rm) S5 (@pme — mFm)) X 119,106)
r=1
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The probability of @ given W, Y, x, &, A is

Pr(6 | W,Y,x, & 2)

Pr(W | Y,0) Pr(Y | £,0) Pr(x | 6,£) Pr(A | 6) Pr(6)
N

L (~ S Wra w0 Wra —w0)

3 det(Sp) /2 exp (—%(yg — ) "S5 (v — b))
T, —
/ det(EF)_l/2 exp (*Q*F{yF —bp—B(yy — H‘H)}TEFI{Z‘JF —up— By — HH)}) X

¢Z/a2 exp 7¢;Ia (Yo = Yu)" (Yra — yH)) X

O ex —@(ym ~yr) (Ypa — yF)> x
7y "% det(V @ Sir) 712 exp (— DL {vee(Xpim) = 1ar ® g} (V © i)~ {vee(Xpm) = 1us © uH}>
Mn/2 det(V®@Zp)~1/2exp <7?[vec(XFm) -1y @ pp — B{vec(Xum) — 1m ®p,H}] (Vezp)™!

[VBC(XFm) — 1y @pp —B{vec(Xpm) —1m ® ;AH}]) X
Yyoylve/2y p(_VF¢Fm)X

{vgoy /2 /2y oy VH¢>Hm {vrop
H T/ Pl H Pwp/2)  Fm TP Tagp
exp(f )%

_3 )
(10 -b exp( 10731y ) x

s N .
s )
{vrop'/(2r) P/} b1 ox (7VF¢F0.)><

Fa P 2K/¢F

~Te/(20))
B0 exp(-10-36) x 620 exp(10 365

-3
Vgo - exp(—1073vg) x I/SO -1 exp(—1073vp)x

T}_}O_sfl) exp(—=10~3715) x 7210_37” exp(—=10~37p) x
Lo,1001(vE) X 1[0,106](7F)><1
det(V)~(M+1+d/2) exp (- gtr(dVV’l)),

where 1o 1061(+) is the indicator function on set [0,10°] and tr means taking the trace
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Then, the full conditional distribution of 0 is

N

Nn 1 _
7—W| ~ Ga( 2 +1073=HE(yHa_wi)T(yHa_wi)J'_lo 3)7
i=1
n vg 1 vy
o~ GaZgME Ty gy — 7
bHa | a 2+2H 2(?/Ha Yu)" (Ya yH)JFme )
n vp 1
... ~ Gal| = T
bFa | a 2+2H 2(yFa Yr) (Yre — yF)+2H¢
M VHQHm | VHPHa
. o~ IG(1073 4 Y1 —103 ,
o | ( + =+ +Z st
M
br |~ 10(10*3+VF +—10 3+Z”F¢Fm+VF¢F“),
2K
1
T |... ~ Gal=(M+1)n+10"3,
2

i(yH — ) S5 (Y — )+

%vec(XHm - [LHITA;I)TVGC(EEI(XHm —pylI)V-) + 10_3>7
TE|... 0~ G’a(%(M—l— 1)n + 1073,

iﬁ/{yF —pr—Blyy — NH)}TE;r;l{yF —pr—Blyyg — /"‘H)}"'

5V€C(XFm —pplly — B(XHm — HHl?u))TX

vec(Sp' {Xpm — upll, — B(Xpm — pyll) V1) + 10—3>,
V0. ~ IW(dV +708(Xgm — pgla) S5 (Xam — pgla)

+TF{XFm —pply — B(XEm — P«HlM)}TE;l{XFm —pplly = B(Xam — “HlM)}v
2n+ M +d+1

Bl... ~ N(;i,QL)
{uH<z>H (/2;;)(}2;1;/@@} v /(28)-1 Xp(*V;ZZa)XV;}073_1)exp(710_3yH),
Prvp]...) o H % ;*;,{Q_Iexp(’wzzl;m)x
{up¢>p (/V(j;)(};";/(%)} ,,Fb;/(%) 1 Xp(,%) ><1/5710*3—1)exp(ilo_;;VF%

Pr(yi |..) o< det(Si) 2 exp (~ S (yyr — wa) Sy (- i)

det(Spr)~M/2 exp (f—{vec Xpm) — 1y @ g} (V@ Si) = Hvee(Xpm) — 1o ® uH}) X 1(0.106]
Pr(ve|..) o det(Sp) ! 2exp (—%{yF — g = Blyn — w)} Sp {yr - e~ Bun — )} x

det(Sp) M/ 2 exp (—T?F [Vec(XFm) — 1ar ® ppr — B{vec(Xpm) — 1y @ pyr }] (V@ Bp) 1 x

[vec(Xpm) — 1y ® pp — B{vec(Xpgm) — 1y ® .uH}]) X 10,1061,

where vy, vp, vy, and v do not have a standard from for the full conditional likelihood
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so a Metropolis-Hasting update is used in the sampling, and

vg = Tr/(yg — “’H)TEI_Fl(yF — bp)/r+
Trvec(Xpm — ,U»Hlf/[)TveC{Efwl(XFm —ppli)V-1}
Qs = tr(yy —pp)"Sp Wy — py)/s

+7'FV€C(XHm - ;,LHl}FVI)TveC(EEI(XHm - ;,LHI}C{)Vfl) +10-¢
It is also noteworthy that we scale the matrix V' so that V/; 1) equals one in each step of

the updates to make 74 and 7 identifiable.
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